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Ozet

Bu doktora tezi eslesme problemlerinde tutarlilik ve ters tutarlilik ile ilgili
dért deneme icermektedir. ilk deneme eslesme problemleri icin tutarlilik
ve ters tutarliik aksiyomlarinin kullanimi ile ilgili bir incelemedir. Tez
danismanim ipek Ozkal-Sanver ile ortak bir calisma olan ikinci deneme
“evlilik problemleri” diye adlandinlan, cift tarafli birebir eslesme
problemlerinde  ¢ekirdegin  karakterizasyonu ile ilgilidir. Uglincii
denemede Pareto optimal kuralin ters tutarh olan en blyuk alt-kurali
hesaplanmistir. Yine tez danismanim ipek Ozkal-Sanver ile ortak bir
calisma olan son deneme “ev arkadasi problemleri” diye adlandirilan tek
tarafli birebir eslesme problemlerinde tutarliik aksiyomu ilgili bir
calismadir.

Abstract

This Ph.D. thesis consists of four essays about consistency and
converse consistency in matching problems. The first essay is a survey
about the use of consistency and converse consistency in the literature
for matching problems. The second essay is about characterization of
the core by using consistency and converse consistency in two sided
one to one matching problems (marriage problems) in general domains
which is a joint work with my advisor Ipek Ozkal-Sanver. In the third
essay, | compute maximal conversely consistent subsolution of the
Pareto optimal solution for marriage problems. The final essay which is
again a joint work with my advisor ipek Ozkal-Sanver is about
consistency on one-sided one-to-one matching problems, the so called
roommate problems.
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Abstract

This Ph.D. thesis consists of four essays about consistency and converse
consistency in matching problems. The first essay is a survey about the use of
consistency and converse consistency in the literature for matching problems.
The second essay is about characterization of the core by using consistency
and converse consistency in two sided one to one matching problems (mar-
riage problems) in general domains which is a joint work with my advisor
Ipek Ozkal-Sanver. In the third essay, I compute maximal conversely consis-
tent subsolution of the Pareto optimal solution for marriage problems. The
final essay which is again a joint work with my advisor Ipek Ozkal-Sanver is
about consistency on one-sided one-to-one matching problems, the so called

roommate problems.
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1 Introduction

This Ph.D. thesis consists of four essays about consistency and converse
consistency in matching problems.

The first essay is a survey about the use of consistency and converse
consistency in the literature. Consistency and converse consistency are two
well-known axioms that have recently played fundamental role in axiomatic
analysis. Consistency says that if an agreement is made between the both
sides of the economy, if some of the agents leave the society with their endow-
ments, payments, partners etc., then the same agreements should be made
between the remaining agents. On the other hand, converse consistency says
that, the agreement on the payoffs, endowments, partners etc. depends on
the agreement for the two agent restricted problems. In this essay, we shortly
survey applications of these axioms for many economics problems. We thor-
oughly present the results for matching problems.

The next three essays which are the main parts of this thesis analyse
these axioms for matching problems. Matching processes are usually related
to so-called one sided markets and two-sided markets. In one-sided markets
coalitions are formed by same type of agents. The most well known example
is roommate problem where university rooms are allocated to couples of stu-

dents, each having preferences over potential mates. In two-sided markets,



coalitions are formed by two types of agents where each type has preferences
over the other one. Coalitions can be pairs (one-to-one matching known as
marriage markets) or subsets including either one agent of some type and
several of the other (many-to-one matching), or several agent of each type
(many-to-many matching). In such settings the main addressed question
is how to form coalitions in a strategically stable way? In all the match-
ings models mentioned above stability is a central property. A matching for
marriage problems or for roommate problems is stable if each agent in the
society is matched with an acceptable agent and no two agent would prefer to
matched with eachother rather than their current mates. Alvin E. Roth who
shared the 2012 Nobel Prize in Economic Sciences with Lloyd S. Shapley said
that “Many of the important things that we do in our lives are matching,
from getting into a university, from getting married to getting a job.” As
Alvin E. Roth emphasized, Matching Theory has many applications for real
life situations such as marriage markets, school and university placement, job
markets, organ donations.

The second essay is about characterization of the core by using consis-
tency and converse consistency in two sided one to one matching problems,
the so called marriage problems in general domains which is a joint work
with my advisor Ipek Ozkal-Sanver. In this essay we characterize the core of
marriage problems in general domains. First in a model where agents have
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strict preferences over their potential mates, and agents are allowed to stay
single, we characterize the core as the unique solution which satisfies individ-
ual rationality, Pareto optimality, gender fairness, consistency and converse
consistency. Next, relaxing the constraint that agents have strict preferences
over their potential mates, we show that there exists no solution satisfying
Pareto optimality, anonymity and converse consistency. In this full domain,
we characterize the core by individual rationality, weak Pareto optimality,
monotonicity, gender fairness, consistency and converse consistency.

In the third essay, I compute maximal conversely consistent subsolution
of the Pareto optimal solution for marriage problems. This essay which is
very related to the second essay we study marriage problems in a restricted
domain where agents have strict preferences over their potential mates, and
agents are not allowed to stay single. We consider the most well-known
solution concept: the Pareto-optimal solution. The Pareto-optimal solution
fails to satisfy converse consistency. In this essay, we compute a maximal
conversely consistent subsolution of the Pareto optimal solution. To do this,
we introduce the concept of serial men-ordering. Also we show that this
result is not valid for general domains where there are unequal number of
men and women and being single is allowed.

The final essay which is again a joint work with my advisor Ipek Ozkal-
Sanver is about consistency on one-sided one to one matching problems, the

8



so called roommate problems. We compute consistent enlargements of the
core in roommate problems. By computing it, we evaluate the extent to which
the core would have to be expanded in order to be well-defined and consistent.
For instance, the Pareto Optimal solution is a consistent enlargement of the
core. We characterize the class of consistent enlargements of the core. We
also show that for any fixed order on the set of agents the solution which
picks all stable matchings and the serial dictatorship matching with respect
to this order is a minimal consistent enlargement of the core. Since for
diffferent orders there may be different enlargements, minimal consistent core

enlargement is not unique.



2 A Survey on Consistency and Converse

Consistency for Matching Problems

2.1 Introduction

The objective of this essay is to present two well-known axioms, consistency
and converse consistency that have recently played fundamental role in ax-
iomatic analysis. We briefly survey the applications of these axioms for many
economic models. For matching problems, we present applications of these
axioms in a more detail way.

Consistency and converse consistency require to be invariant for popula-
tion changes. Consistency says that if an alternative is acceptable for some
problem then it should be an acceptable alternative of its restrictions to all
subgroups for the associated reduced problems. On the other hand, con-
verse consistency allows a dual operation, if an alternative is acceptable of
its restrictions to all subgroups of cardinality two for the associated reduced
problems then this alternative should be acceptable for the whole group. For
the definitions of these axioms two notions are crucial; a solution and a re-
duced problem. A solution picks for each decision problem in some domain
one or several of its feasible alternatives. The notion of reduced problem is

an important fact, since different formulations of a reduced problem lead to
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different definitions of these axioms.

Converse consistency is a kind of two-agent decentralization axiom.
Thomson (1996) give an example about the agreement of a proposal in a
political convention to emphasize the importance of this axiom. In a polit-
ical convention, delegates first meet eachother in committes of size two and
each committee argue on the proposal. If the proposal successfully passes this
stage, it is examined by committees of size three. The process is repeated un-
til the proposal is either rejected at some stage by some committee, or finally
it is accepted by the whole convention in plenary session. If the decision
process satisfies converse consistency, acceptance by all committees of size
two will guarantee acceptance at the plenary session. Hence, the formation
of the committees of size greater than two will be unnecessary.

First, we survey applications of consistency and converse consistency for
many economic problems. The domains in which these axioms are used
are classified by Thomson (1996) in four main classes; game theory, pub-
lic economies and cost allocations, fair allocation, and some other models.
The models for game theory include bargaining, games in coalitional form
with and without tranferable utility and games in strategic form. For pub-
lic economies and cost allocations there are studies about these axioms for
bankruptcy and taxation, quasi linear cost allocation, general cost alloca-
tion and pricing. As a third class, these axioms are studies for fair division

11



in classical private good economies, fair division in economies with single
peaked preferences and fair allocation in economies with indivisible goods.
The last class includes apportionment and matching problems. For each of
these classes, except matching problems without stating formal definitions
of the axioms we briefly present central results of the related literature. For
matching problems in the proceeding sections we analyse these axioms in a
detail way.

In the literature, for each of the classes there are many characterization
results of the well-known solution concepts by using these axioms. In these
results there are also other axioms but the central axioms are consistency and
converse consistency. For bargaining problems by using consistency, Lens-
berg (1988) characterized the Nash solution, Lensberg (1987) characterized
the lexicographic egalitarian solution and the seperable additive solution.
For the games in coalitional form with transferable utility whose core is non-
empty there are some characterization results of the core by using different
versions of consistency; Tadenuma (1992) used complement consistency and
Peleg (1986) used max consistency. For this class of problems, by using
complement consistency Moulin (1985) characterized the equal allocation of
non-seperable benefits solution. Sobolev (1975) characteized the prenucleous
by using max consistency. There are also some studies by using some versions
of converse consistency in this class of problems. By using max consistency
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and max converse consistency, Peleg (1989, 1992) characterized the core for
the domain of market games and Peleg (1986) characterized the prekernel.
By using another version of consistency, namely self consistency, Hart and
Mas-Colell (1989) characterized the Shapley value. For the games in coali-
tional form without transferable utility, by using complement consistency,
Tadenuma (1992) caharacterized the core whenever it is non-empty. For this
class, by using consistency and converse consistency Peleg and Tijs (1996)
characterized the Nash equilibrium solution and the coalition proof Nash
equilibrium. For banktruptcy and taxation, Young (1987) characterized the
continuous parametric solution by using consistency. By a different version
of consistency, limited consistency, Chun (1988) characterized the propor-
tional solution. For general cost allocation problems, Moulin and Shenker
(1994) characterized the average cost sharing by using consistency and the
serial cost sharing by limited consistency. For pricing mechanisms, McLean,
Pazgal and Sharkey (2004) characterized the Shapley value by using self
consistency. For fair division in economies with single-peaked preferences,
Thomson (1994a) characterized the uniform rule by using consistency. For
apportionment, Balinski and Young (1982) characterized the divisor solution
by consistency.

For matching problems, there are (at least) two approaches dealing with
consistency and converse consistency. The first approach is characterization

13



of well-known solution concepts by these axioms. Since some of the well-
known solutions do not satisfy these principals, as a second approach, there
are papers about extending or reducing the solutions in such a way that
these axioms are satisfied. Alternatively, there are some studies about the
identification of conditions under which these solutions satisfy consistency
and converse consistency.

This essay proceeds as follows: Section 2.2 presents the basic notations
and definitions of the axioms for matching problems. Section 2.3 gives charac-
terization results of the core. Section 2.4 gives the results about the minimal

extensions or maximal subsolutions of the solutions. Section 2.5 concludes.

2.2 Formal Definitons for Matching Problems

First we define formal definitions of consistency and converse consistency for
marriage problems. Let M and W be two disjoint universal sets. Let M be a
nonempty and finite subset of M. Similarly, let W be a nonempty and finite
subset of W. A society is a union of some M C M and some W C W. In the
context of marriage, the set M stands for a set of men and the set W for a
set of women.

Let A=MUW denote the universal set of agents. Let A =

{MUW} i emwew be the set of all possible societies. For each society
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A= MUW € A and for each agent i € A the set of potential mates of
i, denoted by A (i), is defined as
Witie M
A(l) = {i} U
MitieW.

Each agent ¢ € A has a strict preference relation over A(i), denoted by
P;. Let P denote the set of all possible preference profiles P = (F;);ca-

A matching is a function p : A — A such that for all i € A, u(i)
€ A(i) and for all : € A, p?(i) = i. Here, u(i) is the mate of agent i under
matching p. If p(i) = i, we say that agent i is selfmatched or single. Let
M (A) denote the set of all matchings for A.

A (matching) problem p is a pair p = (A, P), where A is a society, P
is the profile of their preferences over potential mates. Let P denote the set
of all problems.

Let p = (A, P) € P be an arbitrary problem. A matching 4 € M (A)
is individually rational for p if for all i € A, (i) P, i or u(i) = i. Let
IR(p) denote the set of all individually rational matchings. A pair of agents
(i,7) blocks a matching € M (A) if j P, pu(i) and ¢ P; p(j). A matching
p € M(A) is stable for p if it is individually rational for p and there is no
pair (i, j) blocking 1 at p. Let S(p) denote the set of all stable matchings.

Given a problem p = (A, P) € P and two matchings p, i/ € M(A), u

dominates ;i if there exists a coalition K C A such that for all i € K,
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p(i) € K and p(i) P; ¢/(i). A matching p is undominated if there exists
no matching ' € M (A) which dominates p. The core of p is the set of
undominated matchings. Recall that the set of stable matchings equals the
core (Roth and Sotomayor(1990)). Given a problem p = (A, P) € P and
two matchings p, ' € M (A) with p/ # p, p Pareto dominates /' if for
all i € A, p(i) P, /(i) whenever p(i) # p/(i). A matching p € M(A) is
Pareto optimal for p if there exists no matching ;/ € M (A) which Pareto
dominates u. Let PO(p) denote the set of all Pareto optimal matchings.

Given a problem p = (A, P) and a subset of set of agents N, a reduced
problem of p with respect to N is a problem where the preference profile
P is restricted to agents in N. Formally; for all p = (A, P) € P and all
N C A, p' = (N,Pn) € P is the reduced problem of p with respect to NNV.
Given a matching 1 € M (A), a reduced matching of p with respect to
N is a matching py @ N U p(N) — N U p(N) such that for all i € N,
i (0) = 1 ().

We define extension of a problem p’ = (M'UW’, P') of p = (MUW, P) €
PitMC M, W CW and P\/Muw = P. In particular, if M # M’ and
W = W' p is M-extension of p and if M = M’ and W # W' p' is W-
extension of p.

A solution ¢ is a correspondence which associates with each p a non-
empty subset p(p) C M(A).

16



Now, we define axioms on solutions that are used for axiomatic analysis
in the literature. The first axiom requires that at each problem the solution
recommends individually rational matchings:

Individual rationality (IR): For each p € P, ¢(p) C ZR(p).

The second axiom requires that at each problem the solution recommends
Pareto optimal matchings:

Pareto optimality (PO): For each p € P, ¢(p) C PO(p).

The third axiom requires that renaming men among men and renaming
women among women do not change the result:

Anonymity (AN): For all A = M UW and all A = M'U W' with
M| = |M'| and [W| = |[W'|, let 7 : A — A’ be a bijection such that
7(M) = M"and 7(W) = W’. For all p = (A, P), let P’ be such that for all
i € Aand all j,k € A(i), jPk if and only if 7 (j) P, m(k). And also for all
p € M(A) define 7, € M(A’) by setting for all i € A, 7,(i) = w(u(71(2))).
If p € (A, P), then m, € p(A', P).

The fourth axiom imposes same treatment of men and women, in the
sense that renaming men as women and women as men do not change the
result.

Gender fairness (GF): For all A = M UW and all A’ = MU W’
with |[M| = |W'| and |W| = |M’'|, let 7 : A — A’ be a bijection such that
m(M) = W' and m(W) = M'. For all p = (A, P), let P’ be such that for all

17



i€ Aandall j, k € A(i), j F; k if and only if 7(j) Py ;) (k). And also for all
p € M(A) define 7, € M(A’) by setting for all i € A, 7,(1) = 7(u(71(2))).
If p € (A, P), then m, € p(A", P).

The fifth axiom says that if there axists a matching which is preferred by
every agent it should be the unique recommendation.

Weak unanimity(WU): For each p = (M UW, P) € P, if there exists
a matching p € M(M U W) such that u(a) is most preferred by each agent
a € M UW, then ¢(p) = {u}.

The sixth axiom which is stronger than weak unanimity requires that a
pair of mutually best agents to be matched at every solution outcome.

Mutually best (MB): For each p = (M UW, P) € P, for any m € M
and w € W if m and w most prefer each other then p(m) = w for each
1€ o(p).

The next axiom requires that if the number of agents in one side of the
market increases while the opposite sides remains fixed no incumbent on the
same side as the entrants is strictly better off.

Population Monotonicity(PMON): For each p = (M UW,P) € P
and each M-extension p’ of p if 1 € ¢(p), then there exists ' € ¢(p') such
that p(m)R,,u/(m) for each m € M. If p’ is a W-extension of p, there exists
1 satisfying a symmetric requirement for each w € W.

The next axiom says that if the preference profile changes in such a way

18



that ranking does not decrease in each agents preferences then the outcome
is still recommended.

Let p = (M UW,P) € P be aproblem and u € M(M U W). For each
m € M, define L(p, R,,,) = {a € W| u(m)R,a}.

Similarly, for each w € W, L(u, R,,) is defined. It is said that p’ = (M U
W, P') is obtained from p by a monotonic transformation at p if L(u, R,) C
L(p, R)) for each a € M UW.

Maskin Monotonicity(MMON.): For each p = (M UW, P) € P, and
pe MMUW)ifp = (M UW,P’) is obtained from p by a monotonic
transformation at p then p € ¢(p').

Now we define our main axioms; consistency and converse consistency.

Consider some problem p and some solution ¢. Take any matching u
recommended by ¢ at p. If the reduced matching of ;1 with respect to each
subgroup of matched pairs is among the recommendations made by the solu-
tion ¢ for the reduced problem of p with respect to this subgroup of matched
pairs, then we say that the solution ¢ is consistent. More formally:

Consistency (CON): For each p = (A, P) € P, each p € ¢ (p) we have
tyn € @(N, Py) for any society N C A such that u(N) = N.

We define converse consistency only imposing the requirement on the
subgroups formed exactly by two matched pairs: Consider some problem p
and some solution . Take any matching u. The requirement is that if the
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reduced matching of y with respect to each subgroup of two matched pairs is
among the recommendations made by the solution ¢ for the reduced problem
of p with respect to the subgroup of these two matched pairs, then p must
be recommended by ¢ at the original problem p.

Converse Consistency (CCON): For each p = (A, P) € P and each
p € M (A), if for each subset {i,j} = N C A with u(i) # j, yy € (N U
1t (N), Pvuu(vy), then p € ¢ (p) .

In the following chapter, we consider three versions of converse consis-
tency. ! In a restricted domain where the number of men and women co-
incide and agents are not allowed being single, all these three versions are
equivalent.

We also analyse the roommate problems. Now, we give formal definitons
of the axioms that are used for roommate problems.

To define the following axioms, let p = (A, P) be a roommate problem
and let p’ = (A’, P’) be an extension of p where A’ = AU A.

The next axiom, competition sensitivity which is first defined by Klaus
(2008) requires that if two incumbents are newly matched after a set of
newcomers arrived, then one of them suffers.

Competition Sensitivity (CS): Each u € ¢ (p) thereis i/ € ¢ (p') such

!Thomson (2004, 2009) introduced and studied the converse consistency axiom for var-
ious economic models.
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that for any i,j € A with p(i) # j and 1/(i) = j we have either pu(i)P/u/(7)
or (i) Py (i)

A solution is weakly competition sensitive if competition sensitivity
is satisfied when we only add one newcomer at a time.

Resource sensitivity requires that if two incumbents are unmatched after
a set of newcomers arrived, then one of them benefits. Formally,

Resource Sensitivity (RS): For each 1/ € ¢ (p') thereis u € ¢ (p) such
that for any i,j € A with p(i) = j and p/(i) # j we have either p'(7) P! ju(7)
or /(i) P (i)

A solution is weakly resource sensitive if resource sensitivity is satis-

fied when we only add only one newcomer at a time.

2.3 Characterization Results

In the literature, there are many studies about the characterization of the
core for matching problems by using consistency and converse consistency.
For the sake of completeness we state these results as theorems:
Consistency and converse Consistency are introduced to the matching
theory literature by Sasaki and Toda (1992) who characterize the core of
marriage (two sided, one-to-one matching) problems as the unique correspon-

dence which satisfies Pareto optimality, anonymity, consistency and converse
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consistency.

Theorem 2.1 (Sasaki and Toda, 1992) The core is the unique solution sat-

1sfying Pareto optimality, anonymity, consistency and converse consistency.

For marriage problems, Toda (2006) give another two characterization
of the core by using weak unanimity, population monotonicity, Maskin

monotonicity and consistency.

Theorem 2.2 (Toda, 2006) The core is the unique solution satisfying weak

unanimity, population monotonicity and Maskin monotonicity..

Theorem 2.3 (Toda, 2006) The core is the unique solution satisfying weak

unanimity, population monotonicity and consistency.

For marriage problems when agents have weak preferences over their po-
tential mates Toda (2006) give a characterizaiton of the core without using

converse consistency.

Theorem 2.4 (Toda, 2006) If agents have weak preferences then the core
is the unique solution satisfying weak unanimity, population monotonicity,

Maskin monotonicity and consistency.

In a similar way, Toda (2006) uses consistency in characterizing the core
of two sided many-to-one matching problems (College admissions problems).
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Theorem 2.5 (Toda, 2006) The core of college admissions problems is the
unique solution satisfying weak unanimity, population monotonicity and con-

sistency.

For matching problems with money which is introduced first by Shapley
and Shubik (1972),Sasaki (1995) characterized the core for these problems

by using a weaker version of consistency, namely seperation independence.

Theorem 2.6 (Sasaki, 1995) On the domain of matching problems with
money the core is the unique solution satisfying Pareto optimality, conti-
nuity, indiwidual rationality, couple rationality, seperation independence and

worth monotonicity.

On the domain of one sided one-to-one matching problems (roommate
problems) Ozkal-Sanver (2010) showed that no solution satisfies Pareto op-
timality, anonymity and converse consistency. Klaus (2013) characterizes
the core by using consistency and converse consistency on the domain of no
odd rings roommate problems. She also proves that extending her result to
the domain of solvable roommate problems is not possible. Can and Klaus
(2012) give two characterizations of the core of roommate problems by using

consistency for no odd rings domains and for solvable domains.

Theorem 2.7 (Can and Klaus, 2012)
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a) On the domain of no odd rings roommate problems the core is the
unique solution satisfying weak unanimity, weak competition sensitivity and
consistency.

b) On the domain of solvable roommate problems the core is the unique

solution satisfying weak unanimity, competition sensitivity and consistency.

Theorem 2.8 (Can and Klaus 2012)

a) On the domain of no odd rings roommate problems the core is the
unique solution satisfying weak unanimity, weak resource sensitivity and con-
sistency.

b) On the domain of solvable roommate problems the core is the unique

solution satisfying weak unanimity, resource sensitivity and consistency.

By using these axioms, Can and Klaus (2012) get an impossibility result
for all roommate problems. They show that, on the domain of all roommate
problems there exists no solution satisfying weak unanimity, competition

sensitivity and consistency.

2.4 Minimal Extensions and Maximal Subsolutions

If a solution does not satisfy consistency or converse consistency, we would
like to know how serious violations of these axioms. There are two procedures
which are developed by Thomson (1994b, 1996) to recover these properties.
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The first attempt is minimally enlarge the solution so that consistency or con-
verse consistency are satisfied. Since consistency and converse consistency
are preserved under intersections Minimal consistent extension of a solution
(or minimal conversely consistent extension) is defined by intersection of con-
sistent solutions which include that solution. More formally, given a solution
¢ the minimal consistent extension of ¢, denoted by MCE,, is defined by

Thomson (1996) as follows:
MCE, = wﬂ\yw where U = {¢ € ® : ¢ D ¢, 1 is consistent }
€

Similarly, the minimal conversely consistent extension of a solution ¢ can

be defined as follows:
MCCE, = wﬁq}w where ¥ = {¢ € ® : 1) D ¢, 1) is conversely consistent }
€

As a second attempt, Thomson (1996) introduced the concept of maximal
consistent subsolution. By computing maximal consistent subsolution we
reduce the solution maximally to get consistency. Formally, given a solution
© that contains at least one consistent subsolution, the maximal consistent

subsolution of ¢, denoted by M XC'S,, is defined as follows:
MXCS, = wuww where U = {¢ € & : ¢ C ¢, 1 is consistent }
€

As Thomson (1996) noticed, union of two conversely consistent solutions
may not be conversely consistent. So, we can not carry the concept of maxi-
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mal consistent subsolution directly to the conversely consistent subsolution.
Therefore, for a given solution ¢ we define maximal conversely consistent
subsolution M XCC'S,, as a maximal conversely consistent solution that in-
cludes .

In the literature, there are few papers computing the minimal consistent
extension of solution, as well as the minimal conversely consistent exten-
sion of solutions for different economic problems. For instance,for the do-
main of fair allocation problems Bevia (1996), Kolm (1973), for bargaining
problems Thomson (1995) and Korthues (2000). For matching problems,
Ozkal-Sanver (2012) compute the minimal conversely consistent extension of
the men-optimal solution. For this aim, she introduced the concept of men-
barterproofness. Men barter-proof solution M B is defined in the following
way: A matching is men-barterproof whenever there is no such a pair of men
who benefit from switching their mates among themselves. More formally,
a matching p € M (A) is men-barterproof for p = (A, P) € P, if there
exists no pair of men {m,m'} C M bartering at u. Let M B(p) denote the set
of the men-barterproof matchings for p. The men-barterproof solution
is the correspondence M B that associates with each problem p the set of

men-barterproof matchings M B (p) .

Theorem 2.9 (Ozkal-Sanver, 2013) The minimal conversely consistent
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extension of the men-optimal solution is MCCEyo(p) = MO(p) U

[S(p) N MB(p)| for allp € P.

Also, there are some studies for roommate problems about consistency.
As Gale and Shapley (1962) showed, the core may be empty for roommate
problems. Ozkal-Sanver (2010) define the concept of core extension as a solu-
tion which picks the core whenever it is non-empty. Formally, a core extension
is a solution ¢ such that for any p € P with S (p) # 0, ¢(p) = S(p). She

showed that no core extension is consistent.

Theorem 2.10 (Ozkal-Sanver, 2010) No core extension is consistent.

If a solution does not satisfy consistency and converse consistency, as an
alternative approach there are some studides which provide necessary and
sufficient conditions for the solution to satisfy these axioms. For instance,
for College Admissions problems, Klaus and Klijn (2011) established neces-
sary and sufficient conditions for student optimal solution to be conversely

consistent.

2.5 Concluding Remarks

In this essay, we survey applications of consistency and converse consistency

in the literature. First, we state both informal and formal definitions of these
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axioms. Then we present results of related literature. There are several re-
lated open questions to be investigated further: In the proceedings chapters
we deal with some of them. First, we characterize the core of marriage prob-
lems in general domains. Then, we compute a maximal conversely consistent
subsolution of the Pareto optimal solution in marriage problems. Finally,
we study on consistent enlargements of the core in roommate problems. For
many to one matching problems (college admission problems) characteriza-
tion of the core by using converse consistency is still open questions worth

to be investigated.
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3 Characterization of the Core in Full Do-

main Marriage Problems

Duygu Nizamogullar1 and Ipek Ozkal-Sanver

3.1 Introduction

Aim of this essay is to characterize the core of two-sided one-to-one matching
problems in general domains. Sasaki and Toda (1992)’s characterization
result is valid for a domain where agents have strict preferences over their
potential mates and agents are not allowed to be single.?

First we consider a model where agents are allowed to stay single, but still
agents have strict preferences over their potential mates. We show that the
core is the unique solution satisfying individual rationality, Pareto optimality,
gender fairness, consistency and converse consistency.

Consistency and converse consistency are two fundamental properties of
solutions for allocation problems, in variable population models. The consis-
tency axiom is some kind of independence of irrelevant alternatives axiom.

Consistency of a solution imposes that if some matched pairs are leaving

2Sasaki and Toda (1992) characterize the core by Pareto optimality, anonymity, consis-
tency and converse consistency. Toda (1993) showed that there exists some other solution
than the core satisfying individual rationality, Pareto optimality, anonymity, consistency,
and a weaker version of converse consistency; when we allow that agents stay single.
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the society; the reduced matching is among the matchings recommended by
the solution for the reduced problem. Consistency is trivially adapted to
the model where agents may stay single. However; there are several possible
ways to adapt the converse consistency to this model. Converse consistency
is a kind of decentralization axiom. Thomson (2004) illustrates the notion
of converse consistency by a jigsaw puzzle as “correct positioning of pieces
two-by-two guarentees correct positioning altogether.” This axiom allows us
to deduce from the simpler calculations on all of the meaningfully smallest
subproblems whether an alternative should be chosen for the original big
problem. We discuss alternative definitions of converse consistency in this
more general framework. Gender fairness is a stronger version of anonymity.?
Roughly speaking, if a solution is gender fair, by renaming men as women,
and women as men, and applying the solution, we end up with the outcome
permuted accordingly.

Next we consider what would happen if we further relax the condition
that agents have strict preferences over their potential mates. If we allow in-
differences on preferences, the core fails to satisfy Pareto optimality. We show
that there exists no solution satisfying Pareto optimality, anonymity and con-
verse consistency. We characterize the core as the unique solution satisfying

individual rationality, weak Pareto optimality, gender fairness, consistency,

3See Ozkal-Sanver (2004).
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converse consistency and monotonicity. Another characterization of the core
can be found in Toda (2006) where the core of many-to-one matching prob-
lems is characterized by weak unanimity, consistency, Maskin monotonicity
and population monotonicity.*

This essay proceeds as follows: Section 3.2 presents the basic notations
and definitions. Section 3.3 discusses converse consistency of a solution.
Section 3.4 gives the results of the first model where agents are allowed to
stay single, and agents have strict preferences over their potential mates.
Section 3.5 gives the results of the second model where agents may have

weak preferences. Section 3.6 concludes.

3.2 Notations and Definitions

Let M and W be two disjoint universal sets. Let M be a nonempty and finite
subset of M. Similarly, let W be a nonempty and finite subset of W. A society
is a union of some M C M and some W C W. In the context of marriage,
the set M stands for a set of men and the set W for a set of women.

Let A=MUW denote the universal set of agents. Let A =
{MUW} cmwew be the set of all possible societies. For each society

A= MUW € A and for each agent i € A the set of potential mates of

4The characterization result of Toda (2006) can be carried to one-to-one matching
problems.
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i, denoted by A (i), is defined as

WitfieM
A() ={i} U
MifieW.

Each agent ¢ € A has a strict preference relation over A(7), denoted by
P;. Let P denote the set of all possible preference profiles P = (P;);ca.

A matching is a function u : A — A such that for all i € A, pu(i)
€ A(i) and for all i € A, p2(i) = i. Here, u(i) is the mate of agent i under
matching p. If p(i) = 4, we say that agent 7 is selfmatched or single. Let
M (A) denote the set of all matchings for A.

A (matching) problem p is a pair p = (A, P), where A is a society, P
is the profile of their preferences over potential mates. Let P denote the set
of all problems.

Let p = (A, P) € P be an arbitrary problem. A matching u € M (A)
is individually rational for p if for all ¢ € A, u(i) P, ¢ or pu(i) = i. Let
IR(p) denote the set of all individually rational matchings. A pair of agents
(,7) blocks a matching € M (A) if j P, (i) and ¢ P; p(j). A matching
€ M (A) is stable for p if it is individually rational for p and there is no
pair (i, 7) blocking u at p. Let S(p) denote the set of all stable matchings.

Given a problem p = (A, P) € P and two matchings p, ' € M (A), p
dominates p/ if there exists a coalition K C A such that for all i € K,

p(i) € K and p(i) P ¢/(7). A matching p is undominated if there exists
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no matching ' € M (A) which dominates p. The core of p is the set of
undominated matchings. Recall that the set of stable matchings equals the
core (Roth and Sotomayor(1990)). Given a problem p = (A, P) € P and
two matchings u, ' € M (A) with y/ # p, u Pareto dominates /' if for
all i € A, p(i) P, p/'(i) whenever p(i) # p/(i). A matching p € M(A) is
Pareto optimal for p if there exists no matching i/ € M (A) which Pareto
dominates p. Let PO(p) denote the set of all Pareto optimal matchings.

Given a problem p = (A, P) and a subset of set of agents N, a reduced
problem of p with respect to N is a problem where the preference profile
P is restricted to agents in N. Formally; for all p = (A, P) € P and all
N C A, p = (N,Py) € P is the reduced problem of p with respect to N.
Given a matching u € M (A), a reduced matching of p with respect to
N is a matching gy : N U p(N) — N U p(N) such that for all i € N,
(i) = 1 (3).

A solution ¢ is a correspondence which associates with each p a non-
empty subset ¢(p) € M(A). The core solution is the correspondence S
which associates with each p its set of stable matchings S(p).

Now, we are ready to define our axioms on solutions:

The first axiom requires that at each problem the solution recommends
individually rational matchings:

Individual rationality (IR): For each p € P, o(p) C ZR(p).
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The second axiom requires that at each problem the solution recommends
Pareto optimal matchings:

Pareto optimality (PO): For each p € P, p(p) C PO(p).

The third axiom requires that renaming men among men and renaming
women among women do not change the result:

Anonymity (AN): For all A = M UW and all A’ = M'U W' with
M| = |M'| and [W| = |[W'], let 7 : A — A’ be a bijection such that
m(M) = M and 7(W) = W'. For all p = (A, P), let P’ be such that for all
i € Aand all j,k € A(i), jPk if and only if 7(j) P}, m(k). And also for all
p € M(A) define 7, € M(A’) by setting for all i € A, 7,(1) = m(u(r1(2))).
If p € (A, P), then m, € p(A", P).

The fourth axiom imposes same treatment of men and women, in the
sense that renaming men as women and women as men do not change the
result.

Gender Fairness (GF): For all A = MUW and all A’ = M"U W’
with |[M| = |[W'| and |W| = |M’|, let 7 : A — A’ be a bijection such that
7(M) =W’ and 7(W) = M’. For all p = (A, P), let P’ be such that for all

i€ Aandall j, k € A(i), j P, k if and only if 7(j) P! ., m(k). And also for all

(4)
p € M(A) define 7, € M(A’) by setting for all i € A, 7,(i) = w(u(7*(2))).

If u € p(A, P), then 7, € p(A', P').°

®Note that gender fairness is stronger than anonymity.
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The next axiom is central to our analysis. Consider some problem p and
some solution . Take any matching pz recommended by ¢ at p. If the reduced
matching of p with respect to each subgroup of matched pairs is among the
recommendations made by the solution ¢ for the reduced problem of p with
respect to this subgroup of matched pairs, then we say that the solution ¢ is
consistent.

Consistency (CON): For each p = (A, P) € P, each p € ¢ (p) we have
tyn € @(N, Py) for any society N C A such that u(N) = N.

The next section is devoted to converse consistency axiom.

3.3 Converse Consistency

In this section we consider three versions of “converse consistency”.’ In a
restricted domain where the number of men and women coincide and agents
are not allowed being single, all these three versions are equivalent to its
definition used in Sasaki and Toda (1992).

First we define "weakest converse consistency". Consider some problem
p and some solution . Take any matching p. The requirement is that if the
reduced matching of y with respect to each subgroup consisting of at most

two men and two women matched at p is among the recommendations made

®Thomson (2004, 2009) introduced and studied the converse consistency axiom for var-
ious economic models.
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by the solution ¢ for the reduced problem of p with respect to this subgroup,
then 1 must be recommended by ¢ at the original problem p. More formally,

Weakest Converse Consistency (WWCCON): For each p =
(A,P) € P and each p € M (A), if for each subset M’ U W' C A with
(M| <2 and [W'| <2, pyppow: € o(M'UW', Pypowr), then p € o (p).

WWCCON will consider a subgroup of agents consisting of two self-
matched women and two selfmatched men; as well as a subgroup of agents
consisting of a pair matched to each other, a selfmatched woman and a self-
matched man. From our point of view, the former subgroup consists of four
matched pairs, and the latter subgroup consists of three matched pairs.

Next we define "weak converse consistency". It is stronger than WWC-
CON, in the sense that the subgroups consisting of three and four matched
pairs are not considered here, but only the subgroups consisting of one and
two matched pairs are taken into account: Consider some problem p and
some solution ¢. Take any matching p. The requirement is that if the re-
duced matching of p with respect to each subgroup consisting of at most
two matched pairs is among the recommendations made by the solution ¢
for the reduced problem of p with respect to this subgroup, then x must be
recomended by ¢ at the original problem p.

Weak Converse Consistency (WCCON): For each p = (A, P) € P

"Toda (1993) uses this version of converse consistency.
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and each p € M (A), if for each subset N C A with [N| =2, yxy € p(N U
1 (N), Pivou(y), then pi € ¢ (p).

Finally, we define converse consistency, only imposing the requirement on
the subgroups formed exactly by two matched pairs: Consider some problem
p and some solution ¢. Take any matching p. The requirement is that if
the reduced matching of p with respect to each subgroup of two matched
pairs is among the recommendations made by the solution ¢ for the reduced
problem of p with respect to the subgroup of these two matched pairs, then
4 must be recommended by ¢ at the original problem p.

Converse Consistency (CCON): For each p = (A, P) € P and each
p € M(A), if for each subset {i,j} = N C A with pu(i) # j, yy € (N U
1t (N), Pivuu(vy), then p € ¢ (p) .

Throughout the essay, we will use the strongest version of converse con-
sistency, which we call converse consistency. Indeed, since we deal with in-
dividually rational and Pareto optimal solutions, weak converse consistency

and converse consistency axioms are equivalent.

Proposition 3.1 If a solution satisfies IR and PO, then CCON is equivalent

to WCCON.

Proof. Clearly, converse consistency implies weak converse consistency.

For the other direction, let ¢ be a solution which satisfies individual ratio-

37



nality, Pareto optimality and weak converse consistency but fails to satisfy
converse consistency. Then there are a problem p = (A, P) and a match-
ing 1 € M (A) such that u ¢ ¢ (p) and py € (N U p(N), Pnuu)) for
any subset {i,j} = N C A with (i) # j. Since ¢ satisfies weak converse
consistency we have iy & (N U p(N), Pnuun)) for some {i,j} = N C
A with u(i) = j. Say i = m and j = w. If w P, m and m P, w, then by
Pareto optimality of o, {pn} = @(N U p(N), Pnuuny). Hence, there are
three possibilities, we have either (i) m P,, w and m P, w or (ii) w P, m
and w P, m or (iit) m P, w and w P, m. For all these three cases, take any
agent m € M\ {m} and let N’ = {m,m}. By individual rationality of ¢, we

have iy & o(N"U p (N'), Pniou(nry), a contradiction. m

Remark 3.1 There exists some IR, PO and WWCCON solution, which fails
to satisfy WCCON. To see that take the solution ¢ defined for eachp = (A, P)
as (p) = {p € IR(p)NPO(p) such that there is no blocking pair (m,w) with

pu(m) #m and p(w) # w} and consider the example below:

Example 3.1 Let ¢ be defined for each p = (A, P) as ¢(p) = {u €
IR(p) N PO(p) such that there is no blocking pair (m,w) with u(m) # m
and p(w) # w}. By its definition, p is an individually rational and Pareto
optimal solution. Toda (2003) shows that ¢ is weakest conversely consistent.

Since for each p € P, p(p) C IR (p) N PO(p), by Proposition 3.1, it is suffi-
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cient to show that ¢ fails to satisfy converse consistency. Let M = {my,ms},

W = {wy,wy}. Let P be defined as follows:

P., P, P, P,
W2 w1 mao my
wh mo my Wa

my w1

Let p = (M U W, P). Consider the matching p € M (M UW) where
pu(my) = wy, p(ma) = ma and p(we) = we. Since u is Pareto dominated by
w* where p*(my) = wy and p*(me) = wy, p ¢ @(p). One can easily check
that for any proper subset {i,j} = N C A with u(i) # j, we have jy €
P(N U p(N), Bnou(n))-

To see that, consider the following three subproblems: First, letting N =
{m1, ma}, note that py € P(N U p(N), Pnuun))- Indeed, (mg,wy) forms a
blocking pair, but ji(mg) = my. Next, letting N = {my,ws}, note that iy
€ (NUu(N), Pnuuy)- Indeed, (mq, ws) forms a blocking pair, but p(wsy) =
wy. Finally, letting N = {ma,wa}, note that py € (N U u(N), Pyuun)),
by individual rationality of p. Hence, p is not conversely consistent. By

Proposition 3.1, ¢ is not weak conversely consistent.
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3.4 Results

In this section, we consider a model where agents have strict preferences and
agents may stay single. In this more general model, the characterization re-
sult of Sasaki and Toda (1992) is not valid. The core is no more characterized
by IR, PO, AN, CON and CCON. To see that take the solution ¢* defined
for each p = (A, P) as ¢*(p) = {1 € ZR(p) N PO(p) such that there is no

blocking pair (m,w) with pu(m) # m} and consider the example below.

Example 3.2 Let M = {my,ms} and W = {w;}. Let wy P,, my, wy P,
ms and my Py, mo P, wy. Let p = (M U W, P). Consider the matchings
iy € IR(p) N PO(p) where py(my) = wy, py(me) = ma and py € ZR(p) N

PO(p) where ps(ms) = wy and py(my) = my. Note that S(p) = {uy} and

©*(p) = {1, o }.°

For our characterization result, we use a strong anonymity condition
which is called gender fairness. This axiom does not allow that a matching
rule favors a gender at the expense of the other. It imposes same treatment
of men and women, in the sense that renaming men as women and women
as men does not change the result. Since gender fairness implies anonymity

we also utilize from anonymity for the proposition below.

8 Refer to Lemma 7.1 in the Appendiz I to see that ¢* satisfies CCON.
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Proposition 3.2 Let ¢ be a solution satisfying IR, PO, GF and CCON. If
i € (N U (N, Povoyy) for any N = {i, 7} C A with (i) £ j, then for

any p € (A, P) we have py € S(N'U u(N), Pnuuny)-

Proof. Let ¢ be a solution satisfying IR, PO, GF and CCON. Let p =
(A, P) be a problem. Take 11 € ¢(p) such that yy € (N U u(N), Pyuun))
for all N = {i,j} € A with u(i) # j, but pn ¢ S(N U u(N), Pnuun)) for
some N = {i,j} C A with p(i) # j.

Let N = {i,j}. First we assume that p(i) = ¢ and p(j) = j. Wlog,
say ¢ = my and j = wy. Then p(my) = my and p(w;) = wy. Since N €
IR(NUp(N), Pnuuvy) and pyy & S(N U p(N), Pnuuay), (ma, wy) forms a
blocking pair. We have w; P,,, m; and m; P,, w;. Then by Pareto optimality
of ¢, we have 11y ¢ ©(N U p(N), PBnuu(n)), a contradiction.

Next, let (i) =i and p(j) # j. Again, say i = m; and j = w;. Then
p(my) = my and p(wy) = ma. Since py € ITR(N U u(N), Pnuun)) and
tyn & S(N U p(N), Pnuu(ny), there (mq,w;) forms a blocking pair. Hence,

there is only one possible preference profile:

wq w1 my
ma ma mo
w1
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Introduce an agent wy and extend the preferences of the agents of N to

the larger set N U {ws} of agents in the following way:

Py Py, Py Py,

mi1

w1 %) ma ma
Wa wq mo Wy
my ma wq my

Consider the matching p* where p*(mso) = wy, p*(my) = my and p*(wy) =
wy. Since p* is Pareto dominated by the matching p/ where p/(mq) = w;
and 4/(m2) = wa we have p* ¢ (M=, W=, P*). However, pufy, € ¢(N'U
w(N'), Biyoguwny) for each N = {4, j} C A with p*(i) # J.

To see that, consider the following three subproblems: Letting N’ =
{m1,my}, we have Pgevy = Pivopvy and pify =y € (N U
w(N'), Pnogs(vy)-(Indeed, N U p(N) = N"U p*(N')). Next, letting
N" = {mq,w,}, by individual rationality of ¢, we have pjy, = @(N"U
1 (N'), Biyogye(vny) - Finally, let N' = {my, wo}. Let m(m1) = wo, m(m2) = wy
and 7(w;) = ma. Let P’ be the preference profile in the permuted problem.
Note that P" = Pyuuv) , Tu(me) = wy and 7, (wa) = wo. Since 7, = pfy,,
then by gender fairness we have g € @(N"U p*(N'), Biro,e N,)). Finally, a

similar argument works for the symmetric cases where (i) # ¢ and p(j) = J.
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Now, assume that (i) # ¢ and u(j) # j. Say i = m; and j = my. Then
p(my) = wy and p(my) = wy. Since )y € ZR(NU(N), Pinuuvy) and iy ¢
S(N U pu(N), Pnuwny), then there is a blocking pair, wlog assume (mq, ws)
forms a blocking pair. Then we have nine possible preferences profiles, four
of them are the same as Sasaki and Toda (1992) where each agent puts being

single at the bottom. The other five possible preference profiles are:

Pml Pm2 Pwl sz
. Wa Wa my Ty
i)
w1 ma ma mo
my wq wq Wa
P’ml P’m2 Pwl Pw2
.. Wa Wa mg My
ii)
W mo ma ma
my wq wq Wa

Wa w1y my my
iii)
w1 W2 w1 mo
my mso mso W2
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Pml sz P’LUQ
. W2 W2 mi
iv)
w1y w1 ma
my mo W2
Pm1 sz Pwl PwQ
W2 W2 ma
v)
wq ma ma
ma w1 %)

For the case (7), two new agents m3 and w3 enter the society. We extend

the preferences of the agents of N to the larger set N U {mg, w3} of agents

in the following way

P FBr, Puy,  Pi, Pu, P
wz W3 w1 ms My Mo
(] Wo Ws mq meo ms
mi Mo ms mo ms my
ws U7 Wo w1 W2 w3

Consider the matching p* where p*(ms)

wy, p*(me) = we and

p*(m3) = ws. Since p* is Pareto dominated by the matching p/ where

' (my) = we, ' (me) = ws and p'(m3) = wy, we have u* ¢ o(M*, W*, P*).
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However, iy, € @(N"U p*(N'), Py« (vry) for each N' = {i, j} C A with
(i) # J.

To see that, consider the following three subproblems: Letting N’ =
{m1,m2}, we have P, .ny) = Pvouvy and gy, = py € @(N' U
(N7, P () -

Next, letting N" = {m1, ms}, note that Py, .y 18

* k * *
Py P, Py Py,

wq w1 ms ms
my w3 my my
w3 ms w1 w3

Let m(my) = mg, m(mg) = my, m7(wy) = ws and 7(we) = w;. Let P’ be the
preference profile in the permuted problem. Note that P’ = Py, (). Since
T = Hjys, by anonymity of ¢, we have piy, € e(N"U p*(N"), ]DGV’U;L*(N’))'

Finally, letting N” = {m2, ms}, note that By, . v is

P, P Py, Py,

m3

w3 w3 mso ma
Wa ms3 m3 M3
ma %) %) w3

Let m(my) = mg, m(mg) = mg, m(wy) = wy and 7(wse) = ws. Let P’ be the

preference profile in the permuted problem. Note that P’ = Py, (). Since
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T = Wiy, by anonymity of ¢, we have piy, € o(N"U p*(N'), Py e (nry)
Similar arguments work for the case (i), (i77) and (iv).
For the case (v), two new agents m3 and ws enter the society. We extend
the preferences of the agents of N to the larger set N U {mg, w3} of agents

in the following way

Pon Py Prny oy Pu, P

wz W3 w1y ms My me

wn Wo Ws mq meo ms

mi; Mg ms wq Wa W3

w3 Uy Wo mo Mg my
Consider the matching p* where p*(my) = wy,p*(me) = we and
p*(m3) = ws. Since p* is Pareto dominated by the matching y' where

p'(m1) = wa, p/'(m2) = ws and p'(m3) = w1, we have p* ¢ p(M*, W~, P*).
However, pfy, € @(N"U p*(N'), Piyi,-(vry) for each N' = {i, j} C A with
(i) # J.

To see that, consider the following three subproblems: Letting N’ =
{my,my}, we have P\?\VUM*(N’)) = Pnupvy and piy = py € o(N" U
w(N'), Bivrge (r))-

Next, letting N' = {mi,m3}, note that P, .y s

46



pi P P P

mi w3

wq w1 ms ms
m; Ws m; W3
ws ms w1 my

Let m(my) = mg, m(mg) = my, 7(wy) = wz and 7(we) = w;. Let P’ be the
preference profile in the permuted problem. Note that P’ = Py, (). Since
T = Hjys, by anonymity of ¢, we have piy, € e(N"U p*(N'), Pﬁ\/'um(N'))-

Finally, letting N’ = {m», ms}, note that By, .y i

* * * *
P, P, Py, Py,

ws w3 mg M2
Wa ms Wa ms
mo W2 ms3  Ws

Let m(my) = mg, m(mg) = mg, m(wy) = wy and 7(wse) = ws. Let P’ be the
preference profile in the permuted problem. Note that P’ = Py, (). Since
T = Wiy, by anonymity of ¢, we have piy, € @(N"U p*(N'), Py, (vry)-

Hence, by CCON we have u* € o(M*, W*, P*), a contradiction. m

Proposition 3.3 If a solution ¢ satisfies IR, PO, GF, CON and CCON,

then ¢(p) C S(p) for each problem p € P.
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Proof. Let ¢ be a solution satisfying IR, PO, GF, CON and CCON.
Let p = (A, P) be a problem. Let u € ¢(p). By consistency of ¢, we have
iy € ©(N U p(N), Bnuuwy) for each N = {i,j} C A with u(i) # j. By
Proposition 4.2, yy € S(N U u(N), Pvuu))- Since S satisties CCON, we

have p € S(p). m

To show that no proper subsolution of the core satisfies consistency in
many-to-one matching problems, Toda (2006) uses a bracing lemma. The

lemma below is its adaptation for one-to-one matching problems.

Lemma 3.1 (Bracing Lemma) For each p = (A, P) € P and each i € S(p),

there exists p such that S(p) = {1}, p is the reduced problem of p at i and

lNL|MuW = M.
Proposition 3.4 No proper subsolution of the core satisfies CON.

Proof. Let ¢ be a subsolution of the core satisfying CONS. Let p =
(A, P) be a problem. Let u € S(p).Then by Lemma 3.1, there exists p such
that S(p) = {/i}, p is reduced problem of p at fi and /i, = . Since ¢ is
a subsolution of the core we have ¢(p) = S(p) = {i1}. Since ¢ satisfies CON,

i€ @(p). Hence, p=S. m

Theorem 3.1 The core S is the unique solution satisfying IR, PO, GF,
CON and CCON.
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Proof. One can easily check that the core S satisfies the above listed
axioms. For the uniqueness, let ¢ be a solution satisfying these five axioms.
Then by Proposition 3.3, ¢(p) C S(p) for each p € P. By Proposition 3.4,

no proper subsolution of the core satisfies CON. Hence, p = S. =

We also check the independence of the axioms. By doing that, we also
show that dropping any one of the five axioms leads to the failure of Theorem

3.1.

e A solution which satisfies IR, PO, GF, CON, but not CCON.

For each p € P, p(p) =ZIR(p) N PO(p).

e A solution which satisfies IR, PO, GF, CCON, but not CON.

Let ¢ be defined as follows:

( ) S(p> for any p = (N U M(N)a ]D|NU,u(N)) with N = {Z7j} and #@ 7&]
Ppp) =
IR(p) N PO(p) otherwise.

e A solution which satisfies IR, PO, CON, CCON, but not GF.

Let ¢ be defined for each p = (A, P) as ¢(p) = {u € ZR(p) NPO(p) such

that there is no blocking pair (m,w) with u(m) # m}.?

e A solution which satisfies IR, GF, CON, CCON, but not PO.

9Refer to Lemma 7.1 in the Appendix I to see that ¢ satisfies CCON.
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For each p € P, p(p) = ZR(p).

e A solution which satisfies PO, GF, CON, CCON, but not IR.

Let ¢ be defined for each p = (A, P) as ¢(p) = { € PO(p) such that

there is no blocking pair (m,w)}."

3.5 Weak Preferences

In this section, we relax the assumption that each agent has a strict preference
over his/her potential mate. Each agent i € A may be indifferent between
matching with any two possible mates j, k € A(i); if it is the case, then we
write j I; k. For each agent i € A, each j, k € A(i) we write j R; k if and
only if either j P; k holds or j I; k holds. From this section on, each agent
i € A has a complete and transitive preference relation over A(i), denoted
by R;. Let R denote the set of all possible preference profiles R = (R;) 4. A
problem p is redefined as a pair p = (A, R), where A is a society, R is the
profile of their preferences over potential mates. Let R denote the set of all
problems.

Let p = (A, R) € R be an arbitrary problem. A matching p € M (A)
is individually rational for p if for all i € A, p(i) R; i or u(i) = i. Let

IR(p) denote the set of all individually rational matchings. A pair of agents

10Refer to Lemma 7.2 in the Appendix I to see that ¢ satisfies CCON.
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(i,7) blocks a matching € M (A) if j P, pu(i) and ¢ P; p(j). A matching
u € M(A) is stable for p if it is individually rational for p and there is no
pair (7, 7) blocking 1 at p. Let S(p) denote the set of all stable matchings.
Note that S(p) is nonempty.'!

Given a problem p = (A, R) € R and two matchings p, ' € M (A)
with p/ # p, p Pareto dominates p/ if for all i € A, u(i) R; /(i) and
for some j € A, u(j) P; 1/(j). A matching u € M(A) is Pareto optimal
for p if there exists no matching 1/ € M (A) which Pareto dominates p. Let
PO(p) denote the set of all Pareto optimal matchings. The other axioms
defined in Section 2 are simply carried to the world of weak preferences just
by replacing P by R.

First note that the Pareto Stable rule, denoted by P.S and defined for

each p € R as PS(p) = PO(p) N S(p), fails to satisfy converse consistency.?

Example 3.3 Let M = {my,mg, mg,my}, W = {wy,wq, w3, ws}. Let R be

"The stronger version of stability is defined as follows: A pair of agents (i, ;) weakly
blocks a matching p € M (A) if j R; (i) , ¢ R;j p(j) and for some k € {i,j}, R = Py. A
matching ;1 € M (A) is strongly stable for p if it is individually rational for p and there
is no pair (7, j) weakly blocking p at p. Note that the set of all strongly stable matchings
may be empty for some problems.

12When we have strict preferences PS(p) = PO(p) N S(p). But when we allow indiffer-
ences, a stable matching may not be Pareto optimal. To see this, let M = {m1, ma} and
W = {wy,ws}. Let P be defined as follows:

Pm,l ng Pw1 ng
wi1wWa2 w1 mi1mso mq
w2 mo

Let p = (M U W,P). Consider the matching p where p(my) = wy and p(ms) = ws.
Note that p € S(p), but u ¢ PO(p).
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defined as follows:

Ry, Rn, Rn, R, Ry, Ry, R, Ry,
w1 Wao W3 Wy T Mg™myg 1 TNgMmy 111y 1o1Ng
wao ws Wy w1 w1 meo ms Ty

W3 Wy W1 Wo Wa w3 my

Wy wy  We W3 Wy

mi mo Mg MMy

Let p = (MUW, R). Consider the matching u where p(m) = wy, u(msg) =
wy, p(mg) = wy, u(my) = ws. Since p is Pareto dominated by 1’ where
w(ma) = wy, ' (ma) = ws, p'(ms) = wa, p'(ma) = wa, we have p ¢ PO(p).
Hence, ¢ PS(p). But iy € PS(NU(N), Binuu(wy) for each N = {i, j} C

A with p(i) # j.

Indeed, we have an impossibility result: there exists no solution satisfying

Pareto optimality, anonymity and converse consistency.!?
Theorem 3.2 No solution satisfies PO, AN and CCON.

Proof. Let ¢ be a solution satisfying PO, AN and CCON. Let M =

{my,me} and W = {wy, ws}. Let R be defined as follows:

13This result is a similar spirit of Proposition 4.2 in Ozkal-Sanver (2010).
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Ry, R, Ry, Ry,
w; Wy mimsa  M1MN2
Wo Wao w1 Wa
mq Mo

Let p = (M U W, R). Note that PO(p) = {1, pto} where p,(my) = wy,
1 (ma) = we and piy(my) = wa, pis(mse) = wy. By Pareto optimality of ¢, we
have ¢(p) € {4, pa}-

Suppose j; € ¢(p). Introduce two agents ms and ws and extend the

preferences of the agents of M U W to the larger set M U W U {ms, w3} of

agents in the following way:

Ry, Ry, IR, I, R, R,
wiwsy w1 Wao mime  M1MoMsg  1N11M2M3
Wa Wy W3 ms W2 w3
mi ws w1 w1

meo M3

Let p* = (MUWU{ms, w3}, R*). Consider the matching p* where p*(i) =
pq(7) for all i € M UW and p*(mg3) = ws. Since p* is Pareto dominated by
p' where p/(my) = ws, p'(mg) = wy and p'(m3) = we, we have p* ¢ p(p*).
However, ufy € o(N U p*(N), Ry ,-vy) for each N = {i,j} C A with
(@) # J.
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To see that, consider the following three subproblems: Letting N =
{m1,ma}, we have (N U p*(N), Ry,-(vy) = p and pyy = 1y € ¢(p).

Next, letting N = {m1,ms}, we have PO(N U p*(N), Ry, vy) = {11}
where /i (m1) = w; and p(ms) = ws. Since pfy = 1, we have pjy € o(N U
1 (N), rNuu*(N))-

Finally, letting N = {my, m3}, note that RTNUM*(N) is

* k * k
Ry, R Ry, R,

Wz W2 maMm3z  Main3
ws ws Wa W3
mo 1MN3

Let m(my) = mg, m(mgy) = mg, m(w;) = we and w(wy) = ws. Let R’ be
the preference profile in the permuted problem. Note that R’ = R. Since
T = Wiy, by anonymity of ¢, we have piy € ©(N U p*(N), Ry, ny)-

Then by converse consistency p* € p(p*). Since ¢ satisfies Pareto optimal-
ity, we have ¢(p) = {5 }. Next, introduce two agents m4 and w4 and extend
the preferences of the agents of M U W to the larger set M U W U {my, w4}

of agents in the following way:
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Ry, Rumy, Rum, Ru,  Ru R,

w1 wiWwy W2 MMy TN1MM2M,  TN1TIN2TIY
Wy Wy Wy my Wa Wy

Wy meo w1 w1

mi o

Let p = (M UW U {my,w,}, ﬁ) Consider the matching 7 where 7i(i) =
po(i) for all i € M UW and ji(m4) = wy. Since i is Pareto dominated by
the matching p/ where p/(mq) = wyq, p'(mg) = wy and p/'(myg) = we, we have
fi ¢ ¢(p). However, i yu,+ vy € (N UR(N), Rinua(v)) for each N = {i, j} C
A with p(i) # j.

To see that, consider the following three subproblems: Letting N =
{m1,ma}, we have (N U(N), Rivuaw) = p and Fijxuacn = 12 € 9(p).

Next, letting N = {my, m4}, we have PO(N UTi(N), Rixuan) = {71}
where i (m2) = w; and fi(m4) = wy. Since fijy = 7, we have 1y € ¢(N U
AN, Bivuaow)):

Finally, letting N = {my, m4}, note that ]§| NUR(N) 18
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Ry, Rpy,  Ruy, R,
Wy  Woy mimg M1y
Wy Wy Wa Wy

mq 1My

Let m(my) = my, m(mg) = myq, m(wy) = we and 7(we) = wy. Let R” be
the preference profile in the permuted problem. Note that R” = R. Since
Tu = iy, by anonymity of ¢, we have 7ijy € ¢(N U p(N), §|NUI7(N))‘ Then
by converse consistency of ¢, we have i € ¢(p), contradicting that ¢ satisfies
Pareto optimality, and completing the proof. m

By weakening the Pareto optimality axiom and adding a monotonicity
condition, we end up with a characterization result.

Given a problem p = (A, R) € R and two matchings p, ' € M (A) with
w # u, p strongly Pareto dominates /' if for all ¢ € A we have u(i) R;
p' (i) and for all j € A with pu(j) # 1/(j), we have pu(j) P; 1/(j). A matching
p € M(A) is weakly Pareto optimal for p if there exists no matching
p' € M (A) which strongly Pareto dominates p. Let WPO(p) denote the set
of all weakly Pareto optimal matchings.

A weak Pareto optimal solution recommends at each problem among
weakly Pareto optimal matchings:

Weak Pareto optimality(WPO): For each p € R, ¢(p) C WPO|(p).
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Remark 3.2 Note that for each problem p = (A, P), PO(p) = WPO(p). If

a solution ¢ satisfies IR, WPO, GF, CON and CCON then for each p € P,

Consider some problem p = (A, R*) and any matching p € M(A). We
define complete strict preference P* over A as a monotonic stretching of
R* for p in the following way: For each i € A, for any j, k € A(i); let j
P! k if j P* k holds and let u(i)P! j for any j € A(i) such that pu(i)IF
j. Using monotonic stretching we switch from weak preferences to some
adequate form of strict preferences. Roughly speaking, monotonicity axiom
allows us to check whether a matching p is recommended or not for a problem
(A, R*) by considering whether p is recommended for (A, P*) where P* is
monotonic stretching of R* for u. In other words, monotonicity of a solution
@ reqiures that for any matching x4 and for any monotonic stretching P* of
R*, either 1 must be recommended by ¢ both for (A, P*) and (A, R*), or p
is not recommended by ¢ for (A, P*) and (A, R*).

Monotonicity(MON): For each p = (A, R*) € R and p € M(A), and
for any monotonic stretching P* of R*, we have u € ¢ (A, P*) if and only if

peE p(A R

Proposition 3.5 If a solution ¢ satisfies IR, WPO, GF, CCON and MON
then for any ji € (A, R), if jyy € $(N U p(N), Rixoun) for any N =
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{i,7} € A with (i) # j, then we have jy € S(N U pu(N), Rinuu(ny)-

Proof. Let ¢ be a solution satisfying IR, WPO, GF, CCON and MON.
Let p = (A, R) be a problem. Take i € ¢(p) such that puy € (N U
(N), Rinuuny) for all N = {i,j} C A with u(i) # j, we want to show
that )y € S(N U u(N), Rinuu))- Suppose, by contrary, py & S(N U
p(N), Rinug(ny) for some N = {i,j} C A with u(i) # j. Let N = {4, j}.

Case 1: First we consider the case that u(i) = i and p(j) = j. Wlog,
say i = my and j = wy. Then u(my) = my and p(w;) = wy. Since N €
IR(N U pu(N), Rinuuy) and iy & S(N U p(N), Rinuun ), (ma,wr) forms
a blocking pair. We have wy P,,, m; and m; P,, w;. Then by weak Pareto
optimality of p,m; is matched with w; we have 1y & P(NUp(N), Rivuun)),
a contradiction.

Case 2: Next we consider the case where only one agent is self matched.
Let p(i) =i and p(j) # j. Again, say ¢ = my and j = wy. Then p(my) = my
and pi(wy) = my. Since py € ITR(N U u(N), Binuuvy) and pyy ¢ S(N U
(N), Rinug(ny), there (mq, w;) forms a blocking pair. Then, there are three

possible preference profiles:
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) w1 Wy M2
1
my
my
mowsy
Ry, R, Ry,
e w1 w1 Ma ma
ii)
my ma
w1

wy wy my
iii)

my ma ma

w1

For the subcase 2 (i) and 2(ii), let P* be a monotonic streching of R for
pt. Note that gy & S(N U p(N), Plyy, ) - By Theorem 3.1. puy & (N U
“(N)’jj\ljvuu(N))' By MON, y1y & @(N U p(N), Riyuun)), a contradiction.

For the Subcase 2(iii), Note that py ¢ S(N U p(N), Riyuun)). Since

Rinuu(y is strict, by Theorem 3.1.; 1y & @(N U pu(N), Rinuu(n)), & contra-

diction.
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Case 3: Finally, let p(i) # i and pu(j) # j. Again, say i = my and j = ma.
Then i(my) = wy and pu(my) = wy. Since 1y € TR(NUp(N), Rnupu(n)) and
tyn & S(N U p(N), Riyuun)), assume (my, wy) forms a blocking pair. Then

we have

For any agent who is indifferent between the other agents apply the
monotonic streching to the preferences profile say p’ = (A, P*) and we
are in the one of the nine cases of Proposition 3.2. For all these cases
we know that yyy & S(N U pu(N), PFly,)- By Theorem 3.1, we have
v & (N U p(N), P*\nupwvy)- By MON, gy & ©(N U u(N), Rivuuv))s

a contradiction. m

Proposition 3.6 If a solution ¢ satisfies IR, WPO, GF, CON, CCON and

MON then o(p) € S(p) for each problem p € R.

Proof. Let ¢ be a solution satisfying IR, WPO, GF, CON, CCON and
MON. Let p = (A, R) be a problem. Let u € ¢(p). By consistency of ¢, we
have 1y € p(NUp(N), Bnuu(w)) for each N = {i, j} C A with u(i) # j. By
Proposition 3.5, y € S(N U u(N), Pnuy) for each N = {i, j} C A with
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w(i) # j. Since S satisfies CCON, we have p € S(p). =
Proposition 3.7 No proper subsolution of the core satisfies CON and MON.

Proof. Let ¢ be a subsolution of S satisfying both CON and MON, let
p = (A, R) be a problem and let ;1 € S(p). Let P* be a monotonic streching
of R for p. Since S satisfies MON, by MON, p € S(A, P*). By the same
arguments as in the proof of Lemma 3.1, there exists a problem p’ = (A’, P’)
such that S(p') = {u'}, pj, = p, and (A, P*) is a reduced problem of p’ at
i . Since p(p') = {i'} and ¢ satisfies CON, u € (A, P*). Since P" is a
monotonic stretching of R for p, by MON we have pu € ¢(A, R). This proves

that p =S m

Theorem 3.3 The core S is the unique solution satisfying IR, WPO, GF,

CON,CCON and MON.

Proof. One can easily check that the core S satisfies the above listed
axioms. For the uniqueness, let ¢ be a solution satisfying these six axioms.
Then by Proposition 3.6, p(p) C S(p) for each p € R. Also by Proposition
3.7, no proper subsolution of the core satisfies CON and MON. Hence, p = S.

Y This proof is an adaptation of the proof of the Proposition 4.4 of Toda (2006).
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Remark 3.3 Whether the core could be characterized by IR, WPO, GF,
CON and CCON (relaxing the monotonicity axiom) is an open question worth

to be investigated.

3.6 Concluding Remarks

We consider a marriage model where agents are allowed to stay selfmatched.
First, we discuss how the definition of converse consistency can be adapted
to this more general framework. Next, we show that the core is no
more the unique solution satisfying individual rationality, Pareto optimality,
anonymity, consistency, and converse consistency in this setting. We charac-
terize the core by individual rationality, Pareto optimality, gender fairness,
consistency and converse consistency. We also check the independence of
these axioms.

Whether our characterization result can be extended to many-to one
matching problems under suitable preference restrictions is on our agenda for
further research. Finally, we consider what would happen if we further relax
the condition that agents have strict preferences over their potential mates.
We show that, if we allow indifferences on preferences, there exists no solu-
tion satisfying Pareto optimality, anonymity and converse consistency. Toda

(2006) characterized the core (of many to one matching problems) by weak
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unanimity, consistency, Maskin monotonicity and population monotonicity
when indifferences are allowed. In this study, we characterized the core as
the unique solution satisfying individual rationality, weak Pareto optimality,

gender fairness, consistency, converse consistency and monotonicity.
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4 A Maximal Conversely Consistent Subso-

lution of the Pareto Optimal Solution

4.1 Introduction

For many economic problems, in particular for matching problems consis-
tency and converse consistency are two well-known axioms that are used for
axiomatic analysis. In this study, we specially consider converse consistency
for matching problems. We know that several solutions, including the Pareto-
optimal solution in matching problems, fail to satisfy converse consistency.
Thomson (1996) introduces the concept of maximal consistent subsolution of
a solution in the general framework. By evaluating it, we maximally reduce
the solution so that consistency is satisfied. Since consistency is preserved
under unions, the union of consistent subsolutions can be described as the
maximal consistent subsolution of a solution. However, union of two con-
versely consistent solutions may not be conversely consistent. So we can
not carry the concept of maximal consistent subsolution when we replace
consistency by converse consistency. Therefore, for a solution we define the
maximal converse consistent subsolution by using inclusion operator as the
maximal converse consistent solution which is included in the solution. We

aimed to compute maximal conversely consistent subsolution of the Pareto
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optimal solution.

We study two-sided, one-to-one matching problems which is known as
marriage problems in a restricted domain where there are equal numbers of
agents from each side and being single is not allowed. We consider a well-
known solution concept: the Pareto-optimal solution. Pareto-optimal solu-
tion in matching problems does not satisfy converse consistency The main
aim of this essay is to compute its maximal conversely consistent subsolution.
Specifically, in matching problems, converse consistency is defined as follows:
Consider some problem p and some solution . Take any matching p. The re-
quirement is the following: If the reduced matching of p with respect to each
subgroup of two matched pairs is among the recommendations made by the
solution ¢ for the reduced problem of p with respect to the subgroup of two
matched pairs, then 4 must be a matching recommended by ¢ at the original
problem p. That is the original definition of Sasaki and Toda (1992) where
they show that the core is the unique correspondence which satisfies Pareto
optimality, anonymity, consistency and converse consistency. Some versions
of converse consistency are studied in matching problems. ° As far as we
know, in the literature this is the first study on computing the maximal con-

versely consistent subsolution of a solution. However, there are a few papers

5For roommate problems Ozkal-Sanver (2009), for marriage problems Sasaki and Toda
(1992), Ozkal-Sanver (2004), Ozkal-Sanver (2012), Nizamogullari and Ozkal-Sanver (2013).
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6

in the literature computing the minimal consistent extension of solutions'®,

as well as the minimal conversely consistent extension of solutions.!”

To compute the maximal conversely consistent subsolution of the Pareto-
optimal solution, we introduce the concept of serial men-ordering. For a fixed
total order on the set of men it turns out that maximal converse consistent
subsolution of the Pareto optimal solution is a correspondence which asso-
ciates with each problem the set of all Pareto optimal matchings when the
number of agents in the society larger than four, and the set of all stable
matchings and the set of matchings which are chosen by serial men-ordering
solution when there are four agents or less then four agents. So, maximal
converse consistent subsolution of the Pareto optimal solution is not unique.
For different orders on the set of men we will get different subsolutions. Also
we show that this result is not true for general domains where there are
unequal number of men and women and being single is allowed.

This essay proceeds as follows: Section 4.2 presents the basic notions and

axioms. Section 4.3 introduces the serial men-ordering solution solution and

gives our results. Finally, section 4.4 makes some closing remarks.

16See Thomson (1994a), Bevia (1996) and Korthues (2000).
17See Thomson (1996, 1999), and Ozkal-Sanver (2012)
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4.2 Model and Axioms

We consider matching problems with equal numbers of men and women. Let
M and W be two disjoint universal sets. Let M be a nonempty and finite
subset of M. Similarly, let W be a nonempty and finite subset of W. Let
A = M UW be the set of agents. We assume that #M = #W where #
denotes the cardinality of a set.
For each agent i € A, the set of potential mates of i, denoted by A (i), is
defined as
Wifie M
A(i) =
Mifie W.

Each agent ¢ € A has a strict preference relation over A(i), denoted by
P,. Let P denote the set of all possible preference profiles P = (P;);ca.

Let > be a total order on the set of men M. For any woman w € W we
say that P, is coherent to > if the following condition is satisfied: For all
m,m' € M, mP,m’ if and only if m = m’.

Similarly, for a given total order > on the set of women W, for any man
m € M, we say that P,, is coherent to > if the following condition is
satisfied: For all w,w" € W, wP,,w’ if and only if w > w'.

A matching is a function y : A — A such that for each i € A, we
have p(i) € A (i) and for each pair {j,k} C A, p(j) = k implies u(k) = j.

Agent p(i) is the mate of agent i under matching p. Throughout the essay,
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we sometimes write (m,w) € p to denote p(m) = w. Let M (A) denote the
set of all matchings for A. A (matching) problem is a pair p = (A, P),
where A is the set of agents and P is the preference profile. Let P denote
the set of all problems.

A matching p € M (A) is individually rational for p if for all i € A,
w(i) P; i or p(i) = i. A pair of agents {i,j} blocks a matching u € M (A)
if j P (i) and @ P; pu(j). A matching p € M (A) is stable for p if it is
individally rational for p and there is no pair {7, j} C A blocking x. Let S(p)
denote the set of all stable matchings. Given a problem p = (A, P) € P and
two matchings u, ' € M (A), u dominates p’ if there exists a coalition
K C A such that for all i € K, u(i) € K and p(i) P; p/(i). A matching p
is undominated if there exists no matching p/ € M (A) which dominates
(. The core of p is the set of undominated matchings. Recall that the set
of stable matchings equals the core (Roth and Sotomayor (1990)). Given a
problem p = (A, P) € P and two matchings u, p/ € M (A) with y/ # u, p
Pareto dominates /' if for all i € A, u(i) P; /(i) whenever (i) # 1/'(3).
A matching p € M(A) is Pareto optimal for p if there exists no matching
i € M (A) which Pareto dominates p. Let PO(p) denote the set of all Pareto
optimal matchings.

A solution is a correspondence ¢ that associates with each problem
p = (A, P) a nonempty subset of M (A). Let ® be the set of solutions. The
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core solution is the correspondence S that associates with each problem p
its set of stable matchings S (p) .

Given a problem p = (A, P) and a subset of set of agents A’, a reduced
problem of p with respect to A’ is a problem where the preference profile
P is restricted to agents in A’. Formally; for all p = (A, P) € P and all
A" C A p = (A, Pa) € P is the reduced problem of p with respect to A’.
Write u (N) = {u (i) : i € N}. Given a matching u € M (A) and a subset
of agents N C M U W, a reduced matching of p with respect to N is a
matching iy : N U p(N) — N U p(N) such that for all i € N U pu(N),
pyn (8) = p (3).

Now, we are ready to define our axioms on solutions:

The first axiom requires that at each problem the solution recommends
among Pareto optimal matchings:

Pareto optimality (PO): For each p € P, p(p) C PO(p).

The second axiom requires that renaming men among men and renaming
women among women do not change the result.

Anonymity (AN): For all A = M UW and all A’ = M'U W' with
H#M = #M' and #W = #W’' let 7 : A — A’ be a bijection such that
m(M) = M and 7(W) = W'. For all p = (A, P), let P’ be such that for all
i € Aandall j,k € A(i), jPk if and only if 7(j) P, m(k). And also for all
p € M(A) define 7, € M(A’) by setting for all i € A, 7,(i) = w(u(7*(2))).
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If p € (A, P), then m, € p(A", P).

Now we define consistency axiom. Consider some problem p and some
solution . Take any matching ;1 recommended by ¢ at p. If the reduced
matching of p with respect to each subgroup of matched pairs is among the
recommendations made by the solution ¢ for the reduced problem of p with
respect to this subgroup of matched pairs, then we say that the solution ¢ is
consistent.

Consistency: For each p = (A,P) € P, each u € ¢(p), and each
N C A, we have iy € (N U p(N), Pnuum)-

The next axiom is central to our analysis. Consider some problem p
and some solution . Take any matching u. The requirement is that if the
reduced matching of u with respect to each subgroup of two matched pairs is
among the recommendations made by the solution ¢ for the reduced problem
of p with respect to the subgroup of these two matched pairs, then p must
be a matching recommended by ¢ at the original problem p.

Converse Consistency: For each p = (A, P) € P and each p € M (A),
if for each subset {7, j} = N C Awith u(i) # j, py € (NUp (N), Pivuua)),
then p € ¢ (p) .

Given a solution ¢, the minimal converse consistent extension of ¢, de-

noted by MCCE,, is defined by Thomson (1996) as follows'®:

18 Converse consistency is preserved under intersections.
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MCCE, = wﬂqlw where ¥ = {¢p € ® : ) D ¢, 1) is converse consistent }
€

Given a solution ¢ that contains at least one consistent subsolution, the
maximal consistent subsolution of ¢, denoted by MXCS,, is defined by

Thomson (1996) as follows:
MXCS, = ¢U\p¢ where U = {¢p € & : ) C ¢, 1 is consistent }
€

By definition of consistency it is direct consequence that consistency is
preserved under unions. So the above definition is well defined. However,
union of two conversely consistent solutions may not be conversely consistent.
In the below example we show that converse consistency is not preserved

under unions.

Example 4.1 It is a well-known result that for any problem p, S(p) is
conversely consistent. It is shown by Ozkal-Sanver (2013) for any prob-
lem p, MB(p)* is conversely consistent. But S U M B is not conversely
consistent. To see that consider the problem p = (M U W, P) where M =

{my,mgo,mz, my}, W = {wy, ws, ws,ws} and P as follows:

9 Men barter-proof solution MB is defined by Ozkal-Sanver (2012) in the following
way: A matching is men-barterproof whenever there is no such a pair of men who benefit
from switching their mates among themselves. More formally, a matching p € M (A)
is men-barterproof for p = (A,P) € P, if there exists no pair of men {m,m'} C M
bartering at . Let M B(p) denote the set of the men-barterproof matchings for p. The
men-barterproof solution is the correspondence M B that associates with each problem
p the set of men-barterproof matchings M B (p)
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Py, Pwn, Pwy Pm, Pu, P., P, P,
W9 w1 Wy Wy ma Mo ms ms
w1 Wao W3 w1 ms ms mi o
ws ws w1 Wo Ty Ty Mo mq
Wy Wy Wa W3 mo mi o mo
Let = {(my,w1), (ma, ws), (ms, ws), (Mg, ws)}. Since (ms,wy) is a

blocking pair and (my, ms) barters we have p ¢ (S U MB)(p). But any
two pair restriction of p is in S U MB. Hence S U M B s not conversely

consistent.

Therefore we can not carry the concept of maximal consistent subsolution
when the point of departure is converse consistency. For a solution ¢, we de-
fine the maximal converse consistent subsolution of ¢, denoted by M XCC'S,,
as follows: For each p = (A, P) € P, we have M XCCS,(p) C ¢(p) and there
is no conversely consistent solution ¢ with M XCCS,(p) C ¥(p) € ¢(p).

As we stated before the main aim of this essay is to compute its maximal
conversely consistent subsolution. It is a well-known result that the Pareto-
optimal solution fails to satisfy converse consistency. To see that consider

the following example:

Example 4.2 The Pareto-optimal solution does not satisfy converse consis-
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tency.

Let M = {my,ma, m3,my} and W = {wy,wy, w3, wys}. Let P be defined

as follows:
Pu, Pn, Pny Pmi  Pu, Pu, Pu, Pu,
w1 (05 W3 Wy Ty mq Mo ms
Wa ws W4y w1 ms o ma meo
W3 Wy w1 Wa ™o ms Ty mi
Wy w1 W2 W3 ma Mo ms Ty

Let p = (M UW, P). Consider the matching where ji (my) = wy, 1 (mg) =
wg, p(m3) = we, pu(my) = ws There are six different subproblems with
#N = 2. Let Ny = {my,me},Ny = {my,ms},N3 = {mq,mu}, Ny =
{ma,ms}, N5 = {ma, ma},Ng = {m3,ms}. One can easily check that py, €

PO(N; U pu(N;) , Pivup(nyy) for all i = 1,2, ..., 6. However, i ¢ PO(p).*

4.3 Maximal Conversely Consistent Subsolution of the
Pareto-Optimal Solution

The maximal conversely consistent subsolution of the Pareto optimal solution
whenever it is anonymous is a rule which associates with each problem the

set of all Pareto optimal matchings when there are more than four agents and

20% = {(mq,w), (M2, ws3), (m3,ws), (Mg, wz)} Pareto dominates .
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all stable matchings otherwise. We state this in the following proposition

Proposition 4.1 The maximal conversely consistent and anonymous subso-

lution of the Pareto optimal solution is

S(MUW,P)if #£M = #W =2
PO(M U W, P) otherwise

Proof. Sasaki and Toda (1992), Lemma2 states that if a solution ¢ sat-

MXCCSpo(MUW,P) = {

isfies PO, CCON and AN then (M, W, P) C S(M UW, P) for all (M, W, P)
with #M =#W =2 =

Before to proceed we define the serial men ordering solution based on the
names (or indexes) of men in the society. Let p = (M U W, P) be a problem
and > be a fixed order on the set of men M. Serial men ordering solution
SMO, with respect to > is defined in the following way: Let p € M(MUW)
be any matching for this society and =, be an ordering on the set of women
W defined as w; >, w; if and only if pu(w;) > p(w;). Let m € M be any
agent in M we write t(P,,; W) for the top-ranked agent in W with respect
to the preference profile P, of agent m, hence t(P,,; W)P,,w for all w € W.
Similarly, t(P,,; W) is defined for any w € W. Then we look at the top-ranked
agents and define s,, as the cardinality of of the agents who ranked them as
the best. That is s, = #{m : t(Pp; W) = w} for any w € W. Similarly, s,
is defined for any m € M. Let argmaxs; = {i € M UW | for all € M U W,

e MUW

s; < s;}. We consider any agent i* € arg maxs; if P is coherent to order >
i€EMUW
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or if P+ is coherent to order >, then y € SMO, .*!

Remark 4.1 SMO, does not satisfy anonymity. To see that consider the

problem p = (A, P) where A = {my, ms, w1, ws} and P as follows:

Pm1 sz Pwl Pw2

wy w1 mip My
Wy W2 ma Mg
my  Ma wy W2

Assume that my > mao. Then SMO, (p) = {pq, 1o} where py(my) = wy,
py(mz) = wa, py(my) = wy and py(ma) = wy. Let w(my) = ma, m(mz) = my,
m(wy) = wy and w(ws) = wy. Let P’ be the preference profile in the permuted

problem. Then P’ is the following preference profile:

P, Pn, P, P,

w; Wi mo Mo
Wy W2 my My
my Mg wy W2

Note that m,, = {(m1,w1), (M2, ws)}. Since my = my we have w, =y

wy. Note that t(Pp; W) = wy, t(Pny; W) = wi, t(Py; W) = mao and

2INote that SM O, is not well defined solution. This solution is useful and meaningful
for the societies where there are two men and two women.
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t(Puy; W) = mg then argmaxs; = {wy,ms} but P, is not coherent to >
ieMUW

and P, is not coherent to =, . Hence, m,, ¢ SMO. (A, P').

Theorem 4.1 A maximal conversely consistent subsolution of the Pareto

optimal solution for a fixed order = on M is

S(MUW, P)USMO. (MUW,P) if #M = #W = 2
PO(M UW, P) otherwise

MXCCSpo(MUW, P) = {

Proof. First we will show that this solution is converse consistent.
Assume M XCCSpo is not converse consistent. Then there is a prob-
lem p = (M UW,P) and a matching p € M (M UW) such that y €
MXCCSpo(N U p(N), Pyuuny) for each N = {i,j} € M U W with
w(i) # j.but up ¢ MXCCSpo(p), which means p ¢ PO(M U W, P). Then
there exists ' € M (A) Pareto dominating p. Let > be a fixed order on the
set of men M. There exists at least an agent ¢ € A such that p/(i) P; pu().
Let m be the first agent with respect to > who is strictly better off. Let
pu(m) = w and p'(w) =m/, p(m') = w'. Let N = {m, m’}. Then Pyy,)) is

the following preference profile

P, P P, Py

Then there are four possibilities for the other agents:
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i)

First note that yy ¢ S(N U u(N), Pyuun))- Also, pyy ¢ SMO. (N U
L(N), Pnuy(ny)- Since m = m' then we have w' >, w. Note that ¢t(P,,; W) =
w and t(P,; W) = w, t(P,; W) = m/ and t(P,; W) = m’, then arg maxs; =

1ENUu(N)

{w,m'} but P, is not coherent to > and P, is not coherent to >, . Hence

HiN ¢ MXCCSpo(N U p(N), Pnuu))-

P, Py P, Py,

ii)

First note that yy ¢ S(N U u(N), Pyuun))- Also, pyy ¢ SMO. (N U
(N ), Pinuw(ny)- Since m = m' then we have w' -, w. Note that t(P,,; W) =
w and t(P,,; W) = w, then arg maxs; = {w} but P, is not coherent to > .

tENUL(N)
Hence iy & MXCCSpo(N U pu(N), Pnuuwy)-
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iii)

First note that yy ¢ S(N U u(N), Pyuun))- Also, pyy ¢ SMO. (N U
p(N), Pnug(ny)- Since m = m’ then we have w’ >, w. Note that ¢(P,; W) =
m’ and t(P,; W) = m/, then arg maxs; = {m'} but P, is not coherent to

1ENUL(N)
= - Hence iy & MXCCSpo(N U pu(N), Pnuuwy)-

Pm Pm' Pw Pw’

iv)

In this case pyy & PO(N U pu(N), Pnuuny)-

Now, we have to show M XCCSpp is maximal. Assume there is a con-
versely consistent solution 1) such that M XCCSpo € ¢ € PO. Then there
is a problem p = (M U W, P) with #M = #W = 2 and a Pareto opti-
mal matching p € ¥(p) but p ¢ MXCCSpo(p). Let M = {my,my} and

W = {w,ws}. And assume that m; > my. Then we have one of the six
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cases of the following preference profiles;*

P, P, P, P, P, P, P, P
w1 w1 mo 1T w1 w1 mo Mo
W9 W2 myq Mo W9 W2 my M
1) mi Mo w1 Wa 2) m1 Mo w1 Wa
Pm1 sz Pw1 sz Pml sz Pw1 sz
Wao w1 mo 1Mo Wao Wa my Mo
w1 Wa my. MMy w1 w1 mo 1T
3) mq Mo w1 W9 4) mq Mo w1 w9
P, P, P, P, P, P, P, P
w1 W2 Mo 1Mo W2 W2 Mo 1Mo
Wao w1 my My w1 w1 my My
5) mi1 Mo w1 Wa 6) mi1 Mo w1 Wo
Assume we are in the first case. For this preference profile

MXCCSpo(p) = {(mq,ws), (mse,w;)} then we have {(mq,w;), (mg, ws)} €
¥ (p). We introduce four new agents mg, my,w3 and wy to the society with
an order my; > ms > my = mo. We extend the preferences of the agents of

M UW to the larger set M*UW* = M UW U {ms, my, ws, ws} of agents in

22For the other ten cases M XCCSpo chooses all the Pareto optimal matchings.
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the following way:

Py, P, P, P, Py P, P P,
W3 w1 Wy Wa ™o my mi ms
w1 Wy W3 Wy ms mq ms my
Wa Wa W1 w1 mi mo Ty mi
Wy W3 W2 W3 Ty ms meo Mo
Let p* = {(mi,wy), (me,ws), (ms,ws), (mg,wy)}. Since p* is Pareto

dominated by {(m1,ws), (ma,w1), (ms,wy), (myg,ws)}, we have p* ¢
(M, W=, P*). However, uiy, € Y(N"U p*(N'), Piyi,-(vn) for each N' =
{i,j} Cc M*UW*

To see that, consider the following subproblems: Letting N' U p*(N') =
{my, ma, w1, ws}, we have P"]‘V,UN*(N/)) = Pnupv) and ,u‘*N, =y € Y(N'"U
pr(N'), Binrogs(wr)-

Next, letting N' U p*(N') = {m1, ms, w1, w3}, note that P,y is

Py P. Pr P

mi1

w3 w3 ms my
w1 wq my M3
my ms w1y ws
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Since m; > mg then we have ws >, w;. Note that ¢(P, ;W) = ws
and t(P,,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
1EN'Up*(N')
Then py € SMO, (N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U
p*(N'), Py (vry) which means p1fy, € (N U " (N'), Pinruge(v))-

Next, letting N" U p*(N') = {m1, ma, w1, wa}, note that Py, .y 18

i P P P
w1 Wy mq o
Wy w1 my ma
mi my w1 Wy

Then PO(N/ U M*(N,)7 P|NIUN*(N,)) = II’LTN’ < w(Nl U ,LL*<N,), HNIUM*(NI))'

Next, letting N" U p*(N') = {ma, ms, w2, w3}, note that Py, .y 18
P P, P, P
wy w3 mo Mg
w3 Wy ms Mo
me Mg my w3

Then PO(N/ U M*<N,), HNIUH*(N')) = IMTN’ S w(N/ U ,LL*(N/), P|N’U,u*(N’))'

Next, letting N’ U p*(N') = {msz, my, we, wys}, note that

. .
Bivrope vy 38



P P, Py, Py,
Wy W9 my Ty
Wao Wy mo ™o
meo my Wo Wy

Since my > my then we have wy >, ws. Note that t(Py,; M) = my

and t(P,,; M) = my, then argmax s; = {my} and P,
1EN'Up*(N')

Then piy, € SMO, (N'Up*(N'), Pinrue(vry)- Hence pify, € MXCCSpo(N'U

, is coherent to >« .

p*(N'), Pinops(vry) which means iy € (N U p*(N'), P (vry)-

Finally, letting N” U p*(N') = {ms, ma, w3, ws}, note that By, .y is

* * * *
Pm 3 Pm4 P'LUIS Pw4

Wy W4y ms ms
ws W3 my Ty
mgz My ws W4

Since mg3 > my then we have wy >,+ ws. Note that t(P,,,; W) = wy and
t(Ppy; W) = wy, t(Pyy; M) = mg and t(P,,; M) = mg, then argmax s; =
1EN'Up*(N')

{ms,ws} and P,, is coherent to > and P,,, is coherent to >, . Then
iy € SMO-(N"U p*(N'), Py (vny). Hence piy, € MXCCSpo(N' U

/J,*(Nl), HN/UM*(N/)> which means MTN’ S w(Nl U ,LL*(N/), HN/UM*(N/))'

82



Hence, by CCON we have p* € ¢p(M*, W*, P*), which gives a contradic-
tion.

23

Similar arguments work for the other five cases. |

Remark 4.2 This solution defined in the above theorem does not satisfy
converse consistency when some agents are allowed to be single. Assume
to get a contradiction, in this more general domain M XCCSpe satisfies
converse consistency. Then consider the following problem p = (M U W, P)

where M UW = {my, mg, ms, wy, ws, w3} and P as follows:

P., P, Pn, P, P,, P

wn w2 w3 my msy ms
Wo Ws Wo ms mq ma
mq wq w1 mao ms ws
Ws mo ms w1 Wa my

with an order my = mo = Mmas.

Let p* = {(ma1), (ma, wy), (ms, ws), (ws)}. Since p* is Pareto dominated
by {(mq, wn), (Ma, ws), (M3, ws)}, we have p* ¢ MXCCSpo(M, W, P). How-
ever, iy, € MXCCSpo(N'U p*(N'), Finu(wny) for each N' = {i,j} C

MUW.

Z3For details, see the appendix II.
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To see that, consider the following subproblems: Letting N' U p*(N') =

{m1, ma, w1}, note that PNy 15

wq wq my
mq mo mo
w1

Note that t(Pp,; W) = wy and t(Pn,; W) = wy, then argmax s; =
iEN'Up* (N')
{w1} and P, is coherent to = . Then pfy, € SMO,(N'Up*(N'), Pinuy(vr)-
Hence ,LLTN/ S MXOCS’]JO(N/ U /J,*(N,), P|N'U,u*(N’))'

Neat letting N' U pi*(N') = {mq, ms, ws}, note that Pniyx(nvy s

Wo W2 ma
mi ms ms
Wa

Note that t(P,; W) = we and t(Py,,; W) = ws, then argmax s; = {ws}
iEN'Up* (N')
and P, is coherent to = . Then p'y, € SMO.(N"U p*(N'), P (vr))-
Hence ,LLTN/ € MXCOS’])O(N/ U /L*<N/), RN/UN*(N/)>'

Next letting N' U pi*(N') = {mq, ws}, note that P (n7y 18
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ma Ws
Ws ma
Then PO(N/ U [,L*(N/>, HN/UM*(N’)) = /“LTN’ € MXCOS’])(Q(N/ U

W (N'), Piniows (vry)-

Neaxt letting N' U pi*(N') = {mg, ms, w1, ws}, note that Pniyx(nv) is

P, Prny Pu, P,
Wo (05 ms mo
w1 w1 mo ms
mo ms mo Wo

Note that t(Pp,; W) = we and t(Pp,; W) = ws, then argmax s;
i€ N'Up(N)
{ws} and P, is coherent to - . Then piy, € SMO, (N'Up*(N'), Pinoge(n)-
Hence fify, € MXCCSpo(N"U p*(N'), o (vr))-

Next letting N' U pi*(N') = {mqg, w1, ws}, note that PNy 5

sz Pw1 Pw3
W3 mo mo
w1 w1 W3
ma
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Note that t(Py,; M) = mg and t(Py,; M) = mqy, then argmax s; = {ms}
iEN'Up* (N')
and P,,, is coherent to =, since wz =,~ wy Then Iy € SMO,. (N"U
/.L*<N,), P|NIUH*(NI)). Hence MTN’ € MXCCS’PO(N/ U ILL*(N,), P‘N’U,u,*(N’))'

Finally, letting N' U pi*(N') = {mq, wa, w3}, note that Pniy,=(nvy 18

w3 ms ms
W2 wq w3
mo

Note that t(Py,; M) = m3 and t(Py,; M) = ms, then argmax s; = {ms}
1EN"Up*(N')
and Py, is coherent to =, since wy >, wy Then pfy, € SMO,(N"U
w*(N'), Pivios (wry)- Hence [y € MXCCSpo(N'U p*(N), By (x7))-
Hence, by CCON we have p* € MXCCSpo(M, W, P), which gives a

contradiction.

4.4 Concluding Remarks

In this essay, we study two sided one-to-one matching problems where there
are equal numbers of agents from each sides. We compute a maximal con-
versely consistent subsolution of the Pareto optimal solution as a correspon-
dence which associates with each problem the set consisting of all the Pareto

optimal matchings if there are at least three men and three women, all stable
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matchings and pareto optimal matchings which are chosen by serial men-
ordering solution for a fixed order on the set of men. if there are two men
and two women Therefore, it turns out that maximal conversely consistent
subsolution of Pareto optimal rule is not unique. We also show that failure

of this result on general domains.
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5 Consistent Enlargements of the Core in

Roommate Problems

Duygu Nizamogullar1 and Ipek Ozkal-Sanver

5.1 Introduction

The consistency axiom is introduced to the matching theory literature by
Sasaki and Toda (1992) who characterize the core of marriage (two sided,
one-to-one matching) problems as the unique correspondence which satisfies
Pareto optimality, anonymity, consistency and converse consistency. Their
analysis is followed by Sasaki (1995)and Toda (2005) who give two different
characterizations of the core of assignment problems with indivisible goods
and money, each of which uses consistency as one of the axioms. In a similar
way, Toda (2006) uses consistency in characterizing the core of many-to-
one matching problems. All of these characterizations are in environments
which ensure the nonemptiness of the core. We consider roommate (one-
sided matching) problems where, as Gale and Shapley (1962) show, the core
may be empty. There is a huge literature considering core extensions which
are solutions coinciding with the core whenever it is non-empty. Given the

critical role of consistency in characterizing the core of various types of match-
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ing problems, Ozkal-Sanver (2010) aimed at characterizing the class of con-
sistent core extensions. Nevertheless, she ended up with an impossibility:
There exists no refinement of a core extension which is consistent, a fortiori
no consistent core extension. This result covers several solution concepts of
the literature. For instance,absorbing matchings (Inarra et al, 2008a), maxi-
mum stable matchings (Tan 1990), almost stable matchings (Abraham et al.
2006), P-Stable matchings (Inarra et al, 2008b), stochastically stable match-
ings (Klaus et al, 2008) are all core extensions. On the other hand, a solution
which picks the median stable matchings (Serhuraman and Teo 2001, Klaus
and Klijn 2009) whenever the core is nonempty, is not a core extension, but
a pseudo refinement of the core.

Thomson (1990) and Thomson (1996) introduce the concept of minimal
consistent extension of well-defined solution in the general framework. Our
aim is to compute consistent enlargements of the core. By computing it,
we evaluate the extent to which the core would have to be expanded in
order to be well-defined and consistent. For instance, the Pareto Optimal
solution is a consistent enlargement of the core. We characterize the class of
consistent enlargements of the core. We also show that for any fixed order
on the set of agents the solution which picks all stable matchings and the
serial dictatorship matching with respect to this order is a minimal consistent
enlargement of the core. Since for diffferent orders there may be different
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enlargements, minimal consistent core enlargement is not unique.
Section 5.2 presents the model. Section 5.3 introduces the axioms we

consider. Section 5.4 states our results.

5.2 Model

We consider roommate problems. We write A for the universal set of agents.
We assume A to be countably infinite. Let A be a nonempty and finite
subset of A. For each agent i € A the set of potential mates of 7 equals A.
The preference of i € A over A is a complete, transitive and antisymetric
binary relation P,. Let P denote the set of all possible preference profiles
P = (P)ica.

A matching for a set of agents A is a function y : A — A such that for
all j,k € A, u(j) = k implies p(k) = j. Here, u(i) is the mate of agent i
at 1. We say that agent i is self-matched at p if (i) = i. Let M (A) denote
the set of all matchings for A.

A (roommate) problem is a pair p = (A, P), where A is an arbitrary
set of agents and P is the profile of their preferences over potential mates in
A. Let P denote the set of all problems.

A matching p € M (A) is individually rational for p if and only if for

all i € A, u(i) P; i or u(i) = i. Let Z(p) denote the set of all such matchings.
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A pair of agents (i,7) with i # j, blocks a matching y € M (A) if and
only if j P, (i) and ¢ P; u(j). A matching p € M (A) is stable for p if
and only if it is individally rational for p and there is no pair (4, j) blocking
p. Let S(p) denote the set of all such matchings. A matching p € M (A) is
in the core of p if there is no A’ C A such that iEUA/ {p@@)} = A" and i’ P,
p for all © € A’. The core of p is the set CO(p) of all matchings which are
in the core of p. As in marriage model, the core of p equals the set of stable
matchings at p. As Gale and Shapley (1962) show the core may be empty.

A matching 4 € M (A) Pareto dominates a matching 1 € M(A) if
and only if for all i € A, u(i) R; 1'(i) and for some j € A, u(j) P; 1/(j). A
matching © € M(A) is Pareto optimal for p if and only if there is no ' €
M(A) Pareto dominating . Let PO(p) denote the set of all such matchings.

A solution is a correspondence ¢ that associates with each problem
p = (A, P) € P a subset of M (A).?* A well-defined solution is a corre-
spondence ¢ that associates with each problem p = (A, P) € P a non-empty
subset of M (A). A core extension is a solution ¢ such that for any p € P
with S (p) # 0, »(p) = S (p).

Now, we define axioms for solutions:

First, at each problem the solution only recommends Pareto optimal

matchings:

24For some problems p = (4, P) € P, ¢(p) can be empty set.
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Pareto Optimality [PO]J: For all p € P, ¢ (p) C PO (p).

To introduce the other axioms, we need some further definitions. Given a
problem p = (A, P) and a subset of agents A’ of the original set of agents A,
for each agent i € A’| define a preference relation over A’, denoted by P/, such
that for all 4, j,k € A, j P/ k if and only if j P; k. Then, set Plas = (P} )ica-
For all p = (A, P) € P and all proper subsets A’ C A, p' = (A, Pa) € P is
the reduced problem of p with respect to A’. A matched pair under x is
simply (7, 4(2)), and p(i) may be equal to i. Writing pu (A") = {p (i) : i € A},
next define pu4 by pr4 0 A"U p(A") — A"U p(A') such that p4 (i) = (i)
for alli € AU p (4.

Consider some problem p and some solution ¢. Let p be a matching
recommended by ¢ at p. We require that the restriction of i to each subgroup
of matched pairs is among the recommendations made by the solution ¢ for
the reduced problem of p with respect to this subgroup:

Consistency:For all p = (A, P) € P with ¢ (p) # 0 and all u € ¢ (p),
fiar € (A" U (A), Parguan) for all proper subsets A” C A

Weak Consistency:For all p = (A, P) € P with ¢ (p) # 0 and all
p € @(p), then either w(A" U u(A'), Pauan) = 0 or ma € (AU

1 (A"), Paroucan) for all proper subsets A' C A. 26

25 Note that, (A' Up(Ad),P |A/U/L(A/)) is simply the reduced problem of p with respect
to A"Up (4.
26Note that, consistency implies weak consistency. But converse is not true. To see that
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Now we define consistent enlargements and minimal consistent enlarge-
ments of a solution.

Given a solution ¢, its enlargement £, is a well-defined solution such
that for any p € P we have p(p) C E,(p). Its consistent enlargement
CFE, is an enlargement which satisfies consistency. Its minimal consistent
enlargement MCE, is an enlargement such that there is no consistent
enlargement v of ¢ with ¢(p) C ¥ (p) C MCE,(p) for any p € P.

In particular, a consistent core enlargement C'Egs is a well-defined
consistent solution which picks at leasts for some problem more than the core
whenever it is non-empty and a minimal consistent core enlargement

MC'FEs is a minimal consistent well-defined solution with this property.

5.3 Results

We define the sub operation V on the set of solutions as a solution ¢, V¢, that
satisfies the following: If 1 € (p; V @,) then either u € ¢ (p) or u € py(p)
for any problem p = (A, P) € P.The sub operator V is closed for consistent

solutions. We state this result in the following proposition.

Proposition 5.1 For any two consistent solutions ¢, and ¢,, the solution

consider a rule th% (12 def)in«fat|i /iils follows:
P ,P)i >4
#(A, P) = { () otherwise.
 satisfies weak consistency but it is not consistent.
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©1 V py 18 consistent.

Proof. Let ¢, and ¢, be two solutions that satisfy consistency and let p =
(A, P) be a problem with (¢, V ¢,5)(A, P) # ). Take any p € (o, Vp,)(A, P).
Then either u € ¢,(A, P) or u € @y(A, P).If u € (A, P) then by consis-
tency of ¢; we have p, € ¢;(A"U p(A’), Payyan) for all proper subsets
A" C A for any i € {1,2} .Hence, 15 € (1 V 99)(A" U p (A"), Paryuany) for

all proper subsets A" C A, which means ¢, V ¢, is a consistent solution. =

Remark 5.1 For any two weakly consistent solutions ¢, and p,, the solution
©1 V @, may not be weakly consistent. To show this, in example 5.1 we
consider the following weakly consistent (indeed, well-defined and consistent)
solution: the serial dictatorship solution based on the names (or indexes) of

agents.

We define serial dictatorship solution as follows: For any problem p =
(A, P) let the agent with the lowest index in A match with his best agent
in A, if any. Remove the agents from the set A and let the agent with the
lowest index in the remaining set match with his best agent in this set etc.
More formally, fix a total order > of agents in A. Take any arbitrary finite
set A = {ai,...,a.4/} where, without loss of generality, a; > a; holds for
all k,1 € {1,....,] A |} with k < [. For all p = (A, P), for all non-empty
A" C A, and for all a, € A, we write t(P,,;A’) for the top-ranked agent
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in A" with respect to the preference P, of agent a,, hence t(P, ;A") R,,
a; for all a; € A’. The serial dictatorship matching p~ (with respect to
) for p = (A, P) is recursively defined as follows: u~(ay) = t(P,,; A). For
any n € {2,...,| A |}, write A, = A\ k:LZJIl {ay, 1~ (ar)} . Note that either
a, ¢ Ap, hence a, = p~(ay) for some k < n or a, € A,, in which case
we set pu”(a,) = t,(Pa,; An). Given a fixed order > on A, the rule which
assigns to each problem its serial dictatorship matching is called the serial

dictatorship solution (with respect to =), and denoted by SD. .

Example 5.1 Let ¢, and p, be two solutions defined as follows:

PO(A, P) if |A| > 4
@1("47 P) =

O otherwise.
902(*’47 P) = l;JSD>-(A7 P)

Consider the problem p = (A, P), where A = {a,b,c,d,e} and P as

follows:

Pa Pb Pc Pd Pe
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Let u = {(a,b), (c,d),(e)}. Clearly pu € (v1Vy)(A, P). Then consider the
subproblem p’ = (A" U pu(A"), Baruu(ary) where A" = {a,c}. Sincepn ¢ SD
for any order . we have p4 & (p1 V p2)(p'). Hence o1 V py does not satisfy

weak consistency.

Proposition 5.2 Let ¢, be a consistent solution and let ¢ = ¢, V p,. The
solution ¢ 1is a consistent enlargement of v, if and only if @, satisfies the
followings:

i)For any problem p = (A, P) if o,(p) = 0 then py(p) # 0

it) For any p € ¢(p), if or any proper subset A" of A, pu ¢ (A, Par)

then ,MlA/ c QOQ(A/, -P|A/) .

Proof. Let ¢, be a consistent solution and let ¢ = ¢, V @,.

First, assume that ¢ is consistent enlargement of ¢,. Take any p = (A, P).
Suppose @, (p) = 0. Since ¢ is a well-defined solution this implies ¢,(p) # 0.
Take any 1 € (p) and suppose jij 4 & ¢ (A’, Plar) for some proper subset A’
of A . Since ¢ is consistent py 4 € p(A’, Par). Hence, p14 € po(A’, Plar).

Now, for the other direction assume that o, satisfies (i) and (ii). By (i),
for any problem p = (A, P) we have (¢, V ¢,)(p) # 0. Take any p € ¢(p).
Then we have either 1 € ¢, (p) or p € @,(p). By consistency of ¢ and by (ii),

 satisfies consistency. m
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Now, we are ready to prove our main result in which we compute a min-

imal consistent enlargement of the core.

Proposition 5.3 For any fixed order = on the set of agents a minimal con-

sistent enlargement of the core MCFEg is SV SD. .

Proof. Let > be a fixed order.

Note that, SD, is well-defined and consistent solution.?” Since S satis-
fies consistency then SV .SD, will be a consistent well-defined solution by
Proposition 4.3 .

To show S§ V SD, is minimal suppose for a contradiction S V SD. is
not minimal. Then there is a well-defined consistent solution such that
S C ¢ € SV SD,.. Hence, there is a problem p' = (A’, P’) such that
pweSVSD,(p) but pu ¢ (p'). Note that if S(p) = 0 for any p = (A, P)
then we have ¢ (p) = SD. (p).This means that S(p') # () and p is the serial
dictatorship matching, that is © = p~ for the order .

Let A’ = {ay,as,...,a,} be the agents in A’. Assume that a; > as >~

. > a,. We add three new agents x,y, z into the society with an order
ay = as > ... = a, = x =y = z. We extend the preferences of the agents of
A’ to the larger set A* = A"U{x,y, 2} of agents in a way that " =P and

new agents are unacceptable to the old agents and vice versa. That is:

2TIndeed, SD, satisfies the property that is stated in Proposition 5.2.
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P; .. P. P P:

a;

Y z
z r oy
a; x y oz
T
Y
z

Note that S(A*, P*) = (). Then ¢(A*, P*) = SD. (A*, P*) which means
that the matching u* € ¥ (A*, P*) where p*(a;) = u(a;) for any a; € A',
p*(z) =y and p*(z) = z. But pify, = pand p ¢ (A’, P'), hence pify, ¢ (A'U
p*(A"), Parousary)- Since 1 satisfies consistency this gives a contradiction.

Remark 5.2 Since the solution SV SD,. depends on the orders on the set of

agents in the society, there is no unique minimal consistent core enlargement.

5.4 Concluding Remarks

Due to Ozkal-Sanver (2010), we know that there exists no consistent core
extension in roommate problems. Here, we study consistent enlargements

of the core. As no core extension is consistent, a consistent enlargement of
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the core must pick at leasts for some problem more than the core whenever
it is not empty. For instance, the Pareto Optimal solution is a consistent
enlargement of the core. We characterize the class of consistent enlargements
of the core. Next, we compute minimal consistent core enlargements as a
solution which picks all stable matchings and serial dictatorship matching

for a fixed order on the set of agents.

99



6 Conclusion

Consistency and converse consistency are two well-known axioms that have
recently played fundamental role in axiomatic analysis. These axioms im-
pose invariance on the solution for the population changes. Consistency is a
kind of independence of irrelevant alternatives axiom. Converse consistency
is a kind of two-agent decentralization axiom. First we survey applications
of consistency and converse consistency in the literature. These axioms have
been applied to number of models such as bargaining, taxation, allocation
problems, apportionment, matching theory. We shortly survey applications
of these axioms for different economics problems. We present the results for
matching problems in a detail way. There are several related open questions
to be investigated further. In this thesis, we deal with some of them. First,
we characterize the core of marriage problems in general domains. We extend
the characterization result of Sasaki and Toda (1992) for general domains.
That paper is the first study which introduces consistency and converse con-
sistency to the matching literature. Then, we compute a maximal conversely
consistent subsolution of the Pareto optimal solution in marriage problems.
Finally, we study on consistent enlargements of the core in roommate prob-
lems. There are still open questions to be investigated. For instance, for

many to one matching problems (college admission problems) characteriza-
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tion of the core by using converse consistency is still open question worth to
be investigated. There are some studies for college admission problems about
these axioms. But in those studies, for instance Toda (2006) and Klaus and
Klijn (2013), there are different definitions of reduced problem which lead to
different definitions of consistency and converse consistency. Therefore, to
study these axioms for college admission problems, first of all there should
be a study about these different definitions. Then by deciding on a more
reasonable and admissible version of the axiom for real life applications, sim-
ilar analysis which are done throughout this thesis can be adapted to college

admissions problems.
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7 Appendices
Appendix I

Lemma 7.1 The solution p* defined for each p = (A, P) as ¢*(p) = {u €
IR(p) N PO(p) such that there is no blocking pair (m,w) with u(m) # m}

satisfies CCON.

Proof. Take any arbitrary problem p = (A, P) and any matching p €
M (A) such that py € " (NUu(N), Pyuun) for each N = {3, j} C A with
w(i) # j. We want to show that pu € ¢*(p).Suppose, by contrary, p ¢ ¢*(p).

First we will show that x4 € IR(p). Suppose p ¢ ZR(p), then wlog we
may assume that there exists m such that m P, u(m). Let u(m) = w.
Taking some man m € M\ {m}, let N = {m,m}. Either we have w P, m
or m P, w. In both cases, by individual rationality of ¢*, we have py ¢
©*(N U pu(N), Pnuwny ), a contradiction.

Next we will show that u € PO(p). Suppose o ¢ PO(p), then there exists
u* € M (A) Pareto dominating p. There exists at least an agent i € A such
that p*(i) P; (7). Since p € IR(p), u*(i) € A(i)\ {i} , call it j, and we have
pw*(j) P; p(j). Note that if ¢ € M, then j € W and if j € M, then i € W.
So there exits w such that p*(w) P, p(w). There are two cases to consider.

Either p(w) = w or pu(w) € M.
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Case 1: Suppose pu(w) = w. Let p*(w) = m. Either pu(m) = m and
pu(m) € W.

Subcase 1.1: Let pu(m) = m. Let N = {m,w}. Since p € IR(p), w Py,
m and m P, w. Then, ¢*(N U pu(N), Pyuuny) = {1t} where ji(m) = w. So
tyn & ¢ (N U u(N), Pnou(n)y), a contradiction.

Subcase 1.2: Next suppose that p(m) # m, say u(m) = w'. As p*
Pareto dominates p and p € IR(p), we have p*(w') # ', call p*(w') = m/.

Let N = {m,w}. Recall that Pyy,v) is as follows:

Pm Pw Pu)’
w m m
w' w w
m

Since (m,w) blocks py and p(m) # m, we have py ¢ ¢*(N U
(), Pnug(ny), a contradiction.

Case 2: Suppose p(w) € M. Let u(w) = m”. As p* Pareto dominates
pand p € IR(p), we have p*(w) # w and p*(m”) # m”. Let p*(w) = m
and p*(m”) = w”. There are two subcases to consider. Either p(w”) = w” or
p(w") e M.

Subcase 2.1: First suppose that pu(w”) = w”. Let N = {m”",w"}. As p*

Pareto dominates ;v and p1 € ZR(p), Pnuuny is as follows:
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w m'" m
w w w”
m/l

Since (m”,w") blocks gy and p(m”) # m", we have py ¢ ¢*(N U
1(N), Pnu(ny), a contradiction.
Subcase 2.2: Next, suppose that u(w”) € M. Let u(w”) = m”.?® Let

N = {m",m"} Recall that Pny,) is as follows:

Pm” Pm/// P,w Pw//

n

"n "
w

Regardless of the preferences of m" and w, we have puy ¢ ¢*(N U
(), Pnugny), since (m”,w”) is a blocking pair with p(m”) # m”, a con-
tradiction.

Since u € IR(p) N PO(p), but u ¢ »*(p), there exists a pair (m*, w*)
such that p(m*) # m* blocking u. Let N = {m*,w*}. Either u(w*) = w*
or u(w*) € M. In both cases, we have py & ¢*(N U p(N), Byuuvy), since

(m*,w*) blocks yy at the reduced problem, completing the proof. =

281f we are in four agent set up, subcase 2.2 does not hold.
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Lemma 7.2 The solution ¢ be defined for each p = (A, P) as p(p) = {p €

PO(p) such that there is no blocking pair (m,w)} satisfies CCON.

Proof. Take any arbitrary problem p = (A, P) and any matching p €
M (A) such that iy € (N Upu(N), Pyuuy) for each N = {i, j} C A with
(1) # j. We want to show that p € ¢(p).Suppose, by contrary, u ¢ o(p).

Next we will show that p € PO(p). Suppose 1 ¢ PO(p), then there exists
p* € M (A) Pareto dominating p. There exists at least an agent i € A such
that p*(7) P; (7). Wlog assume that i = m. There are two cases to consider.
Either p*(m) =m or p*(m) € W.

Case 1: Suppose p*(m) = m. Let u(m) = w. Either p*(w) = w or
p(w) € M.

Subcase 1.1: Let p*(w) = w. Let N = {m, w}. Since ¢ satisfies PO we
have (N U p(N), Pnugvy) = {1} where fi(m) = m and fi(w) = w. So py
¢ (N U pu(N), Pnuwny ), @ contradiction.

Subcase 1.2: Next suppose that p*(w) # w, say p*(w) = m'. As p*
Pareto dominates p , we have p*(m’) Py u(m’), call p*(w') = m/. Let N =

{m,m'}. Recall that Py, is as follows:
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m o w m
w o p(m') m
w

Since (m’,w) blocks py , we have py & (N U pu(N), Pnuuwy), a con-
tradiction.

Case 2: Suppose p*(m) € W. Let p*(m) = w’. As p* Pareto dominates
o we have pi*(w) Pyp(w). When we take N = {m,w'}, (m/, w) blocks iy, we
have p1y & ©(N U pu(N), Pnuu(y), a contradiction.

Since u € PO(p), but p ¢ o(p), there exists a pair (m*, w*) blocking p.
Let N = {m*,w*}. We have yy & ¢*(N U pu(N), Pyuuy), since (m*, w*)
blocks py at the reduced problem, completing the proof. ®

Appendix II

Continuation of Proof of Theorem 4.1:

Proof. Assume we are in the second case. For this preference profile
MXCCSpo(p) = {(m1,ws), (m2,w1)} then we have {(mi,w1), (ma, w2)} €
¥ (p). We introduce four new agents mg, m4,ws and wy to the society with
an order my; = mg = my = mo. We extend the preferences of the agents of
M UW to the larger set M* U W* = M UW U {ms, my, ws, ws} of agents in

the following way:
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Py P, B P, Py P, P P,
ws w1 Wy Wo Mo my mq ms
w1 Wa W3 Wy ms mo ms mo
Wwao W3 w1 W3 ma mq Ty my
Wy Wy Wa w1 Ty ms mo mi
Let p* = {(mq,wr), (me,ws), (mg,ws), (Mg, wy)}. Since p* is Pareto

dominated by {(m1,ws), (ms,w1), (ms,wy), (my,ws)}, we have p* ¢
(M*, W*, P*). However, iy € (N’ Uu*(N’),P[R,,UH*(N,)) for each N’ =
{i,j} C M*UW*

To see that, consider the following subproblems: Letting N’ U pu*(N') =
{my, ma, w1, ws}, we have P‘}‘V,Uu*(N,)) = Pivuv) and pfy = pyy € PY(N'U
#r(N'), Piviows (vr)-

Next, letting N" U p*(N') = {m1, ms, w1, w3}, note that Py, . v 18

Py P P Py,

mi

w3 w3 m3 My
w1 w1 mq ms
my ms wq w3

Since m; > mg then we have ws >, w;. Note that t(P, ;W) = ws

and t(P,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
i€N'Up* (N')
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Then py, € SMO.(N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U

u*(N'), Py (vry) which means pify, € (N U " (N'), Pinruge(vr)-

Next, letting N' U p*(N') = {my, my, w1, ws}, note that

N R
w1 Wy mq Ty
Wy w1 my ma
mi my w1 Wy

. .
Bl vy 18

Then PO(N/ U M*(N,)7 ‘P|NIUN*(N,)) = II’LTN’ < w(N/ U ,Lﬁ(N’), HNIUM*(NI))'

Next, letting N' U p*(N') = {mq, m3, we, w3}, note that

P:;w PTTB P:Jg P:Jg
Wa W3 meo ms
ws Wa ms mo
mo ms mo ws

) .
Bl oy 18

Then PO(N/ U ,LL*<N,), HN,U,U«*(N’)) = Ml*N, S 'lp(N/ U ,LL*(N/), P|NIUH*(N,)>'

Next, letting N’ U p*(N') = {mq, my, we, wy}, note that

P*

Py, P, Py, Py,
Wao Wa my mo
Wy Wy mo my
Mo my Wo Wy

IN"Up(N7) 15



Since my > my then we have wy >, wy. Note that t(P,,; W) = ws
and t(P,,,; M) = wy, then argmax s; = {wy} and P,, is coherent to > .
i€N'Up* (N')
Then py € SMO, (N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U
1 (N'), Py (vny) which means pify, € (N U " (N'), Pinruges(vy)-

Finally, letting N’ U p*(N') = {ms, ma, w3, wa}, note that P,y i

* * * *
Py P, P P

Wy Wy mz M3
ws ws my 1My
ms my w3 Wy

Since mg > my4 then we have wy >+ ws. Note that t(P,,,; W) = w, and

t(Pry W) = wa, t(Pyy; M) = mg and t(P,,; M) = mg3, then argmax s; =
iEN'Up* (N')

{w4,m3} and P,, is coherent to > and P, is coherent to >, . Then
Hine € SMO.(N"U p*(N'), Pnwu=(nvy)- Hence [y € MXCCSpo(N'U
1 (N'), Pinroge(wvry) which means iy, € $(N"U p*(N'), Pl (vr))-

Hence, by CCON we have p* € ¢p(M*, W*, P*), which gives a contradic-
tion.

Assume we are in the third case. For this preference profile
MXCCSpo(p) = {(m1,ws), (m2,w1)} then we have {(mq,w1), (ma, w2)} €

¥ (p). We introduce four new agents mg, m4,ws and w, to the society with

an order my = mg = my = ms. We extend the preferences of the agents of
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M UW to the larger set M*UW™* = M UW U {ms, my, ws, ws} of agents in

the following way:

Py P, B P, Py Py, P P,
ws w1 Wy W2 Mo my mq ms
Wa Wa W3 Wy ms mo ms mo
w1 W3 w1 W3 ma mq Ty my
Wy W4y W2 w1 Ty ms mo ma
Let p* = {(mq,wr), (meg,ws), (ms,ws), (Mg, wy)}. Since p* is Pareto

dominated by {(m1,ws), (ms,w1), (ms,wy), (my, ws)}, we have p* ¢
Y(M*, W=, P*). However, iy, € $(N"U p*(N'), Fiyiy,-(ry) for each N' =
{i,j} Cc M*UW*

To see that, consider the following subproblems: Letting N’ U pu*(N') =
{my, ma, w1, ws}, we have P‘}‘V,Uu*(N,)) = Pivu(v) and s = pyy € PY(N'U
w(N')s Binroge (a))-

Next, letting N" U p*(N') = {m1, ms, w1, w3}, note that Py, .y 18

P, P, Py Py

mi

W3 W3 ms mq
w1 w1 my ms
my ms wq w3
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Since m; > mg then we have ws >, w;. Note that ¢(P, ;W) = ws
and t(P,,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
1EN'Up*(N')
Then py € SMO, (N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U
p*(N'), Py (vry) which means p1fy, € (N U " (N'), Pinruge(v))-

Next, letting N" U p*(N') = {m1, ma, w1, wa}, note that Py, .y 18

P;M PTTM P:u PJJ4
w1 Wy my Ty
Wy w1 my ma
mi my w1 Wy

Then PO(N/ U M*<N,), HNIUN*(N')) = ’LLT(N, S w(N/ U ,LL*(N/), HN/UM*(N,)>'

Next, letting N’ U p*(N') = {mg, m3, we, w3}, note that B vy 18
Py P Py, Py,
we W3 my M3
wy  Ws ms Mo
me Mg me w3

Then PO(N'U 1* (N'), P (vn) = s € BN U (V) Py o)

Next, letting N’ U p*(N') = {mq, my, we, wy}, note that

P*

[NUpe () 19



P P, Py, Py,
Wo W9 my Mo
Wy Wy mo o
meo my Wo Wy

Since my > my then we have wy >, wy. Note that t(P,,; W) = w,
and t(P,,,; M) = wy, then argmax s; = {wy} and P,, is coherent to > .
iEN'Up*(N')
Then piy, € SMO, (N'Up*(N'), Pinrue(vry)- Hence pify, € MXCCSpo(N'U
p*(N'), Pingps(vry) which means iy € (N U p*(N'), P (vry)-

Finally, letting N” U p*(N') = {ms, ma, w3, wa}, note that By, .y is

* * * *
PL. P, Py, Py,

Wy Wy ms ms
w3 w3 myg My
ms my w3 Wy

Since mg3 > my then we have wy >,+ ws. Note that t(P,,,; W) = wy and
t(Ppy; W) = wy, t(Pyy; M) = mg and t(P,,; M) = mg, then argmax s; =
1EN'Up*(N')

{wy,ms} and P,, is coherent to > and P,,, is coherent to >, . Then
iy € SMO-(N"U p*(N'), Py (vny). Hence piy, € MXCCSpo(N' U

/J,*(Nl), HN/UM*(N/)> which means MTN’ S w(Nl U ,LL*(N/), HN/UM*(N/))'
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Hence, by CCON we have p* € ¢p(M*, W*, P*), which gives a contradic-
tion.

Assume we are in the fourth case.  For this preference profile
MXCCSpo(p) = {(m1,w1), (m2,w2)} then we have {(mi,ws), (ma, w1)} €
¥ (p). We introduce four new agents mg, m4,ws and w, to the society with
an order my; = mg = my = mo. We extend the preferences of the agents of
M UW to the larger set M*UW* = M UW U {ms, my, ws, ws} of agents in

the following way:

TSA S SR S Py P, Pi. Py,
wWs Wa W4y w1 o mo mi ms
Wa w1 W3 Wy mi ms ms mo
w1 W3 W2 ws Mo m1 Ty my
Wy Wy w1 Wao ms my mo mi
Let p* = {(my,ws),(ma,wr), (ms,ws), (Mg, wq)}. Since p* is Pareto

dominated by {(mi,ws), (ma,ws), (M3, wy), (Mg, wy)}, we have p* ¢
(M, W=, P*). However, piy, € (N"U p*(N'), Py, (vn) for each N' =
{i,j} c M*UW*

To see that, consider the following subproblems: Letting N' U p*(N') =

{ml,mQ,wl,wg}, we have E)‘N'UM*(N')) = ‘P‘NUM(N) and ,U/TN, = ,u|N € 1/1<N, U

W (N'), Pnrggs ()
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Next, letting N" U pu*(N') = {m1, ms, w2, w3}, note that Py, .y 18

* * * *
Pm1 ng ng Pws

Ws w3 ms my
Ws Wo my M3
mi Mg Wa w3

Since m; > mg then we have ws >, w,. Note that t(P, ;W) = ws
and t(P,,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
1EN'Up*(N')
Then pify, € SMO, (N'Up*(N'), Pinoe(vry)- Hence pify, € MXCCSpo(N'U
w5 (N'), Pinops(vry) which means iy € (N U p*(N'), v (vry)-

Next, letting N' U p*(N') = {mq, mg4, wae, w4}, note that Biyios (v 18

* * * *
Pm1 Pm4 sz Pw4

W Wy my my
Wy Wao myg Ty
mi My Wa Wy

Then PO(N/U/L*(N) P|N/U# *(N )) ulN, S ¢(N U,u (N) HN’U/L*(N’))‘

Next, letting N' U p*(N') = {mq, m3, w1, w3}, note that Py vry 18

114



P, P, Py Py
w1 W3 mo ms
ws w1 ms ™o
mo ms w1 ws

Then PO(N"U p*(N'), Pinrups(vr)) = piye € (N U p*(N'), Pivrogs(vr))-

Next, letting N' U p*(N') = {ma, m4, w1, w4}, note that Bl (vry 18

* * * *
P, P, Py Py,

w1 w1 my ma
Wy Wy ma My
ma my w1 Wy

Since my4 > my then we have w; >, wy. Note that t(P,,;W) = w;
and t(Pp,,; M) = wy, then argmax s; = {w;} and P,, is coherent to > .
iEN'Up* (N')
Then piy, € SMO, (N'Up*(N'), Pinrue(vry)- Hence iy, € MXCCSpo(N'U
p*(N'), Pinroge(wvry) which means pify, € $(N"U p*(N'), Pl (vr))-

Finally, letting N’ U p*(N') = {ms, ma, w3, wa}, note that By, .y is

Py, P, Py Py,
Wy Wy ms ms
Ws ws myg My
ms may W3 Wy




Since mg > my then we have wy >~ ws. Note that t(P,,,; W) = w, and

t(Py; W) = wy, t(Pyy; M) = mg and t(P,,; M) = mg, then argmax s; =

iEN"Up*(N')
{w4,m3} and P,, is coherent to > and P, is coherent to >, . Then
iy € SMO(N"U p*(N'), Pvrogs(vny). Hence iy, € MXCCSpo(N' U
1 (N'), Pinrogs(wvry) which means pify, € $(N"U p*(N'), Pl (vr))-

Hence, by CCON we have p* € ¢(M*, W*, P*), which gives a contradic-
tion.

Assume we are in the fifth case. For this preference profile
MXCCSpo(p) = {(m1,w1), (m2,w2)} then we have {(mi,ws), (ma, w1)} €
¥ (p). We introduce four new agents mg, m4,ws and wy to the society with
an order my > mg = my = mo. We extend the preferences of the agents of

M UW to the larger set M*UW™* = M UW U {ms, my, ws, ws} of agents in

the following way:

TS S S S Py P, Pi. P,
ws Wa W4y w1 o mo mi ms
w1 w1 W3 Wy ™o ms ms mo
W9 W3 W2 W3 ma mq Ty my
Wy Wy w1 Wao ms my mo mq
Let p* = {(my,ws),(ma,ws), (ms,ws), (Mg, wq)}. Since p* is Pareto

dominated by {(mj,ws), (ma, ws), (M3, ws), (Mg, w1)}, we have p* ¢
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(M, W=, P*). However, piy, € Y(N"U p*(N'), Py, (vn) for each N' =
{i,j} c M*UW*
To see that, consider the following subproblems: Letting N' U p*(N') =

{my, ma, w1, ws}, we have Pﬁv'um(N')) = Pivupvy and piy = pyy € P(N'U

W (N'), Pnoggs(v)-

Next, letting N" U pu*(N') = {m1, ms, w2, w3}, note that Py« v 18
P P Pl Pl
W3 wWs mg My
wy Wy my mg
my Mg wy w3

Since m; > mg then we have ws >, ws. Note that t(FP,,; W) = w;
and t(P,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
i€ N'Up* (N')
Then pify, € SMO,(N'Up*(N'), Pinoe(vr))- Hence pify, € MXCCSpo(N'U
1 (N'), Pinrogs(wvry) which means iy, € $(N"U p*(N'), Pl (vr))-

Next, letting N' U p*(N') = {my, my, we, wy}, note that Bivige v 18

* * * *
Pml Pm4 sz Pw4

Wo Wy mq My
Wy Wa my mi
my My W2 Wy

117



Then PO(N/ U ,LL*<N,), P|N’Up,*(N’)) = ,U,|*N, € w(N/ U /L*<N/), P|N’U,u,*(N’)>~

Next, letting N’ U p*(N') = {mq, m3, w1, ws}, note that Bivige vy 18
Pr Ph  Pi P
wy  ws my M3
ws Wy ms Mo
my Mg wy Wz

Then PO(N/ U M*<N,), P|N’U,LL*(N’)) = ,LLTN, € w(N/ U /L*(N/), P|N’U;L*(N’))'

Next, letting N' U p*(N') = {ma, ma, w1, wa}, note that P,y is

P, P, Py Py,
w1 W1 my mo
Wy Wy mo Ty
Mo my w1 Wy

Since my > my then we have w; >, wy. Note that t(P,,;W) = w;
and t(P,,,; M) = wy, then argmax s; = {w;} and P,, is coherent to > .
t€N'Up*(N')
Then py € SMO, (N'Up*(N'), Pinros(vr))- Hence piy, € MXCCSpo(N'U
1 (N'), Py (vny) which means pify, € (N U p*(N'), Pinruge(v))-

Finally, letting N' U p*(N') = {mg, m4, w3, w4}, note that By vy 18
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P, P, Py P,
Wy W4y ms ms
ws W3 my o
ms my W3 Wy

Since ms > my then we have wy >, ws. Note that t(Pn,;W) = w4

and t(P,;; W) = wy, t(Py;; M) = ms and t(P,,; M) = mg, argmax s; =

iEN'Up* (N')
{w4,m3} and P,, is coherent to > and P, is coherent to >, . Then
iy € SMO-(N"U p*(N'), Piviogs(vny). Hence piy, € MXCCSpo(N' U
1 (N'), Py (vny) which means pify, € (N U " (N'), Pinruge(vr)-

Hence, by CCON we have p* € (M*, W*, P*), which gives a contradic-
tion.

Assume we are in the sixth case. For this preference profile
MXCCSpo(p) = {(my,wy), (ma, wse)} then we have {(mq,ws), (Mg, w1)} €
¥ (p). We introduce four new agents mg, my,w3 and wy to the society with
an order my; > ms > my = mo. We extend the preferences of the agents of

M UW to the larger set M*UW™* = M UW U {ms, my, ws, ws} of agents in

the following way:
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Py P, B P, Py P, P P,
ws W2 Wy w1 Ty mo mq ms
Wa w1 W3 Wy mo ms ms mo
w1 W3 W2 W3 ma mq Ty my
Wy Wy w1 Wao ms my mo mi
Let p* = {(my,ws), (mg,wr), (mg,ws), (Mg, wy)}. Since p* is Pareto

dominated by {(m1,ws), (ms,ws), (M3, wy), (my,w1)}, we have p* ¢
(M*, W*, P*). However, iy € (N’ Uu*(N’),P[R,,UH*(N,)) for each N’ =
{i,j} C M*UW*

To see that, consider the following subproblems: Letting N’ U pu*(N') =
{my, ma, w1, ws}, we have P‘}‘V,Uu*(N,)) = Pivuv) and pfy = pyy € PY(N'U
#r(N'), Piviows (vr)-

Next, letting N" U p*(N') = {m1, ms, w2, w3}, note that Py, .y 18

Py P Py, Py,

mi

w3 w3 ms my
Wa W2 ma ms
my ms Wa w3

Since m; > mg then we have ws >, ws. Note that ¢(P, ;W) = ws

and t(P,,; W) = ws, then argmax s; = {ws} and P,, is coherent to > .
i€N'Up* (N')
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Then py, € SMO.(N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U
u*(N'), Py (vry) which means pify, € (N U " (N'), Pinruge(vr)-

Next, letting N" U p*(N') = {m1, ma, w2, wa}, note that Py, .y 18

* * * *
Pml Pm4 Pw2 Pw4

W2 Wy ma my
Wy W2 my my
mi my Wa Wy

Then PO(N/ U M*(N,)7 ‘P|NIUN*(N,)) = II’LTN’ < w(N/ U ,Lﬁ(N’), HNIUM*(NI))'

Next, letting N" U p*(N') = {ma, ms, w1, w3}, note that Py, .y 18

* * * *
sz Pms Pw1 Pw3

w1 W3 mo ms
w3 W m3 Mgy
mo ms w1 ws

Then PO(N/ U ,LL*<N,), HN,U,U«*(N’)) = Ml*N, S 'lp(N/ U ,LL*(N/), P|NIUH*(N,)>'

Next, letting N' U p*(N') = {mg, ma4, w1, ws}, note that Pﬁwum(N/) is

* * * *
sz Pm4 Pwl P1U4

wh wq myg M2
Wy Wy mo my
ma my w1 Wy
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Since my4 > mo then we have w; >, wy. Note that t(P,,;W) = w;
and t(P,,,; M) = wy, then argmax s; = {w;} and P,, is coherent to > .
i€N'Up* (N')
Then py € SMO, (N'Up*(N'), Pinios(vr))- Hence piy, € MXCCSpo(N'U
1 (N'), Py (vny) which means pify, € (N U " (N'), Pinruges(vy)-

Finally, letting N’ U p*(N') = {ms, ma, w3, wa}, note that P,y i

* * * *
Pm3 Pm4 Pw3 Pw4

Wy Wy mz M3
ws W3 my o
msz My w3 Wy

Since mg > my then we have wy >, ws. Note that t(P,,;W) = wy
and t(P;; W) = wy, t(Py,; M) = ms and t(P,,; M) = mg, argmax s; =
iEN'Up*(N')
{w4,m3} and P,, is coherent to > and P, is coherent to >, . Then
fiiye € SMO,(N"U p*(N'), Pnrogs (vny)- Hence iy, € MXCCSpo(N'U
1 (N'), Pinroge(wvry) which means iy, € $(N"U p*(N'), Pl (vr))-
Hence, by CCON we have p* € ¢(M*, W*, P*), which gives a contradic-

tion. m
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