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Abstract
Fair division has been studied in both continuous and discrete contexts. One strand of
the continuous literature seeks to award each agent with a single connected piece—a
subinterval. The analogue for the discrete case corresponds to the fair division of a
graph, where allocations must be contiguous so that each bundle of vertices is required
to induce a connected subgraph.With envy-freeness up to one item (EF1) as the fairness
criterion, however, positive results for three ormore agents havemostly been limited to
traceable graphs. We introduce tangles as a new context for fair division. A tangle is a
more complicated cake—a connected topological space constructed by gluing together
several copies of the unit interval [0, 1]—and each single tangle T corresponds in a
natural way to an infinite topological class G(T ) of graphs, linking envy-free fair
division of tangles to EFk fair division of graphs. In addition to the unit interval
itself, we show that only five other stringable tangles guarantee the existence of envy-
free and connected allocations for arbitrarily many agents, with the corresponding
topological classes containing only traceable graphs. Any other tangle T has a bound r
on the number of agents for which such allocations necessarily exist, and ourNegative
Transfer Principle then applies to the graphs in T ’s class; for any integer k ≥ 1,
almost all graphs in this class are non-traceable and fail to guarantee EFk contiguous
allocations for r + 1 or more agents, even when very strict requirements are placed
on the valuation functions for the agents. With bounds on the number of agents,
however, we obtain positive results for some non-stringable classes. An elaboration
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of Stromquist’s moving knife procedure shows that the non-stringable lips tangle L
guarantees envy-free allocations of connected shares for three agents. We then modify
the discrete version of Stromquist’s procedure in Bilò et al. (Games Econ Behav
131:197–221, 2022) to show that all graphs in the topological class G(L) (most of
which are non-traceable) guarantee EF1 allocations for three agents.

Keywords Fair division · Cake cutting · Graphs · Tangles · Envy-freeness

Mathematics Subject Classification 91-08 · 91B18 · 91B32 · 55U10 · 68R10

1 Introduction

In the continuous setting for fair division, a single freely divisible good or “cake," often
modeled by the [0, 1] interval, is to be partitioned into n pieces, with each of n agents i
being allocated a different piece Ti of the partition. One concern in this setting regards
the existence of allocations for the agents that are both envy-free (νi (Ti ) ≥ νi (Tj )

for all i, j , so that each agent values their assigned piece at least as highly as she
values the pieces awarded to others) and connected (meaning each piece Ti is a single
subinterval). For positive results here it suffices to assume only that our valuations νi
are both monotone and continuous.

In the following classical cake-cutting result (see Stromquist [18], Su [19], and
Woodall [22]) the word “guarantees" conveys that such envy-free connected alloca-
tions exist for every possible assignment {νi }1≤i≤n of monotone continuous valuations
to the agents:

Theorem 1 (Stromquist [18], Su [19], and Woodall [22]) The closed interval [0, 1]
guarantees the existence of connected and envy-free allocations for every finite number
of agents n with monotone continuous valuations.

The non-constructive proof uses Sperner’s lemma, followed by a limit argument.We
present the formal definitions of monotonicity and continuity that apply to valuation
functions defined for sub-intervals of [0, 1] in Sect. 2.

In the indivisible items setting, we begin with a finite set O of items, with each
individual item to be awarded in its entirety to some one agent. An allocation partitions
O into n subsets Ai , with each agent i allocated a different piece Ai of the partition.
This setting is fundamentally “lumpy" in a way that rules out envy-freeness as a
reasonable goal for an allocation—think of two agents sharing one desirable good.
However, a notion due to Budish [9] nicely walks around the lumpiness obstacle. An
allocation A = {Ai }1≤i≤n is envy-free up to k goods, aka EFk, if for each pair i �= j
of agents there exists a selection of k or fewer items in agent j’s share A j such that
any envy that agent i may feel for A j would be erased by pretending those items had
been removed from A j . A variety of methods have subsequently been used to prove
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that an EF1 allocation is guaranteed to exist—that is, such an allocation exists for any
set O and any sequence {νi }1≤i≤n of n monotone valuations for the n agents [17].1

Graph fair division, our third context, was introduced recently, in Bouveret et al. [6].
Here, the vertices of a connected simple graph2 G = (V , E) are viewed as indivisible
items, and we insist that each agent be allocated a contiguous share—meaning that
the subgraph induced by the subset Ai ⊆ V of vertices allocated to them must be
connected.3

Again, we assume only monotonicity for the valuations νi that agents use to deter-
mine theworth of subsets S of vertices.More than one fairness notion has subsequently
been applied to graphs, but our focus here is on EF1 and EFk, and on the following
strengthening:4

Definition 2 An allocation A of graph vertices satisfies EFkouter if for any pair i, j
of agents, either νi (Ai ) ≥ νi (A j ), or there is a set X of k or fewer goods in A j such
that A j \ X is contiguous and νi (Ai ) ≥ νi (A j\X).

This was the notion used in Bilò et al. [4], where the following result can be found,
though not in the exact form stated here:

Theorem 3 (Bilò et al. [4]) The class of path graphs guarantees the existence of
contiguous and EF1outer allocations for two, three, or four agents with monotone
valuations, and guarantees the existence of contiguous and EF2outer allocations for
five or more agents with monotone valuations.

Igarashi [16] very recently has improved these results, guaranteeing EF1outer allo-
cations of a path graph for arbitrarily many agents. Of course, adding more edges to
a path graph cannot hurt the contiguity of any agent’s share, so these results apply as
well to the class of all traceable graphs, which are graphs that contain a Hamiltonian
path, i.e., a path that visits every vertex exactly once. How about non-traceable graphs?

[♣] “For the case of three or more agents, it is a challenging open problem to find
an infinite class of non-traceable graphs that guarantee EF1" [from [4], introduction].

Our investigations can be seen as an immediate follow-up to [4]—one aimeddirectly
at addressing this open problem. Here, we provide two somewhat different answers
(which are restated more precisely in Sect. 9):

[♣, Answer #1] There exist infinite topological classes of non-traceable graphs that
guarantee EF1outer for three agents.

1 In the case of n additive valuation functions for the n agents, one can obtain an EF1 allocation through
maximizing the Nash product; if A = {Ai }1≤i≤n is an allocation of the items in the finite set O that
maximizes the product �1≤i≤nνi (Ai ) of agents’ valuations of their shares, then A is EF1 [10].
2 A graph may be a multi-graph, with more than one edge linking a given pair of vertices and with loops
(edges from a vertex to itself). A simple graph excludes both of these edge types.
3 We will use connected for the continuous setting, and contiguous for the discrete context of graphs.
4 The positive results in this paper establish EF1outer while our negative results defeat the weaker EF1 (or
EFk). One rationale for the outer version is that we are in a context that requires contiguous shares, so a
non-contiguous set of vertices may have value 0, or may conceivably have no defined value.

123



A. Igarashi, W. S. Zwicker

Fig. 1 Nine tangles. Top row contains the six basic stringable tangles

[♣, Answer #2] There exists no infinite topological class of non-traceable graphs
that guarantees EFk for arbitrarily many agents (and this holds for each fixed integer
k ≥ 1).

Here, the topological class of a graph G consists of all graphs that can be obtained
from G by adding zero or more vertices of degree 2 along G’s edges; note that the
class of path graphs is itself a topological class. But why focus on classes rather than
on individual graphs? Dominik Peters (private communication) had identified several
small, non-traceable graphs (not discussed in [4]) that seemed to also guarantee EF1
for three agents, but these appeared to be sporadic, fitting no discernible pattern.5

Our methods here rely on introducing a fourth setting for fair division, involving
continuous spaces built from several copies of the [0, 1] interval. This fourth context—
which we call tangles—seems to be a new one for fair division, although a very similar
model was proposed at about the same time in Bei and Suksompong [3]. Examples
include a division of a road network, an irrigation ditch, and so on, where a resource
to be divided can be identified with a tangle.

Our original motivation for studying tangles stemmed from what they might tell
us about fair division of graphs, which proves to be quite a bit, at least when the
notion of fairness under consideration is some version of envy-freeness. In much the
same way that the [0, 1] interval corresponds to the class of all path graphs (obtained
by adding vertices at 0, at 1, and at finitely many points in the interval’s interior)
each individual tangle T corresponds to an infinite topological class G(T ) of graphs,
almost all of which are simple graphs (see footnote 2). TheNegative Transfer Principle
proved here then converts any negative result for the envy-free fair division of T into
a corresponding result for EFk fair division of almost all graphs in G(T ). But the fair
division of tangles turns out to be pretty interesting on its own, and so this paper can
equally well be classified as an introduction to a new context for fair division.

Most of our results flow from tangles to graphs, and this determines the organization
of the rest of the paper. In Sect. 2, we introduce fair division of tangles. In Sect. 3, we

5 Any graph at all guarantees EF1 for n agents, when n is at least as great as the number of vertices, but
sporadic examples may exist for other reasons as well.
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use cutsets to prove the Tangle Boundedness Theorem (Theorem 11): while each of
the six basic stringable tangles satisfies a version of Theorem 1 (because each is
essentially similar to the unit interval), every other tangle comes with an upper bound
on the number of agents for which connected and envy-free allocations are guaranteed.
A part of that proof is deferred to Sect. 4, where a case argument shows that every
realizable degree sequence for a tangle leads either to one of the six stringable tangles,
or to a key inequality used in the proof of Theorem 11.

For the case of two agents, we provide a complete characterization: envy-free and
connected allocations are guaranteed if and only if the tangle has a bipolar ordering.
It follows, for example, that the friendly diamond and lips tangles both guarantee con-
nected, envy-free allocations for two agents. The result and its proof are quite parallel
to the characterization via bipolar numbering for the class of graphs guaranteeing EF1
among two agents in Bilò et al. [4], and thus represent a transfer from the discrete to
the continuous realm. Details are in Sect. 5.

Our more interesting positive results for tangles are covered in Sect. 6, where we
show that the lips tangleL (see Fig. 1) guarantees connected and envy-free allocations
for three agents, via an argument that elaborates Stromquist’s well-known moving
knife method [18] over [0, 1]; the additional complexity for L arises from the need
to take explicit account of the ways in which L’s arcs are connected. A discretized
version of Stromquist’s argument from [4] applies to path graphs, where it guarantees
contiguous and EF1 allocations of path graphs for three agents. In Sect. 7, we combine
elements of that argument with the version of Stromquist for the lips tangle L (from
Sect. 6) to show that every graph in the topological class G(L) of lips (in which almost
all graphs are non-traceable) similarly guarantees EF1 allocations for three agents.

In Sect. 8, we define a natural directed partial ordering over the infinite topological
class G(T ) of graphs associated with a tangle. This ordering generates a final segment
filter over G(T ), accompanied by a notion of “almost all." Almost all members of
G(T ) are then simple graphs. Moreover, if T is not one of the six basic stringable
tangles, then

• almost all these graphs are non-traceable, and
• there exists an upper bound n′ such that for any positive integer k and any n > n′
almost all graphs inG(T ) fail to guarantee contiguous EFk allocations for n agents.

We refer to this last result as the Negative Transfer Principle. Finally, in Sect. 9 we tie
the results from earlier sections more precisely to our two answers (stated earlier) to
question ♣.

1.1 Related work on graph fair division

The problemof fairly dividing a graph has been recently proposed inBouveret et al. [6].
Under this model, the vertices of a graph correspond to the indivisible items and the
edges correspond to the adjacency relation among the items. Agents are interested in
receiving a contiguous bundle of items. There are several natural applications that can
be represented by this model. For example, the problem of dividing cities connected
by a road network among several parties, as when an island is partitioned and each
side wishes to drive among its allocated cities while staying within its own territory.
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Alternately, consider offices allocated to several departments of an organization, where
the edges represent corridors in the building, and the goal is for each department
to receive contiguous offices. Buildings typically have multiple offices along each
corridor, modeled as multiple degree 2 vertices inserted along a graph edge. We would
like to emphasize that in the graph fair division problem, the vertices are allocated
among agents and the edges have value 0, while in our problem of dividing a tangle,
the tangle edges are allocated among agents and singular points, corresponding to
vertices of a graph, have value 0.

When the items are indivisible, classical fairness notions of the cake-cutting prob-
lem, such as envy-freeness and proportionality, cannot be guaranteed in the graph
division setting: consider two agents dividing one desirable item. A line of work has
therefore explored two notions of approximate fairness. One focuses on an approx-
imate notion of envy-freeness, namely, EF1 [2, 4, 11, 15]. Another focuses on an
approximate notion of proportionality, called themaximin fair share criterion (MMS),
wherein the maximin fair share is defined for the set of all connected divisions [2, 6,
14, 20]. Our work focuses on EF and establishes a link between an EF1 allocation of
a graph and an EF allocation of a tangle.

Bei et al. [2] showed that the complete bipartite graph Ka,b guarantees EF1 for n
agents whenever a, b ≥ n. As Ka,b is non-traceable whenever |a − b| ≥ 2, classes
of bipartite graphs provide an alternative to [♣, Answer #1]. It is open whether or
not these results extend to their topological classes – we do not know whether adding
degree 2 subdivision vertices along edges of Ka,b always preserves its EF1 guarantee
– but the question in [4] was not restricted to topological classes. Note that when
a − b ≥ 2, Ka,b fails to guarantee EF1 for b + 1 agents; this follows because some
agent gets none of the vertices on the b side, limiting that agent’s share to a single
vertex on the a side. Some other agent must get at least two vertices on the a side
along with one on the b side to connect those two, for a total of three or more vertices.

A similar model to ours has been investigated by Bei and Suksompong [3], who
proposed a model of graphical cakes; the divisible resource corresponds to edges
of an undirected graph, and each agent must be allocated to a connected piece of
the resource. Unlike tangles, however, graphical cakes allow a singular point to be
allocated to several agents. For this model, in the case of two agents with additive
valuations, Bei and Suksompong characterized the class of graphical cakes guaran-
teeing a proportional allocation (which, for two agents, is equivalent to an envy-free
allocation when valuations are additive) as those admitting an “oriented labeling."
Intuitively, this notion is an analogue of a bipolar numbering applied to the ordering
of edges.

Tangles do not allow singular points to be shared in this way – an essential restric-
tion if we wish to draw links with graph fair division. This difference with Bei and
Suksompong [3] is crucial in terms of the existence of EF allocations, and as a result
there is little overlap between their results and ours. In particular, under the assumption
of Bei and Suksompong, envy-freeness can be trivially achieved when the underly-
ing tangle admits an Eulerian walk which visits every tangle edge exactly once. For
example, consider a circle attached to three other circles at three different points. In
our setting, EF cannot be guaranteed because the center circle is a generalized gap ≥
2 cutset of size 1 (see Sect. 3) whereas in Bei and Suksompong’s setting, EF can be
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guaranteed because the tangle admits an Eulerian walk. Another example is the lips
tangle. Under our model, we need to establish a non-trivial extension of Stromquist’s
moving knife algorithm to show that the lips tangle guarantees EF for three agents;
further, we observe in Sect. 3 that the lips tangle does not guarantee EF for four ormore
agents. On the other hand, in Bei and Suksompong’s setting, the lips tangle guarantees
EF for any number of agents, again because the lips tangle admits an Eulerian walk.

Elkind et al. [13] investigated the graphical cake model under the assumptions that
singular points can be shared (as in the work of Bei and Suksompong [3]) or that
singular points cannot be shared (as in our work). They observed that this difference is
critical with respect to the notion of maximin share fairness. Specifically, a maximin
share allocation may not exist in the former model even when the graph is a star. On
the other hands, such an allocation does exist when the graph is a forest in the latter
model. See Proposition 3.1 and Theorem 3.2 of [13].

Of course, a graphical cake may have an envy-free division for some particular
assignment of valuation functions, but not for a different one. Deligkas et al. [12]
recently studied (in both models) the complexity of deciding the existence of an envy-
free division for a given assignment of valuation functions, each of which values
each edge uniformly. Such valuations are somewhat more general than the edgewise
constant valuations (defined in Sect. 2 of this paper) because a single tangle edgemight
correspond to several graph edges linked by vertices of degree 2.

2 A Fourth Context for Fair Division: Tangles

We begin by introducing the formal definition of a tangle.

Definition 4 A tangle T is any connected topological space that can be obtained as a
quotient space in the following way: take finitely many disjoint copies of the closed
interval [0, 1] and apply an equivalence relation that never identifies two points unless
each was a 0 or a 1.6

Informally, we are connecting copies of [0, 1] by gluing at some endpoints. For
example, the lollipop tangle of Fig. 1 can be obtained from two copies of [0, 1] by
gluing together any three of the four endpoints.7 When two tangles are homeomorphic
as topological spaces, we consider them to be identical.8 Other tangles (see Fig. 1 )
include the unit interval, the circle, letter Y , number 8, handcuffs, letter�, the lips, and
friendly diamond. Informally, one might say that tangles are graphs made continuous.

Definition 5 Let T be a tangle. For any point x ∈ T a small neighborhood of x
looks like k copies of the half open interval [0, 1) with all the 0s identified—that is, k

6 Tangles are essentially the same as the topologies of finite, one-dimensionalCWcomplexes. Equivalently,
to get a tangle take any “drawing" of a connected graph in	3 that uses portions of circular arcs as edges, has
finitely many vertices, and avoids any edge intersections (except at vertices shared by the edges concerned),
treat it as a subset of 	3 and endow it with the subspace topology induced by that of 	3.
7 See, e.g., the Wikipedia article on quotient spaces, also known as identification spaces.
8 In particular, this means that different instructions for building tangles from multiple copies of [0, 1] can
yield identical tangles; the stick of the lollipop could be built from more than one copy, as could the loop.
Unlike a CW complex, a tangle does not remember how it was built.
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open rays spreading out from x . We will refer to k as the degree of x in T , denoted
deg(x); points of degree 1 or degree at least 3 are singular, and those of degree 2 are
nonsingular. An edge of T is a connected component in the space obtained when all
the singular points of T are removed. A subtangle S of T is a connected subspace
containing one or more of T ’s singular points, together with some of T ’s tangle edges
joining these points; such an S is itself a tangle.

Note that any point x that belongs to one of the copies of [0, 1] (from Definition 4)
and is not an endpoint of that copy must wind up as a nonsingular point, so each tangle
contains only a finite number of singular points. It is easy to see that each edge of T
is homeomorphic to the open interval (0, 1) (with the exception of the circle tangle,
which has no singular points and one edge), and that the number of edges corresponds
to theminimum number of copies of [0, 1] needed to build T , in the sense of Definition
4.

Any tangle T can be converted into a connected graph, which—except for the case
of the circle tangle—has no degree 2 vertices:

Definition 6 The graph GT induced by any tangle T other than the circle tangleO is
obtained by replacing each singular point of T with a vertex and each tangle edge of
T between two singular points with a graph edge between the corresponding vertices;
GO is defined to be the graph with a single vertex x and one edge from x to x (a loop).

In much the same way that that the simplest tangle of all—the [0, 1] interval—
corresponds to the class of all path graphs, every other tangle is similarly associated
with an infinite topological class of graphs, generated by inserting additional vertices
along the edges of GT :

Definition 7 If to any graph G we insert zero or more new vertices of degree 2 along
edges, the result is a subdivision of G, and the added vertices are subdivision vertices.
The topological class of a graph G is the infinite collection G(G) of all graphs iso-
morphic to some subdivisions of G; the topological class G(T ) of a tangle T is just
G(GT ).

Proposition 8 The topological classes of tangles partition the collection of all con-
nected finite graphs having at least one edge.

Proof Given an arbitrary connected graph H = (V , E) having at least one edge,
assume for the moment that H has at least one vertex of degree unequal to 2. For any
degree 2 vertex v of H we can delete v from H by removing v from V , removing the
two edges {v, x} and {v, y} of H incident to v from E , and adding an additional {x, y}
edge to E .9 Note that x = y is possible, and in this case we are adding an additional
loop from x to itself. In “step 1" we will delete all degree 2 vertices in this way, letting
S(H) denote the graph so obtained. In step 2, interpret S(H) as a set of instructions
for constructing a tangle: replace each edge of S(H) by a copy of [0, 1] and glue these
copies together according to the manner in which edges are incident to each other in
S(H), yielding a tangle we will call TH . Note that forming GTH “undoes" step 2, with

9 “Additional" because there may already exist some {x, y} edges in E .
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the graph edges that had been converted into tangle edges being turned back into graph
edges, so that S(H) ∼= GTH . By next inserting degree 2 subdivision vertices along
appropriate edges we can undo step 1, obtaining a graph H ′ with H ′ ∼= H . Thus H
is in the topological class of the tangle TH . If all vertices of H have degree 2 then H
must be a subdivision of the graph having exactly one vertex x (of degree 2) and one
edge (from x to x); in this case, the above argument should be modified by deleting
all but one of H ’s degree 2 vertices when forming S(H), rather than deleting all of
them.

To see that topological classes are pairwise disjoint, assume H and H ′ are connected
graphs with at least one edge, with H ∼= H ′, H ∈ G(T ), and H ′ ∈ G(T ′). Then H
is isomorphic to a subdivision of GT and H ′ is isomorphic to a subdivision of GT ′ .
The isomorphism from H to H ′ induces an isomorphism from GT to GT ′ , which in
turn induces a homeomorphism from T to T ′, whence G(T ) = G(T ′). ��

Our set-up for fair division of tangles parallels the one corresponding to [0, 1]
presented in the previous section; we assume that each agent i has a valuation νi
defined for all connected pieces of T that is both monotone and continuous (see
Definition 9). These assumptions are what we need for the proof of Theorems 11 (a)
and 32.10 They are weaker than assuming that the valuations are countably additive,
nonatomic measures—in particular, nothing resembling additivity is assumed.

A (real-valued) valuation function νi is monotone if νi (X) ≤ νi (Y ) whenever X ⊆
Y . A segment of a tangle T is a subinterval (open, closed, or half-open) of a single one
of the copies of [0, 1] used to form T . We denote byFI[T ] the collection of all unions
of finitely many such segments. For X ∈ FI[T ] aminimal representation—one using
the fewest number of segments possible—will guarantee that any two segments overlap
in at most two points. Note that any connected subset of T is a union of at most 2k such
segments,11 where k is the number of tangle edges, and is determined (up to boundary
points) by the locations of the endpoints of these segments. The following definition
of continuity may seem technical, but it captures the intuitive idea that a small enough
change in a connected subset of a tangle (due to a small change in endpoint locations)
should only make a small change in the value of that subset.

Definition 9 For X ∈ FI[T ], �(X) denotes X ’s total length—the sum of the lengths
of the segments in a minimal representation of X . The pseudometric d on FI[T ] is
defined by d(X ,Y ) = �(X�Y ).12. A valuation function ν (defined for each connected
subset of T ) is continuous if for each sequence {Xn} of connected subsets of T and
each single connected subset Y , if d(Xn,Y ) → 0 as n → ∞, then ν(Xn) → ν(Y ) as
n → ∞.

Continuity implies that the value νi (X) is independent of which of X ’s boundary
points are elements of X .

10 It may seem surprising that we do not need to require νi (X) ≥ 0 or νi (∅) = 0. However, any monotone
continuous valuation function νi satisfies νi (X) = ν�

i (X) + K (for all connected pieces X ) where K is
a (possibly negative) constant and ν�

i satisfies both of these additional requirements; note that νi and ν�
i

induce identical preference relations over connected subsets.
11 This is because the intersection of a connected subset S of a tangle T with any single tangle edge consists
of one or two segments (or is empty).
12 Here the symmetric difference X�Y of sets X and Y is given by X�Y = (X\Y ) ∪ (Y\X)
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All of our negative results for tangles hold even for identical edgewise constant
valuations, a subclass of identical additive valuations.13 For a tangle T built from k
copies of [0, 1] corresponding to k tangle edges e1, e2, . . . , ek , a valuation function
νi is edgewise constant if each edge is valued uniformly, so that there exist constants
{c j }kj=1 for which each connected set X satisfies νi (X) = ∑k

j=1 c j�(X ∩ e j ).
Our main concern here regards the existence of connected and envy-free allocations

for n agents, in which T is partitioned into n pieces, each agent i is awarded a different
piece Ti of the partition, each piece is topologically connected (as a subset of the
topological space T ), and each agent values their assigned piece at least as highly as
the pieces awarded to others: νi (Ti ) ≥ νi (Tj ) for all i, j .

The simplest tangle of all—the unit interval—has served as themathematical model
of a cake in the study of cake-cutting, the informal term used within one major thread
in the literature on fair division.What happens, then, when some other tangle stands in
for [0, 1] in Theorem 1; more precisely, for which tangles, and which values of n, are
connected and envy-free allocations for n agents guaranteed?We begin by identifying
a special sub-class of tangles.

3 Tangle boundedness theorem

Intuitively, a stringable tangle is made by arranging a single length of string on a
tabletop so that it does not touch itself, except that either one or both of the two ends
may butt up against each other, or against some other part of the string (or do both). A
moment’s thought reveals that this notion is not a perfect analogue of a Hamiltonian
path, nor of an Eulerian path, in the continuous context.

Definition 10 A tangle T is stringable if there exists a continuous surjection F :
[0, 1] → T from the closed unit interval to T that is injective when restricted to
the open interval (0, 1). The basic stringable tangles are the six shown in the top row
of Fig. 1: the closed unit interval itself, the circle, the lollipop, number 8, handcuffs,
and letter �.

Each of these can be formed by arranging a string in the manner described above.
In what follows, we demonstrate that no other stringable tangles exist. Until then,
the term “basic" is used to designate these six in particular (and has no other special
meaning). Each stringable tangle can substitute for [0, 1] in Theorem 1, but only
because stringable tangles are almost the sameas [0, 1]. The extension is unremarkable,
and turns out to add nothing to our understanding of graph division. More striking,
and consequential for graphs, is that stringable tangles are the only ones that satisfy
Theorem 1:

Theorem 11 (Tangle Boundedness Theorem) Let T be a tangle.

(a) If T is stringable, then connected and envy-free allocations are guaranteed to exist
for any finite number of agents with monotone continuous valuations.

13 “Identical" here refers to the fact that the same valuation is shared by all agents.
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(b) If T is not among the six basic stringable tangles, then there exists an upper bound
n0 on the number of agents for which envy-free allocations are guaranteed, even
if agents have identical, edgewise constant valuations with at most two nonzero
densities.14

(c) The only stringable tangles are the six basic ones.

Part (c) is an immediate consequence of parts (a) and (b), while part (b) follows
immediately from Lemmas 13, 15, and 16 below. (Note, however, that the proof of
Lemma 16 is deferred to Sect. 4, where the relevant material on degree sequences is
discussed). Here, we will prove part (a).

Proof of Theorem 11 (a) For part (a), let F : [0, 1] → T witness T ’s stringability,
and {νi }1≤i≤n be agents’ valuations over connected subsets of T . These induce cor-
responding valuations {ν�

i }1≤i≤n on [0, 1] defined by ν�
i (X) = νi (F[X ]) for each

subinterval X . Applying Theorem 1 delivers an allocation {T �
i }1≤i≤n of connected

subsets of [0, 1] to the agents, that is envy-free with respect to the ν�
i .

The corresponding allocation {F[T �
i ]}1≤i≤n of connected subsets of T may not

quite form a partition of T , because there may exist a point x ∈ T that is the image
of two distinct points in [0, 1], which belong to two different sets T �

i . Then at least
one of these two points must be an endpoint. Remove one such endpoint from its set
T �
i and remove its image from F[T �

i ]. If there is a second such point x , do this again.
The T �

i pieces are now disjoint, and they remain connected.
Recall that the value νi (X) is independent of which of X ’s boundary points are

elements of X . Thus, we have that ν�
i (T

�
i ) = νi (F[T �

i ]) = νi (Ti ) so that our allocation
{Ti }1≤i≤n inherits its envy-freeness from that of {T �

i }1≤i≤n . ��
For the proof of part (b) of Theorem 11, much rests on the notion of gap ≥ 2 cutset

introduced below:

Definition 12 Let T be a tangle. If X ⊆ T has t elements and T \ X is disconnected
with t + k connected components then we will say that the gap γ (X) of X is equal to
k and that X is a gap k cutset of cardinality t ; if γ (X) ≥ 2, then X is a gap ≥ 2 cutset
of cardinality t .

For the point labeled c in the Y tangle, {c} is a gap ≥ 2 cutset of cardinality 1; for
the lips tangle, the points labeled a, b, and c comprise a gap ≥ 2 cutset of cardinality
3. See Fig. 2.

Lemma 13 Gap ≥ 2 Lemma Let T be a tangle. Suppose T has a gap ≥ 2 cutset of
cardinality t . Then, for each n ≥ t + 1, T does not guarantee connected envy-free
allocations for n agents, even when they have identical edgewise constant valuations
with at most two nonzero densities.

Proof Let T be a tangle, X ⊆ T have t elements, T \ X have t + k connected
components D1, . . . , Dt+k−1, Dt+k with k ≥ 2, and n ≥ t + 1 be the number of

14 Theorem 11 implies a negative result for the alternative fairness notion of proportionality, since propor-
tionality and envy-freeness are equivalent when agents have identical additive measures.
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Fig. 2 Examples of a gap ≥ 2
cutset

agents. We will assume that X contains no points of degree 2—this entails no loss
of generality, because adding a degree 2 point to a cutset X can never increase X ’s
gap. It follows that the interior of each individual tangle edge is entirely contained in
a single component Dj . We now construct an identical edgewise constant valuation
with at most two nonzero densities for which no connected EF allocation exists. For
each i = 1, 2, . . . , t + k − 1 spread t+1

t+k−1 ≤ 1 units of value uniformly over one of
Di ’s tangle edges (with 0 value spread over the other edges). Spread n− t ≥ 1 units of
value uniformly over one of Dt+k’s tangle edges (with 0 value spread over the other
edges). Note that the identical edgewise constant valuation so generated employs at
most two non-zero different densities, with a total value of n + 1 for the whole of T .

Now let {Ti }1≤i≤n be any allocation that assigns a connected piece to each agent.
Then there are at least n − t agents whose share includes no members of the cutset X ,
so that for each of these agents their share must be a subset of some single connected
components D1, . . . , Dt+k−1, Dt+k . If for each of these agents their share is a subset
of Dt+k , then as the value of Dt+k is only n− t , some deprived agent receives a share
valued at 1 or less. If some agent receives a share that is a subset of one of the other
components, then their value for their share is also 1 or less, and they are deprived.
The remaining n − 1 agents share a value of at least n, so that at least one of them
receives at least 1 + 1

n−1 and the deprived agent envies them by at least the amount

b = 1
n−1 . ��

Notice that for the first three examples below, the gap≥ 2 cutset mentioned consists
of the singular points of degree 3 or greater:

• The Y tangle has a gap ≥ 2 cutset of cardinality 1; connected EF allocations to n
agents can fail for each n ≥ 2.

• The friendly diamond tangle has a gap≥ 2 cutset of cardinality 2, so connected EF
allocations to n agents can fail for each n ≥ 3. Cardinality 1 cutsets each have gap
1 or less, and we know that this tangle does guarantee connected EF allocations
for 2 agents (because it is the continuous analogue of a graph having a bipolar
numbering—see [4] and Sect. 5).

• The lips tangle has a gap ≥ 2 cutset of cardinality 3, so connected EF allocations
to n agents can fail to exist for each n ≥ 4. Cardinality 2 cutsets each have gap 1
or less, and we show that lips guarantees connected EF allocations for two agents
(Sect. 5) and for three agents (Sect. 6).

• For the unit interval (and for every stringable tangle) cardinality t cutsets each
have gap 1 or less, for every choice of t . These tangles guarantee connected EF
allocations for every number of agents (via Theorem 11).
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• A tangle that is itself disconnected (so, not actually a tangle, according to the
definition we have given here) has a gap ≥ 2 cutset of cardinality 0. It does not
guarantee connected allocations to even a single agent.

Definition 14 For a tangle T , let 	3(T ) denote the set of singular points of T having
degree 3 or greater, σ3(T ) denote |	3(T )|, and ε(T ) denote the number of edges of
T .

Lemma 15 For any tangle T satisfying ε(T ) − σ3(T ) ≥ 2, 	3(T ) is a cutset of gap
≥ 2.

Proof We claim that deleting all points in	3(T ) disconnects any tangle T (stringable
or not) into its constituent edges. It is clear that any edge connecting two singular
points in 	3(T ) is disconnected from everything else, and this is also evident if the
edge connects one singular point in 	3(T ) with another having degree 1; of course, if
the edge connects two degree 1 singular points, then T is necessarily the unit interval,
and the claim holds trivially.

Lemma 16 For any tangle T other than the six basic stringable ones, ε(T )−σ3(T ) ≥
2.

The proof of Lemma 16, via degree sequences, is postponed to Sect. 4. Note that the
Tangle Boundedness Theorem (Theorem 11) now follows immediately from Lemmas
13, 15, and 16.

As we have seen, most tangles are not stringable, and the Tangle Boundedness
Theorem (b) paints only part of the picture. Below, we investigate this matter further.

Definition 17 The gap threshold of a tangle is the smallest integer t for which a gap
≥ 2 cutset of cardinality t exists; if no gap ≥ 2 cutset exists of any size, then the gap
threshold is ∞.

The gap threshold for the Y tangle is 1, for the friendly diamond is 2, and for the
lips is 3; for these cases the set of singular points of degree 3 or 4 is the relevant
cutset; deleting these points leaves 3 disconnected pieces for the Y , 4 for the friendly
diamond, and 5 for lips. The Gap ≥ 2 Lemma now tells us that the friendly diamond
does not guarantee connected envy-free allocations for three agents or more, while
the lips tangle does not guarantee connected envy-free allocations for four or more.
Stringables, of course, have gap threshold ∞. Moreover each non-stringable tangle
has a finite gap threshold, which serves as an upper bound n0 for Theorem 11. But
does the gap threshold provide the least upper bound? Sometimes it does:

Remark 18 For each tangle T appearing in Fig. 1, T guarantees envy-free connected
allocations for n agents whenever n is less than or equal to T ’s gap threshold.

This observation summarizes several positive results. In Sect. 5, we characterize
those tangles that guarantee EF allocations of connected shares for two agents, in
terms of the existence of a bipolar ordering. The characterization and its proof are
parallel to the closely related characterization for graphs and two agents in [4], and
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Fig. 3 The δ-diamond tangle
(below) with the friendly
diamond (above)

thus represents a transfer from the discrete to the continuous realm. It follows that the
friendly diamond tangle and the lips tangle L each guarantee connected, envy-free
allocations for two agents. Moreover, in Sect. 6, we show that L guarantees connected
and envy-free allocations for three agents. This result, taken alongwith those described
in the previous paragraph, the mentioned values for some specific gap thresholds, and
the assertions about stringable tangles given before the statement of Theorem 11,
verify Remark 18.

Remark 18 does not refer to all tangles, however. Figure 3 shows the friendly
diamond tangle, along with a variant—the δ-diamond tangle Tδ♦—which replaces the
single degree 3 singular point a of the friendly diamond with triangle abc, a subtangle
of Tδ♦. It is easy to check that, unlike the original friendly diamond, Tδ♦ has no gap
≥ 2 cutset of cardinality 2, while {a, b, c} provides one of cardinality 3, so that Tδ♦’s
gap threshold is 3. In a moment, we will argue that Tδ♦ fails to guarantee connected
EF allocations for three agents.

Definition 19 The agent bound of a non-stringable tangle T is the largest integer n
such that envy-free and connected allocations of T are guaranteed for n agents with
monotone continuous valuations.15

In fact, Tδ♦’s agent bound is 2, which is less than its gap threshold. The fact that
connected EF allocations of Tδ♦ are guaranteed for two agents follows from Theorem
27 of Sect. 5. To see that such allocations may fail to exist for three agents, consider
�abc, a closed subset and subtangle of Tδ♦ consisting of the three points a, b, and c,
together with the three small tangle edges joining these three points. Let X1 = �abc
and X2 = {d}. We will argue that Xδ♦ = {X1, X2} behaves like a gap ≥ 2 cutset of
cardinality 2; it can block envy-free connected allocations of the δ-diamond tangle in
the same way that X♦ = {a, d} does for the original friendly diamond.

Proposition 20 The δ-diamond tangle Tδ♦ does not guarantee envy-free connected
allocations for three or more agents with identical edgewise constant valuations.

Proof Let Xδ♦ = {X1, X2} be defined as in the previous paragraph. An allocation of
Tδ♦ may award to some agent i a piece Ti that includes a majority (either two or three)

15 The definition does not say, “guaranteed for n or fewer agents." In fact, we do not know if the following
“population monotonicity" holds: if a tangle guarantees envy-freeness for n agents, then it guarantees
envy-freeness for n − 1 agents.
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of the three points a, b, and c; in this case we will say that Ti dominates X1. Clearly,
at most one such piece can dominate X1. Thus, with a connected allocation to three
or more agents, there must be at least one agent k whose piece Tk neither dominates
X1 nor contains d as a member. This Tk must be a connected subset of the “leftovers"
Lk = Tδ♦\ ∪i �=k Ti obtained by excising the other two pieces. But the four edges e1,
e2, e3, and e4 that do not belong to �abc are disconnected in Lk . If a path P in Tδ♦
connects a point from one of these four edges to a point in a different one of the four,
then it passes either through d or through at least two of the three points a, b, and c.
Thus no such path can be contained in Tk , and so Tk contains elements from at most
one of these four edges.

The rest of the argument proceeds as in the proof of theGap≥ 2 Lemma 13, treating
the edges e1, e2, e3, and e4 as if they were the disconnected components Dj in that
earlier proof. In the case of exactly three agents, this would mean assigning identical
valuations that spread one unit of value along each e j , with some negligible (or zero)
value assigned to the edges of �abc. ��

The situation seems to call for some suitably generalized version of the cutset
definition, such as the following:

Definition 21 A generalized gap ≥ 2 cutset of cardinality t is a finite set X =
{X1, X2, . . . , Xt } of pairwise disjoint connected subtangles16 of a tangle T , for
which the set T \ (∪m

i=1Xi ) contains t + 2 or more disconnected components
C1,C2, . . . ,Ct ,Ct+1,Ct+2, . . . , and these components satisfy:

(a) For each i and j the intersection Xi ∩ C j of Xi with the closure (in T ) of C j is
either empty, or contains a single point si, j , known as the contact point for Xi and
C j .

(b) For each i , Xi is either

• a “type I" member, containing a single point of T ,
• or a “type II" member: a set with more than one element, satisfying that exactly
three componentsC j share a contact pointwith Xi , and that these contact points
are distinct.

Indeed, one can show that Xδ♦ satisfies this definition, and then lift Proposition
20 and its proof to obtain a corresponding generalized gap ≥ 2 lemma. Moreover,
for the special case t = 1, Definition 21 nicely reduces to the definition of trident, as
employed in Theorem 29, Sect. 5. Suppose we define the generalized gap threshold
to be the smallest integer t for which a generalized gap ≥ 2 cutset of cardinality t
exists, and that this threshold has value 2 for some tangle S (as it does for S = Tδ♦).
Then Theorem 29—which characterizes exactly which tangles guarantee connected

16 Note that a subtangle of T is necessarily closed in the topology of T , so that deleting all points from
a generalized cutset leaves connected components that are open in T . For any generalization of the Gap
≥ 2 Lemma to the context of Definition 21, we require open components in order to be sure that monotone
continuous valuations can assign nonzero values to these components (or values greater than that assigned
to ∅—see footnote 10). Without that requirement, a component might consist of single point, and any
continuous monotone valuation must assign to a single point the same value as that assigned to the empty
set (because “nonatomic" follows from “continuous").
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EF allocations for two agents—tells us that the generalized gap threshold coincides
with the agent bound (the largest n for which connected EF allocations are guaranteed
to exist for n agents having monotone continuous valuations over S).

The situation is more complex, however, when the generalized gap threshold
exceeds 2 in value. Other tangles exist, for which the generalized gap threshold is
3, yet arguments similar to those in Proposition 20 nonetheless show the agent bound
to be only 2. These examples suggest how to further modify Definition 21 to incor-
porate these newer and even more general cutsets. However, we have then repeatedly
been able to construct even more subtle examples that escape the latest round of gen-
eralization. Our goal had been to identify some most general definition of cutset—one
for which the corresponding gap threshold achieves the agent bound in the general
case—because this would point towards a characterization of the agent bound for an
arbitrary tangle. But that goal is not yet within reach, and will have to serve as the
subject of a future inquiry.

4 Degree sequences for tangles

Recall that one key step in the proof of the Tangle Boundedness Theorem was Lemma
16, which asserts every tangle T is either one of the six basic stringable tangles, or
satisfies the inequality:

ε(T ) − σ3(T ) ≥ 2, (1)

where ε(T ) is the number of T ’s edges and σ3(T ) is the number of singular points of
degree three or higher. The proof of this lemma, provided below, uses degree sequences
as topological invariants for tangles. These are almost the same as degree sequences
for graphs (which are well-known invariants in the graph context). Note that in order
to avoid circularity, throughout this section we cannot assume that the only stringable
tangles are the six basic ones (from Theorem 11).

Definition 22 If T is a tangle and i ≥ 1 is any integer, let di be the number of singular
points of degree i (So that d2 is, perforce, 0).17 The degree sequence

−→
deg(T ) of a

tangle is the vector 〈d1, d2, . . . , dr 〉, where dr > 0 and ds = 0 for all s > r .

Proposition 23 For any tangle T :

(a) If
−→
deg(T ) = 〈 〉, then T must be the circle,

(b) If
−→
deg(T ) = 〈2〉, then T must be the unit closed interval,

(c) If
−→
deg(T ) = 〈1, 0, 1〉, then T must be the lollipop,

(d) If
−→
deg(T ) = 〈0, 0, 0, 1〉, then T must be the Fig. 8, and

(e) If
−→
deg(T ) = 〈0, 0, 2〉, then T must either be the handcuffs or the theta.

Proof Take a segment of any tangle edge in some tangle T ; extending it in both
directions must lead to two distinct singular points, or to a common singular point of
degree at least 3, unless the edge loops back on itself. Thus degree sequences of 〈 〉
17 We ruled out singular points of degree two by fiat, in Definition 5. Note that all tangles have the same
number of degree 2 points—continuum many—so counting them does not help distinguish among tangles.
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Fig. 4 Illustration of the proof of Proposition 23

or 〈2〉 can only arise when T has a single such edge, so that T must be the circle or
unit closed interval, respectively. Degree sequences of 〈1, 0, 1〉 or 〈0, 0, 0, 1〉 can only
arise from exactly two tangle edges; if the singular point joining them is degree 3, we
are left with the lollipop, while degree 4 leads to the Fig. 8.

Turning to part (e), if there exists a continuous function F : [0, 1] → T that is
injective on (0, 1), and satisfies F(0) = F(1) then we will refer to the image of [0, 1]
in T as a cycle of tangle T . We claim that if T has no degree 1 singular points then it
must contain a cycle. Start a path at any point in T and continue it as far as possible
without allowing the path to visit any point a second time. Such a pathmust get “stuck"
at some point z, for one of two reasons. Perhaps there is one way in to z and no ways
out—in that case z is a singular point of degree 1, but T has none of those. Otherwise,
it must be that z has been visited earlier by the path, in which case the portion C of the
path between the first and second visit to z must be a cycle.

Now assume that
−→
deg(T ) = 〈0, 0, 2〉, and let C ⊆ T be a cycle. Clearly T must

contain points that do not belong to C. As T is connected, there is some path P ⊆ T
that starts at some point x ∈ C and ends at some point y ∈ T \C (see Fig. 4 left). The
cycle C is closed as a subset of T , so when we trace path P from x there will be some
last point x� along P that lies in C. Remove the portion of the path between x and x�

so that the new path P� now begins at x�. Now x� will be the only point of C along P�

and will be a singular point of degree 3 or greater. Assume that P� does not yet visit
any point twice, and now extendP� in T until it either revisits some point z ∈ P� for a
second time (Fig. 4, upper right), or hits a point z ∈ C (Fig. 4, lower right) noting that
z �= x� (otherwise x� is a singular point of degree 4 or higher). After this extension
P� ∪ C is a tangle, with two singular points x� and z, each of degree three. If z ∈ C,
then P� ∪ C is �; otherwise P� ∪ C is handcuffs. Finally, if there were any additional
points of T outsideP� ∪C they would be connected toP� ∪C via some path that adds
additional singular points, or changes the degree of x� or of z, so no such additional
points exist. ��

We are now ready to prove Lemma 16, stating that for any tangle T other than the
six basic stringable ones, ε(T ) − σ3(T ) ≥ 2.

Proof of Lemma 16 For graphs, we know the number of edges is half the sum of the
degrees of the vertices, and it is easy to see that this holds for tangles, as well,18

18 The circle tangle is the unique exception, as its single edge does not contribute to the degree of any
vertex.
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with singular points replacing vertices. Thus, from the degree sequence of a tangle
T we can derive both the number ε(T ) of edges and the number σ3(T ) of singular
points of degree three or higher. The relationship also allows us to eliminate degree
sequences that are parity blocked because they imply an odd sum. The rest of the proof
breaks all parity unblocked degree sequences of tangles into ten cases (grouped in 4
categories), with each case either falling under Proposition 23 (thus leading only to a
basic stringable tangle) or shown via a very short calculation (as sketched earlier in
this paragraph) to imply ε(T ) − σ3(T ) ≥ 2.19 Note that the parameters r , s, and t
below are assumed to be nonnegative integers.

Case 1 T has no singular point of degree 3 or higher.

• −→
deg(T ) = 〈〉: See Proposition 23.

• −→
deg(T ) = 〈r〉: We must have r ≤ 2, lest T be disconnected; for r = 2 see
Proposition 23.

Case 2 T has at least one singular point of degree 3 and no singular point of degree
4 or higher.

• −→
deg(T ) = 〈0, 0, 2〉 or 〈1, 0, 1〉: See Proposition 23.

• −→
deg(T ) = 〈t, 0, 2〉, t ≥ 2: Then ε(T ) − σ3(T ) ≥ 8

2 − 2 = 2

• −→
deg(T ) = 〈t, 0, 2r〉, r ≥ 2: Here ε(T ) − σ3(T ) ≥ 6r

2 − 2r = r ≥ 2

• −→
deg(T ) = 〈t, 0, 1〉, t ≥ 3: In this case ε(T ) − σ3(T ) ≥ t+3

2 − 1 ≥ 3 − 1 = 2.

• −→
deg(T ) = 〈t, 0, 2r + 1〉, t ≥ 1, r ≥ 1: Then ε(T ) − σ3(T ) ≥ 3(2r+1)+1

2 − (2r +
1) = r + 1 ≥ 2.

Case 3 T has at least one singular point of degree 4 and no singular point of degree
5 or higher.

• −→
deg(T ) = 〈0, 0, 0, 1〉: See Proposition 23.

• −→
deg(T ) = 〈t, 0, r , s〉, s ≥ 1, t+r+s ≥ 2 (note that when s ≥ 1 and t+r+s ≤ 1,
then we are back to the case above): Then ε(T )−σ3(T ) ≥ � t+3[r+(s−1)]+4

2 − (r +
s)� = � t+r+s+1

2 � ≥ 2.

Case 4 T has r + 1 ≥ 1 singular points of degree 3 or greater, at least one of which
is degree 5 or greater: Then ε(T ) − σ3(T ) ≥ � 5+3r

2 − (r + 1)� = � 3+r
2 � ≥ 2. ��

5 Envy-free allocations of tangles for two agents

In Theorem 11, we have established that stringable tangles are the only ones that
guarantee EF for any number of agents.What if we aim to guarantee EF for a particular
number of agents, instead of any number of agents? Our goal of this section is to
characterize the family of tangles guaranteeing EF for two agents. Specifically, we

19 The referee suggested an alternative approach that avoids cases. Observe that the quantity ε(T )−σ3(T )

is given by the dot product
−→
deg(T ) · 〈 12 , 0, 1

2 , 1, 3
2 , 2, . . . , k−2

2 , . . . 〉. This dot product is a nonnegative
integer and can only equal 0 or 1 for the degree sequences listed in Proposition 23; for all others, its value
is at least 2.
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show that a tangle T guarantees connected envy-free allocation if and only if it has no
generalized gap ≥ 2 cutset of cardinality 1. This characterization theorem for tangles
uses the notion of a bipolar ordering of a tangle; it is analogous to, and builds upon,
the result of Bilò et al. [4] (restated, below, as Theorem 27).

We first review the definitions of a separating vertex, a non-separable graph, a
block, and a block tree of a multi-graph. As Bilò et al. only consider the class of simple
graphs, their definition of a block is slightly different from that for multi-graphs that
allow for loops and parallel edges in [5]. Consider a multi-graph G. A decomposition
of G = (V , E) is a familyF of edge disjoint subgraphs F = (VF , EF ) of G such that
the union of the edges

⋃
F∈F EF is E . A separation of a connected multi-graph G

is a decomposition of the graph into two non-empty connected subgraphs G1 and G2
that have only one vertex in common, which is said to be a separating vertex of the
graph. Amulti-graphG is called non-separable if it is connected and has no separating
vertices; otherwise, it is called separable. A block of a multi-graph is a subgraph that
is non-separable and is maximal with respect to this property.

Lemma 24 (Bondy and Murty [5] (Proposition 5.3)) Let G be a multi-graph. Then:

• any two blocks of G have at most one vertex in common,
• the blocks of G form a decomposition of G,
• each cycle of G is contained in a block of G.

For a connected multi-graph G, consider a bipartite graph B(G) with bipartition
(B, S), where B is the set of blocks of G and S the set of separating vertices of G; a
block B and a separating vertex v are adjacent in B(G) if and only if v belongs to B.
The block graph B(G) does not contain a cycle by the above lemma, and is therefore
referred to as the block tree of G. Bilò et al. [4] characterize the graphs that guarantee
connected, EF1 allocations for two agents, using the notions of a bipolar numbering
and a trident.

Definition 25 A bipolar numbering of a connected multi-graph G is an enumeration
v1, v2, . . . , vk of G’s vertices satisfying any of the following three (equivalent) con-
ditions:

• the subgraph induced by any initial or final segment of the numbering is connected
in G

• for each j with 1 < j ≤ k, v j is adjacent to some vi with 1 ≤ i < j and for each
� with 1 ≤ � < k, v� is adjacent to some vh with � < h ≤ k

• for each j with 1 < j ≤ k, G contains a path vi1 , vi2 , . . . , vir from v1 to v j

satisfying 1 = i1 < i2 < · · · < ir = j and for each � with 1 ≤ � < k, G contains
a path vi1 , vi2 , . . . , vis from vk to v� satisfying k = i1 > i2 > · · · > is = �.20

A trident is the graph analogue of a generalized gap ≥ 2 cutset of cardinality 1.

Definition 26 A trident is a substructure of a connected graph G consisting of con-
nected subgraphsC, P1, P2, P3 ofG such that (i) each Pi contains exactly one contact

20 The standard definition does not mention this third condition. It can be shown to follow from the second
condition via an easy inductive argument.
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vertex si in common with C , (ii) each Pi contains at least two vertices, (iii) [the “dou-
ble door" condition] for each i �= j any path connecting a vertex in Pi with a vertex
in Pj passes through both si and s j , and (iv):

(I) [type I trident] either C consists of a single vertex s (whence s = s1 = s2 = s3),
or

(II) [type II trident] the three contact vertices are distinct.

Theorem 27 (Bilò et al. [4]) The following conditions are equivalent for every simple
connected graph G:

(a) G admits a bipolar numbering.
(b) G guarantees EF1 for two agents with monotone valuations.
(c) G guarantees EF1 for two agents with identical, additive, binary valuations21.
(d) G does not contain a trident.
(e) The block tree B(G) is a path.

The proof of Theorem 27 appears in [4], and consists of a cycle of implications:

(a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e) ⇒ (a). (2)

The notion corresponding to a bipolar numbering for tangles is as follows:

Definition 28 A bipolar ordering for a tangle T is a linear order relation < on the
elements of T for which every initial segment of T is (path) connected as a subset of
T , as is every final segment. Here a subset S of T is an initial segment under < if for
all x, y ∈ T with x < y, if y ∈ S then x ∈ S. It is a final segment if for all x, y ∈ T
with x < y, if x ∈ S then y ∈ S.

Of the tangles appearing in Fig. 1, only the Y fails to have a bipolar ordering. The
next result is an analogous characterization to (2) for tangles and two agents.

Theorem 29 Let T be a tangle other than the circle. Let G†
T be the graph in the

topological class G(T ) obtained by starting with GT (see Definition 7) and then
inserting one additional degree 2 subdivision vertex22 along each edge. Then the
following are equivalent:

(1) G†
T admits a bipolar numbering.

(2) T admits a bipolar ordering.
(3) T guarantees connected EF allocations for two agents with monotone continuous

valuations.
(3’) T guarantees connected EF allocations for two agents with identical edgewise

constant valuations with at most one non-zero density.
(4) T has no generalized gap ≥ 2 cutset of cardinality 1.
(5) The block graph B(GT ) is a path.

21 A valuation function νi : 2O → R+ is additive if νi (X) = ∑
o∈X νi ({o}) for each X ⊆ O . An additive

valuation νi : 2O → R+ is binary if νi (o) ∈ {1, 0} for every item o ∈ O .
22 “At least one" would also work, but would be less convenient for the argument.
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(6) The block graph B(G†
T ) is a path (equivalently, G†

T does not admit a trident).

The proof consists of a modified cycle:

(1) ⇒ (2) ⇒ (3) ⇒ (3′) ⇒ (4) ⇒ (5) ⇒ (6) ⇒ (1), (3)

The desired characterization for tangles and two agents is an immediate corollary.

Corollary 30 (Tangle Characterization for two agents) For any tangle T 23 the follow-
ing are equivalent:

(i) T admits a bipolar ordering.
(ii) T guarantees connected EF allocations for two agents with monotone continuous

valuations.
(iii) T has no generalized gap ≥ 2 cutset of cardinality 1.

Proof of Theorem 29 ((1) ⇒ (2)) Our main goal is to convert a bipolar numbering
of graph G†

T into a bipolar ordering of tangle T . Because T includes actual points

along the tangle edges, these points need to be inserted into G†
T ’s vertex ordering.

But the bipolar numbering induces an orientation of each edge e = {a, b} of G†
T : if

a appears before b in the numbering then we orient e from a (source) to b (sink). If
we ignore, momentarily, the added degree 2 subdivision vertices of G†

T (so that graph
edges correspond to tangle edges), we can now obtain a bipolar ordering of T by
inserting the points along any tangle edge after the source a for that edge and before
the sink b, with the ordering of points within the edge determined by the ordering of
real numbers in the corresponding copy of [0, 1], having previously identified 0 with
the edge’s source and 1 with its sink.

More precisely (and with the degree 2 subdivision vertices now accounted for),
let v1, v2, . . . , vk be a bipolar numbering for G†

T . For each r with 1 < r ≤ k let
#r denote the number of edges that link vr to some vertex appearing earlier in the
bipolar numbering, let e1,r , e2,r , . . . , e#(r),r enumerate those edges, in any order, and
let vs(i,r) be the vertex linked to vr by ei,r (so that s(i, r) < r ). In what follows, adding
a � to the notation for a vertex (respectively, for an edge) of G†

T converts it into the
corresponding point (respectively, corresponding half of a tangle edge) in T .

If vs(i,r) corresponds to one of the singular points v�
s(i,r) of T then vr must be one

of the added subdivision vertices, and edge ei,r in the graph corresponds to a half
tangle edge e�

i,r ; without loss of generality we may assume it is the [0, 1
2 ] half of a

copy of [0, 1], with v�
s(i,r) identified with the 0 of this copy. Then, e�

i,r will designate

the interior (0, 1
2 ) of this half copy and v�

r the point
1
2 of this copy.

If, instead, vs(i,r) is one of the added subdivision points of G
†
T then vr must corre-

spond to one of the singular points v�
r of T . Edge ei,r in the graph again corresponds

to a half tangle edge e�
i,r , and without loss of generality we may assume it is the [ 12 , 1]

half of a copy of [0, 1], with v�
s(i,r) set equal to the

1
2 of this copy. In this case, e

�
i,r will

designate the interior ( 12 , 1) of this half copy.

23 Corollary 30 clearly holds for the circle, even though Theorem 29 does not apply to it.
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Our bipolar ordering for T has then the following template:

v1� < e�
1,2 < e�

2,2 < · · · < e�
#(2),2 < v2� < · · · < v3� < · · · < e�

#(k),k < vk�. (4)

Our bipolar ordering <T extends this template by ordering points within any e�
i, j

according to the ordering of real numberswithin the interval (0, 1
2 ) or (

1
2 , 1), depending

on which of these intervals has previously been identified with e�
i, j , and respecting the

orientation of e�
i, j as specified earlier.

To see that initial segments of form Y = {x ∈ T | x <T a} or Y = {x ∈ T | x ≤T
a} are path-connected in T , it suffices to show that each point b ∈ Y is path-connected
to the first element v�

1 in the bipolar ordering.

Case 1 If b = v�
j for some j , use the bipolar numbering of G†

T to choose a path

vi1 , vi2 , . . . , vir from v1 to v j in G
†
T satisfying 1 = i1 < i2 < · · · < ir = j . Then, the

points v�
i1
, v�

i2
, . . . , v�

ir
all lie in Y , as do all of the half tangle edges that link any v�

it
to

v�
it−1

for 2 ≤ t ≤ r . The desired path in T from v�
1 to b contains, as its elements, the

points v�
i1
, v�

i2
, . . . , v�

ir
along with all elements of these particular half tangle edges.

Case 2 If b �= v�
j for any j , then b belongs to the half tangle edge e�

i,r from v�
j to v�

r for
some j, r with 1 ≤ j < r ≤ k. Let P be the path in T from v�

1 to v�
j , as constructed

in the previous case. To get the desired path for this case, add to P the points x in e�
i,r

satisfying x ≤T b.

The argument for final segments (of form Y = {x ∈ T | x >T a} or Y = {x ∈
T | x ≥T a}) is similar, and we skip the details.

[(2) ⇒ (3)] We apply “cut and choose." Given a bipolar ordering <T on T and a
point x ∈ T , let Lx denote the initial segment {y ∈ T | y <T x}. Consider S = {x ∈
T | ν1(Lx ) < ν1(T \Lx )}, where ν1 denotes the monotone continuous valuation of
agent 1. Note that S is an initial segment of T under <T , and T \S is a final segment,
so both of these sets are connected. Now, we will show the following claim:

Claim: For agent 1, the initial segment S and its complement are equally valuable24,
namely, ν1(S) = ν1(T \S).

From the claim, for “cut and choose" agent 1 specifies an initial segment S [worth,
to her, the same as its complement], agent 2 chooses either S or T \ S [whichever has
the higher value for her], and 1 gets the remaining piece.

To prove the claim, first construct a sequence {sn}n∈N of members of S such that
the corresponding sequence of sets Sn = Lsn has union S. This can be done because
T has a countable dense subset (inherited from the rational numbers within the copies
of [0, 1] used to build T ). Then d(Sn, S) → 0 as n → ∞ so by continuity ν1(Sn) →
ν1(S). Similarly, ν1(T \Sn) → ν1(T \S). As ν1(Sn) < ν1(T \Sn) holds for each n, we
conclude that ν1(S) ≤ ν1(T \S).

24 If this construction sounds somewhat overcomplex, keep in mind that there may not exist a point x ∈ T
with v1(Lx ) = v1(T \Lx ). For example, consider the friendly diamond on the top of Fig. 3, and its bipolar
ordering that goes through the left edge first, then point a, then the top edge (not including d), then the
bottom edge (not including a), then point d, and then the right edge. If the valuation v spreads 1 unit of
value evenly over each of the four edges, then there does not exist a point x such that v1(Lx ) = v1(T \ Lx ).
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For the reverse inequality, construct a sequence {qn}n∈N of members of T \S such
that the corresponding sequence of sets Qn = Lqn satisfies that d(Qn, S) → 0 as
n → ∞. By continuity, ν1(Qn) → ν1(S). Note that d(T \Qn, T \S) → 0 as n → ∞,
so ν1(T \Qn) → ν1(T \S). As ν1(Qn) ≥ ν1(T \Qn) for each n, we conclude that
ν1(S) ≥ ν1(T \ S).

[(3) ⇒ (3′)] This is immediate since edgewise constant valuations are monotone
continuous.

[(3′) ⇒ (4)] (via the contrapositive) Let X = {X1} be a generalized gap ≥ 2 cutset
of cardinality 1.Wewill produce an identical edgewise constant valuation with at most
one non-zero density such that no connected EF allocation exists for two agents. If X1
is a type I member then X is an ordinary gap ≥ 2 cutset of cardinality 1, so the result
follows immediately from the Gap ≥ 2 Lemma. Assume X1 is type II, with the three
components sharing contact points with X1 being C1,C2,C3. For each i = 1, 2, 3
spread 1 unit of value uniformly over one of Ci ’s tangle edges, with value 0 spread
over all other edges. Now let {T1, T2} be any allocation of T that assigns connected
pieces to two agents. Without loss of generality, assume that T1 includes at most one
of the three contact points s1,1, s1,2, s1,3. Then T1 intersects at most one of the three
componentsC1,C2,C3, because any path from one of these components to a different
one must pass through at least two of the contact points. Thus the identical value of
T1 is at most 1, leaving agent 1 envious of agent 2, whose share T2 has value at least
2.

[(4) ⇒ (5)] We will show the contrapositive. Assume that the block graph B(GT )

is not a path. Then, B(GT ) contains a vertex s with degree at least three. We have the
following two cases: either s is a separating vertex belonging to three distinct blocks
of GT , or s is a block containing three distinct separating vertices of GT .

First, suppose that the vertex s is a single separating vertex v of GT belonging to
three distinct blocks Bi (i = 1, 2, 3). It is easy to see that v corresponds to a singular
point v� of T . In this case, we argue that {{v�}} is a generalized gap ≥ 2 cutset of
cardinality 1 for T . Condition (a) of Definition 21 is immediately satisfied, and we
need only to show that deleting v� from T leaves at least three connected components.
We know that each of the blocks Bi (i = 1, 2, 3) contains at least one distinct edge ei ,
and shares v as the unique common vertex in GT . Thus, the subtangles corresponding
to each Bi (i = 1, 2, 3) are disconnected from each other after v� is deleted from T .

Second, suppose that the vertex s corresponds to a block B ofGT . Then, B is a con-
nected subgraph ofGT and contains at least three distinct separating vertices s1, s2, s3,
each of which belongs to a distinct block Bi (i = 1, 2, 3). In this case, B corresponds
to a subtangle X of T and s1, s2, s3 correspond to the singular points s�

1, s
�
2, s

�
3 of

T , respectively. Deleting X from T leaves at least three disconnected components
corresponding to B1, B2, and B3, but may have several additional components. Let
X ′ denote the union of X with these additional components. Then the definition of a
block tree implies that {X ′} satisfies all requirements for being a generalized gap ≥ 2
cutset of cardinality 1 for T .

[(5) ⇒ (6)] It suffices to prove the following claim, stating that the operation of
subdividing a graph preserves the underlying block graph structure.
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Lemma 31 For a multi-graph G and arbitrary edge e, if the block graph B(G) of G
is a path, then the block graph B(G ′) of the graph G ′ that results from subdividing e
(i.e., insert a single degree 2 vertex into e) is also a path.

Proof of Lemma 31 Let G be a multi-graph and e be an edge of G. Suppose that B(G)

is a path. Let G ′ be the graph that results from subdividing e. If e itself, along with
its two vertices, forms a block in G, then it is immediate that B(G ′) continues to be a
path. Thus, suppose that e belongs to a block B containing at least three vertices in G.
Let B ′ be the subgraph of G ′ whose edges consist of the original edges in B together
with the new subdivided edges e1, e2, i.e., B ′ = (B\{e})∪{e1, e2}. It suffices to show
that B ′ is a block of G ′.

Recall that a graph is non-separable if and only if any two of its edges lie on a
common cycle [21] (see also Theorem 5.2 of [5]). Thus, it suffices to show that

• any two edges g, h in B ′ lie on a common cycle (i.e., B ′ is non-separable).
• if two edges do not belong to a common cycle in G, they do not lie on a common
cycle in G ′ (i.e., B ′ is maximal as a non-separable subgraph of G ′).

To see that B ′ is non-separable, let g′, h′ be a pair of edges in B ′.We claim that there
is a cycle C ′ containing g′, h′ in B ′. Let g, h be the original edges corresponding to
g′, h′ in B, respectively; namely, g = e (respectively, h = e) if g′ = ei (respectively,
h′ = ei ) for i = 1, 2 and g = g′ (respectively, h = h′) otherwise. We show that there
is a cycle C containing the edges g, h in B. Indeed, if g �= e or h �= e, such cycle does
exist since B is non-separable; if g = h = e, then there is a cycle C that contains g, h
in B since B has at least three vertices. Now we use C to show the existence of a cycle
containing g′, h′ in B ′. Clearly, if C does not include e, then C is a cycle containing
g′, h′ in B ′. If C includes e, we obtain a cycle C ′ containing g′, h′ in B ′ by replacing
the single edge e with the two edges e1 and e2. Hence, B ′ is non-separable.

To see maximality, suppose toward a contradiction that two edges g, h �= e do not
lie on a common cycle inG but they belong to a common cycleC ′ inG ′. Then,C ′ needs
to include one of the new subdivided edges e1 and e2. Further, the new subdivided
vertex incident to both e1 and e2 has degree 2 in G ′ and thus C ′ includes both of the
new subdivided edges e1 and e2. Thus, C ′ corresponds to a cycle C in G that contains
g, h, a contradiction. A similar argument shows that if the edge e and edge g �= e do
not lie on a common cycle in G, then for each ei (i = 1, 2), ei and g do not lie on
a common cycle in G ′. Thus, B ′ remains non-separable and maximal with respect to
this property in G ′.

Applying the above lemma repeatedly on the edges in GT , we get that B(G†
T ) is

a path if B(GT ) is a path.

[(6) ⇒ (1)] Suppose that the block graph B(G†
T ) is a path. We will show that G†

T
admits a bipolar numbering.

Let (B1, s1, B2, s2, . . . , sk−1, Bk) be the block graph B(G†
T ) where

• each Bi for i ∈ [k] is a block of G†
T ,

• each si for i ∈ [k − 1] is a separating vertex of G†
T , and

• each Bi for i ∈ [k − 1] is adjacent to si in B(G†
T ).
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Recall that by construction of G†
T , B1 cannot be a single loop, since we have

inserted an additional degree 2 subdivision vertex along every edge of GT . Thus, B1
has a vertex, say s0, distinct from s1. Similarly, Bk has a vertex, say sk , distinct from
sk−1.

It is known that for any non-separable graph H and any pair of two distinct vertices
x, y of H , there is a bipolar numbering v1, v2, . . . , v� of the vertices of H such that
v1 = x and v� = y (see Exercise 5.3.4 in [5]). Exploiting this fact, we create a
bipolar numbering Pi from si−1 to si of each Bi for i ∈ [k]. We concatenate these
(P1, P2, . . . , Pk) in the order of indices, by adding Pi+1 to the end of Pi for i ∈ [k−1].
It can be easily checked that this results in a desired bipolar numbering of G†

T . ��

6 Lips guarantees EF allocations for three agents

For more than two agents, we have no general result characterizing which tangles
guarantee existence of connected EF allocations. Here, we show in Theorem 32 that
the Lips tangle guarantees connected envy-free allocation for three agents, implying
that stringable tangles are not the only ones that guarantee EF for three agents.

Our proof elaborates Stromquist’s moving knife argument [18] for a connected EF
allocation of [0, 1]. Recall that in Stromquist’s original version, a referee places a
single sword at 0 and slowly moves it to the right towards 1, while each of the three
agents continually re-position their individual knives so as to divide the portion to
the right of the sword into two pieces of equal value (in their own view). Cuts will
eventually be made by the sword and the median knife. The instant an agent sees
that the piece L∗ to the left of the sword has value at least as great as the other two
(as defined by the median knife), she shouts cut and receives L∗. The remaining two
pieces are now assigned to the others (with the agent whose knife is weakly to the
right of the median knife getting the rightmost piece), and the resulting allocation is
envy-free.

Now, consider a lips tangle, with three singular points (arranged in Fig. 1 from left
to right as a, b, and c) and five edges. One approach might be to pretend that the top
two a–b edges, as well as the top two b–c edges, are almost pinched together, and then
apply Stromquist’s moving knife protocol as if the lips tangle were a circle. However,
if two cuts were made—each cutting through both pinched edges—we might lose
connectivity. Thus our actual modification of Stromquist’s argument is divided into
three stages, changing directions of swords and knives when threatened by this sort
of disconnection.

Theorem 32 For threeagentswithmonotone continuous valuations over the lips tangle
L, an EF allocation with connected shares always exists.

Proof (INITIAL STAGE) Two swords, labeled L and R in Fig. 5a, both begin at the
center of the edge a − c and maintain a radial orientation; L moves in a clockwise
direction (hence, initially to the left) while R moves counterclockwise, in such a way
that L will reach a at the same moment that R reaches c.
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Fig. 5 Initial Stage

However, during the initial stage we assume they have not yet reached a and c. The
open-ended portion of a − c lying strictly between L and R is the central piece of the
partition; the part of L outside the central piece is the complement.

We imagine the two a−b edges as almost pinched together, with the two b−c edges
similarly pinched, so thatL looks roughly like a circle, as in Fig. 5b. As the two swords
rotate, each of the three agents continually adjusts the position of her knife (which is
always held radially to the “circle") so as to divide the complement into two parts of
equal value in her eyes. If, during the initial stage, any one of these knives should cut
the complement at any location, it would divide the complement into two connected
pieces. Any agent can call “cut" during the initial stage if she sees the central piece
(labeled Bot) as exactly equal in value to the larger of the two pieces formed when the
complement is cut by the median knife. If this happens then the procedure ends, with
cuts made at L , R, and the median knife. The caller is awarded the central portion,
and the pieces of the complement are awarded to the other two agents as they would
be in Stromquist’s original procedure. If the two swords reach a and c without anyone
having called “cut," we move to the second stage, which depends on the position of
the median knife at the end of the initial one.

[SECOND STAGE] It may happen that the two swords reach a and c without anyone
having called “cut," as in Fig. 6a. In this case, the swords pause at these locations
with the points a and c still considered to be members of the complement, while we
identify the current location of the median knife. Without loss of generality assume
this knife is either at b or counterclockwise of b (as in Fig. 6a). In this case, the left
sword now remains fixed at a while the right one continues its relentless counter-
clockwise rotation, further enlarging the central piece as in Fig. 6b. Notice that in this
case, the median knife will rotate counter-clockwise (weakly, perhaps), so that during
this second stage, it never passes from strictly on one side of b to strictly on the other
side. It may be that some agent calls “cut" before the right sword reaches b. In this
case the procedure terminates, with cuts at L , R, and the median knife. Again, it is
clear that the pieces are connected,25 and that when the pieces are assigned to agents
in the standard way, the allocation is EF.

25 One must be careful, in case the median knife is exactly at b, to assign b itself to the piece on the
clockwise side of b.
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Fig. 6 Second Stage

Fig. 7 Third Stage

[THIRD STAGE] It may happen that in the second stage the right sword reaches b and
still no one has called “cut." At this point, the complement is the closed loop consisting
of the two a − b edges (including the points a and b themselves). It must be that all
three agents have a strictly higher valuation for this loop than they have for the rest
of L; otherwise, someone would have called “cut" in an earlier stage. With this loop
value guarantee in hand, we abandon the previous approach and launch a different
version of Stromquist, as the third stage of the procedure. It is easier to picture this
version by first introducing two disconnections—or “breaks"—that convert L to L�

(though one could instead work with the original topology on L by slightly altering
the following description).26 There is no harm in switching to L�, because any shares
connected in L� remain connected in L.

First disconnect at a, yielding Fig. 7a. Such a disconnection can be done in two
ways, depending on which side of the break remains attached to a; Fig. 7a indicates
that a remains attached to the a−b loop by showing a as a solid disk on the a−b loop
and as an open disk labeled a� on the a − c edge. Second, disconnect at b, unrolling
the a − b loop, as in Fig. 7b (note that b itself remains attached to the b − c loop).

We will treat L� as if it were an open line segment (b�, a�) by squeezing the two
b − c edges almost together. We proceed to use a standard Stromquist on this open
segment, with the sword starting on the left (the b� end). We know that someone
calls “cut" before the sword reaches b, thanks to the loop value guarantee that applies
whenever stage three is reached. The part of L� to the right of the sword cut will
consist of two connected pieces once it is cut by the median knife. ��
26 As topological spaces, L and L� share the same set of points, but the collection of open sets for L� is
expanded from that for L.
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7 Discrete lips guarantee EF1 for three agents

We turn our attention to the positive transfer from tangles to graphs: a discrete version
of the previous moving knife algorithm returns a contiguous EF1outer allocation for
any graph G in the topological class G(L) associated with the lips tangle L.

Theorem 33 Every graph in the topological class G(L) of the lips tangleL guarantees
EF1outer allocations for three agents who have monotone valuations.

In conjunction with the continuous ideas from Sect. 6, the proof uses a slight
modification of the discrete Stromquist moving-knife algorithm developed in [4] for
path graphs. We will refer to this modification as the discrete moving-knife algo-
rithm Adiscrete. The proof of Theorem 33 applies Adiscrete several times, in stages.
Theorem 34 establishes that Adiscrete achieves what is required of it, in the proof of
Theorem 33. The detailed description ofAdiscrete and the proof of Theorem 34 appear
in Appendix A.

While both continuous and discrete procedures are similar in spirit, the discrete
version differs in fundamental ways from the version of the continuous procedure for
Lips in Sect. 6. Indeed, wemay run into a trouble if we simply follow the same strategy
as in the continuous case: For example, if at the end of the first stage, the median lies
at b and the two swords lie at a and c, moving one of the swords above may disconnect
some piece between the swords and the median, since the swords can only move in
discrete steps. Informally, instead of moving the sword over the top of the lips in the
latter stages, we will ensure that the sword only hovers over the path at every stage.

Beforeweproceed,wepresentTheorem34, stating that given apath graph,Adiscrete

returns an EF1outer allocation of the specific form. To formally present the theorem, we
need the notion of a median lumpy tie introduced in [4], which serves as the discrete
analogue of the middle knife. Let P = (v1, v2, . . . , vm) be an enumeration of vertices.
We define P(vs, vt ) to be (vs, vs+1, . . . , vt ) when s ≤ t and ∅ when s > t . We define
L(vr ) = P(v1, vr−1) to be the sub-enumeration of vertices strictly left of vr and
R(vr ) = P(vr+1, vm) to be the sub-enumeration of vertices strictly right of vr . For
an agent i , we say that vr (1 ≤ r ≤ m) is a lumpy tie over P for i if r is an index such
that

νi (L(vr ) ∪ {vr }) ≥ νi (R(vr )) and νi (R(vr ) ∪ {vr }) ≥ νi (L(vr )).

A lumpy tie always exists. For example, a vertex vr with the smallest index r such
that νi (L(vr ) ∪ {vr }) ≥ νi (R(vr )) is a lumpy tie [4].

Suppose that there are three agents, i, j, k. A vertex vr is a median lumpy tie over
the sequence P of vertices if there exist vertices va, vb, vc that are lumpy ties for
i, j, k, respectively, such that index r is the median of {a, b, c}. Note that the above
definition of a lumpy tie is slightly different from that in [4] in that lumpy ties for
an agent may not be uniquely determined. When agents’ valuations are monotone,
multiple lumpy tie vertices will appear consecutively.

Theorem 34 uses a different version of EF1: For an allocation A = {Ai }1≤i≤n and
set X of items, we say that agent i does not envy j up to X if the envy of i towards j can
be eliminated by hiding items in X , i.e., νi (Ai ) ≥ νi (A j \X). Allocation A is envy-free
up to X if for any pair of agents i, j ∈ [n], i does not envy j up to X . The discrete
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moving knife algorithm Adiscrete returns such an allocation A with |X ∩ Ai | ≤ 1 for
each agent i = 1, 2, . . . , n.

Theorem 34 (proved in Appendix 1) Assume that the discrete moving-knife algorithm
Adiscrete for three agents with monotone valuations is applied to the disjoint union
of a finite set I of vertices— called the initial endowment of the left bundle—and an
enumeration P(v1, vm) = {v1, v2, . . . , vm} of additional vertices, along with a pair
�, r of indices with initial values � = 0, r = r0 such that vr0 is a median lumpy tie
over P(v1, vm) and no agent strictly prefers I to both P(v1, vr−1) and P(vr+1, vm).
Then the algorithm increments r at certain stages and � at certain other stages, and
returns an EF1 allocation A of I ∪ {v1, v2, . . . , vm} that has the following property:

(i) A is EF up to {v�, vr } and partitions I ∪ P into either (I ∪ P(v1, v�),

P(v�+1, vr ), P(vr+1, vm)) or (I ∪ P(v1, v�), P(v�+1, vr−1), P(vr , vm)); or
(ii) A is EF up to {v�+1, vr }, and partitions I ∪ P into (I ∪ P(v1, v�), P(v�+1, vr−1),

P(vr , vm)).

The algorithm terminates before or at the time when � becomes m. If the algorithm
does not terminate just after increasing � by one, no agent weakly prefers I ∪P(v1, v�)

to both P(v�+1, vr−1) and P(vr+1, vm). Every time just after the algorithm increases
� by one, vr is a median lumpy tie over P(v�+1, vm). Further, if it returns an allocation
just after increasing � by one, the resulting allocation is of the form (i). Otherwise,
the resulting allocation is of the form (ii).

Notice that in case of (i), the hidden items v� and vr belong to the left bundle I ∪
P(v1, v�) and to either the middle bundle P(v�+1, vr ), or the right bundle P(vr , vm);
in case of (ii), such items belong to the middle bundle P(v�+1, vr−1) and right bundle
P(vr , vm). It is immediate to see that by the above theorem, the resulting allocation of
Adiscrete is contiguous and EF1outer if I = ∅ and the given enumeration P is a path.

Next, we will repeatedly apply Theorem 34 to show that any discrete version of the
lips tangle guarantees EF1outer for three agents. Our algorithm recursively identifies a
decomposition (X , H ′) of the current subgraph H , called a handle decomposition, and
applies the discrete moving knife algorithm over H with the initial endowment I being
the vertices in V (G) \ V (H) over which the sword has already hovered. Formally, we
say that a graph H admits a handle decomposition (X , H ′) if H ′ is a subgraph of H ,
X is a path in H where no vertex of X lie in H ′, and V (H) = V (H ′)∪ V (X); we call
X a handle of H ′. Here, we denote by V (H) the vertex set of a graph H .

The following lemma states that the algorithm results in EF1outer as long as the
enumeration of vertices is “almost" a path and the sword stops “soon enough." See
Fig. 8 for an illustration. In what follows, for two enumerations X and Y of vertices,
X · Y will denote the concatenation of X and Y .

Lemma 35 Suppose that a subgraph H of graph G admits a handle decomposition
(X , H ′) for which H ′ admits a bipolar numbering Y over H ′, where the end vertex of
X is adjacent to the first vertex of Y . Let P = X · Y = (v1, v2, . . . , vm). Suppose that
Adiscrete applies to a set of items I = V (G)\V (H) as an initial endowment, ordering
P, and vr where

(i) I is contiguous, and if I �= ∅, some vertex of I is adjacent to v1; and
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Fig. 8 Illustration of Lemma 35.
The initial endowment I
corresponds to the vertices in G
outside H . The subgraph H
admits a handle decomposition
(X , H ′) with Y being a bipolar
numbering over H ′

(ii) vr is a median lumpy tie over P; and
(iii) no agent strictly prefers I to both P(v1, vr−1) and P(vr+1, vm).

If the algorithm stops before or at the time when v� becomes the last vertex of X, then
the resulting allocation is contiguous EF1outer. Otherwise, no agent weakly prefers
I ∪ V (X) to both P(v�∗+1, vr∗−1) and P(vr∗+1, vm) where �∗ and r∗ are the values
of indices � and r, respectively, at the time when v� becomes the last vertex of X, and
so vr∗ is a median lumpy tie over P(v�∗+1, vm).

Proof It is not difficult to see that by definition, the enumeration P that results from
concatenating X and Y is a bipolar numbering over the original subgraph H . We let
X = (u1, u2, . . . , uk). If the algorithmAdiscrete stops before or during the time when
v� = uk−1, the resulting allocation is contiguous and EF up to {v�, vr }, or {v�+1, vr },
by Theorem 34. The resulting bundles of the form:

• (I ∪ P(v1, v�), P(v�+1, vr ), P(vr+1, vm)); or
• (I ∪ P(v1, v�), P(v�+1, vr−1), P(vr , vm))

remain contiguous even after removing {v�, vr }, or {v�+1, vr } since X is a path and
Y is a bipolar numbering over H ′. The same argument applies to the case when
the algorithm Adiscrete stops at the time when v� becomes uk ; the difference is that
the resulting allocation is EF up to {v�, vr } so that the middle bundle of the form
P(v�+1, vr−1) or P(v�+1, vr ) is guaranteed to be contiguous even after removing
these items. The second statement immediately follows from Theorem 34. ��

Applying Lemma 35 in three stages (each initiated if the algorithm fails to halt
in the previous), we will prove that contiguous EF1outer allocations always exist for
discrete versions of lips.

Proof of Theorem 33 Let G be a graph that belongs to the topological class G(L) of
the lips tangle. Define vertices a, b, c, a1, b1, b2, b3, c1, c2 as in Fig. 9.

Note that when some of the vertices a1, b1, b2, c1, and c2 do not exist, the problem
reduces to that over a path and hence Theorem 3 applies. For example, when b1 does
not exist, we can remove the top left edge between a and b and the reduced graph
H is a graph in the topological class G(�) of the theta tangle �, where H admits a
Hamiltonian path (for example, a path from the middle left neighbor b3 of b through b
to c1). It is clear that any EF1outer connected allocation of H is an EF1outer connected
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Fig. 9 A lips graph G ∈ G(L)

Fig. 10 Discrete moving-knife algorithm. The black arrows correspond to the handles Xi and the gray
arrows correspond to the bipolar orderings Yi over Gi+1. The dotted regions correspond to the set of
vertices in I at the beginning of each stage

allocation of G. A similar argument holds when one of a1, b2, and c1 does not exist.
Thus, in the sequel we assume that a1, b1, b2, and c1 exist. If there is no vertex in the
middle left path between a1 and b, we let b3 = a1.

Now, we create the following sequence of subgraphs Gi+1 together with their
handles Xi for i = 1, 2, 3, where the first vertex of each Xi is adjacent to some vertex
of an earlier X j ( j < i). See Fig. 10. We let G1 = G.

• Let X1 be a path that starts from b1, goes through the top-left path from b1 to a,
then through the bottom path from a to c2. Let G2 be the subgraph of G induced
by the other vertices. Y1 is a bipolar numbering over G2 that starts from c, goes
through the top-right path from c to b2, then through the middle path from c1 to
the right neighbor a1 of a.

• Let X2 be themiddle left path from a1 to the vertex b3. LetG3 be the top-right cycle
of the graph G. Y2 corresponds to the reverse sub-enumeration of Y1 restricted to
the vertices in G3, meaning that Y2 first goes through the middle right path from
b to c1 and then through the top-right path from b2 to c.

• Let X3 be a path over the vertices in the top-right cycle that starts from c and ends
with the middle left neighbor c1 of c. Similarly, X ′

3 is a path over the vertices in
the top-right cycle that starts from b and ends with the top-right neighbor b2 of b.
Let Y3 be the empty path and G4 be the empty graph.

The subgraph Gi of G admits a handle decomposition (Xi ,Gi+1) for i = 1, 2, 3.
Further, the first vertex of Yi is adjacent to the last vertex of Xi for i = 1, 2.

The following procedure iteratively applies the discrete moving-knife algorithm
Adiscrete while keeping the bundle that is left of the sword contiguous. At each stage,
I denotes the initial endowment and P denotes the sequence of vertices to which
Adiscrete is applied.
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[INITIAL STAGE] Initialize the initial endowment I = ∅, the sequence P = X1 ·Y1,
and the indices � = 0, and r such that vr is any median lumpy tie over P . Apply the
discrete moving-knife algorithmAdiscrete to I , P , �, and r . If the algorithm terminates
before or at the time when v� becomes the last vertex of X1, return the resulting
allocation. If not, go to the second stage.

[SECOND STAGE] Initialize I = V (X1), P = X2 · Y2, � = 0, and vr to the same
vertex as the one in the last step of the initial stage. Apply the discrete moving-knife
algorithm Adiscrete to I , P , �, and r . If the algorithm terminates before or at the time
when v� becomes the last vertex of X2, return the resulting allocation. If not, go to the
third stage.

[THIRD STAGE] Initialize I = V (X1) ∪ V (X2). Initialize r so that vr remains the
same as the one in the last step of the second stage.

(3–1) If vr appears strictly after c1 in the numbering Y2 (equivalently, vr is a top-right
vertex), then apply the discrete moving-knife algorithm Adiscrete to the initial
endowment I , the sequence P = X3 from c to c1, � = 0, and r .

(3–2) If vr appears strictly before or at c1 in the numbering Y2 (equivalently, vr is a
middle right vertex), then apply the discrete moving-knife algorithm Adiscrete

to the initial endowment I , the sequence P = X ′
3 from b to b2, � = 0, and r .

The algorithm for the third stage will terminate before or at the time when v� becomes
the last vertex of each of the sequences X3 and X ′

3 by Theorem 34. Note that the last
case distinction is necessary so as to ensure, as shown below, that the sequence P of
the third stage is a path for which vr is a median lumpy tie.

Now, we show that at the beginning of each stage, the three conditions in Lemma
35 are satisfied:

(i) I is contiguous, and if I �= ∅, some vertex of I is adjacent to v1; and
(ii) vr is a median lumpy tie over P; and
(iii) no agent strictly prefers I to both P(v1, vr−1) and P(vr+1, vm),

which, togetherwith Lemma35, then implies that the resulting allocation is contiguous
EF1outer.

Consider the beginning of the initial stage. The conditions (i) and (ii) hold,
according to the construction of I , P , and vr . The condition (iii) holds as well, by
monotonicity and as I = ∅.

Consider the beginning of the second stage. The condition (i) holds, according to
the construction of I and P . The conditions (ii) and (iii) also hold, by the fact that
that the algorithm failed to terminate during the previous stage, and by Lemma 35.

Consider the beginning of the third stage. Again, (i) holds, according to the con-
struction of I and P . Indeed, in case (3–1), v1 = c and the vertex just below c (i.e.,
c2) is adjacent to c and belongs to I . In case (3–2), v1 = b and the left neighbor of b
(i.e., b3) belongs to I . Regarding (ii), at the beginning of the third stage, vr is a median
lumpy tie over Y2 by Lemma 35. If vr appears strictly after c1 in the numbering Y2,
then it is easy to see that vr is a median lumpy tie over X3, since at least two agents
weakly prefer the top-right path from c to vr , to the other part in G3, and at least two
agents weakly prefer the union of the middle path from b to c1 and the top right path
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Fig. 11 The graph L� that
results from subdividing GL

from b to vr , to the rest in G3. Similarly, if vr appears strictly before or at c1 in the
numbering Y2, vr is a median lumpy tie over X ′

3. Condition (iii) holds as in the second
stage. ��

8 Negative transfer from tangles to graphs

The Tangle Boundedness Theorem of Sect. 3 told us that every non-stringable tan-
gle has an agent bound n0; connected envy-free allocations sometimes fail to exist,
whenever the number of agents exceeds n0 (even for agents with identical additive
valuations). Our goal here is to prove the Negative Transfer Principle, which carries
that result over to a corresponding one for contiguous EFk allocations of graphs.

Recall that any tangle T can be thought of as a drawing of a graph GT , with the
singular points and tangle edges of T becoming the vertices and edges, respectively,
of GT ; the topological class of T then arises from from GT by inserting arbitrarily
many subdivision vertices along the edges of GT . We were led to this definition by
considering the statement of problem [♣] in Sect. 1 – how could we add structure to
the notion of “infinite class of graphs" in a way that seems appropriate for the setting
and also allows progress on the problem?

Note that any stringable tangle has a topological class consisting entirely of traceable
graphs; the injectivemap from (0, 1) toT (fromDefinition10) induces theHamiltonian
path for anygraph inG(T ).What about the topological class of a non-stringable tangle?

Example 1 Consider the classG(L)of the lips tangle. It contains some traceable graphs;
in fact, GL itself is traceable. However, if we insert a single subdivision vertex along
each edge ofGL the resulting graph L� is no longer traceable (see Fig. 11), and adding
additional subdivision vertices can never reverse this. Yet, even with thousands of such
additional vertices inserted, GL would remain traceable if there were a single original
edge that received none of the added vertices.

Part of this result generalizes to any non-stringable tangle T ; once at least one
subdivision vertex has been added to each edge of GT , the resulting graph is not
traceable. (If it were traceable then the Hamiltonian path would induce the onto func-
tion f : [0, 1] → T witnessing T ’s stringability.27) One might say that GT becomes
non-traceable once “enough" subdivision vertices are inserted, but as the above exam-
ple shows, “enough" cannot be expressed in terms of a single number alone.

Thus stringable tangles have traceable topological graph classes, and non-stringable
tangles have non-traceable topological graph classes, but the latter assertion requires

27 If an edge of GT had no subdivision vertices added, then the induced function f could avoid covering
the corresponding tangle edge.
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an “enough" qualifier. The Negative Transfer Principle itself relies on similar notion of
“enough": for any non-stringable tangle T , there is a bound n0 such that once enough
subdivision vertices are inserted along edges of GT the resulting graph no longer
guarantees connected EF1 allocations for more than n0 agents; once even more are
inserted, EF2 can fail for more than n0 etc. up to EFk for any fixed k.

Example 1 (continued) The graph L� already has enough subdivision vertices to defeat
the guaranteed existence of contiguous EF1 allocations for four agents. To see this,
consider identical, additive valuations for the four agents that assign value 1 to each
vertex. Some deprived agent does not receive any of the three vertices labeled a, b,
and c, so their connected share has at most one vertex. The remaining 7 vertices are
divided among the other three agents, so at least one agent has at least 3 vertices,
leaving the deprived agent envying her by at least two vertices. If we instead added
28 subdivision vertices to each edge of GL, a similar argument shows that connected
EF10 allocations can fail to exist.

In what follows we formalize “enough" in a way that further strengthens our precise
statement of Negative Transfer. There are a variety of contexts in which it is natural
to consider a property that holds for “almost all" members of a base set S; in Measure
Theory a measure 1 subset X of the closed interval [0, 1] is considered to be almost
all of [0, 1]; in Number Theory a subset of the natural numbersNmight be considered
to be almost all of N if its complement in N is finite. A different notion of almost all
for N is “has a limiting density of 1." These examples all share certain properties that
have come to be viewed as necessary and sufficient to justify use of the phrase “almost
all of S," and these properties have been formalized in the following definition:

Definition 36 (Non-principal Filter) A collection F of subsets of a set S is a non-
principal filter over S if

• S ∈ F and no finite or empty set is in F,
• Y ∈ F whenever X ⊆ Y ⊆ S and X ∈ F,
• X ∩ Y ∈ F whenever X ∈ F and Y ∈ F, and
• S \ X /∈ F, whenever X ∈ F.28

In particular, the measure 1 sets form a non-principal filter over [0, 1], the co-finite
sets form a non-principal filter overN, and the sets of limiting density 1 form a different
non-principal filter over N (which contains the previous filter).

We next define a mathematically natural non-principal filter FG(T ) over the set of
graphs in G(T ), with the property that when T is not stringable, the set of graphs in
G(T ) that do not guarantee connected EFk allocations to n agents belongs to FG(T )

whenever n exceeds the agent bound arising from T via Lemma 1. When referring to
membership in the particular filter FG(T ) we will use “eventually all" in place of the
more generic “almost all," by way of acknowledging that FG(T )’s definition is based
on final segments in the subdivision pre-ordering. The precise definitions now follow.

Definition 37 (The Subdivision Pre-ordering onGraphs) For graphs H andG, H � G
holds if H is isomorphic to some subdivision of G.29

28 This last condition is implied by the others, and is included for emphasis.
29 If H and G are isomorphic graphs that are not identical, then H � G and G � H both hold, which is
why � is a pre-order and not a partial order. Footnote 30 has more to say on this.
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Proposition 38 When restricted to any topological class G(T ) the subdivision order
is directed30—that is, for any H1, H2 ∈ G(T ), there exists a K ∈ G(T ) with K � H1
and K � H2.

Proof To construct K , add more vertices to each edge than were added by H1 or H2. ��
The notions introduced in the next definition are only useful when the underlying

partial order is directed:

Definition 39 (Final Segments) Let H ∈ G(T ) be any member of a topological class.
Then Ĥ denotes the set of all K ∈ G(T ) such that K � H ; any set Ĥ that can be
formed in this way from an H ∈ G(T ) is called a final segment of G(T ). A subset
F ⊆ G(T ) of a topological class is final in G(T ) if Ĥ ⊆ F holds for some final
segment Ĥ of G(T ), and FG(T ) denotes the collection of all subsets of G(T ) that are
final in G(T ).

Proposition 40 (Final Segment Filter) Let G(T ) be a topological class of graphs.
Then FG(T ) is a non-principal filter over G(T ).

Proof The first two properties of a non-principal filter follow immediately. For the
third, assume that F1,F2 ∈ FG(T ). Choose H1, H2 with Ĥ1 ⊆ F1 and Ĥ2 ⊆ F2. As
� is directed on G(T ), we can find a K ∈ G(T ) with K � H1 and K � H2. Then
K̂ ⊆ F1 ∩ F2, whence F1 ∩ F2 ∈ FG(T ), as desired. ��
Definition 41 (Eventually All) Suppose that P is some property of graphs, and that
the set of graphs in the topological class G(T ) that have property P belongs to the
final segment filter FG(T ). In this case, we will say that eventually all of the members
of G(T ) are P.

Example 1 (conclusion) For example, “property P holds for eventually all graphs in
G(L)" means that there exists some subdivision L† of GL such that P holds for all
graphs isomorphic to a subdivision of L†.

It follows that if eventually all members of G(T ) are P and eventually all members
of G(T ) are Q, then eventually all members of G(T ) are (simultaneously) P and Q.
Similarly, if eventually all members of G(T ) are P it cannot also be the case that
eventually all members of G(T ) are ¬P. More generally, the collection of properties
P that hold for eventually all members of a topological class form a logically consistent
and deductively closed “final segment theory" (which will not be logically complete).

Proposition 42 Let T be a tangle. Then:

1. eventually all members of any topological class G(T ) are simple graphs,
2. if T is stringable, then all graphs in G(T ) are traceable, and

30 The fact that the order is directed when restricted to a topological class relies on including the phrase
“is isomorphic to" in Definition 37; alternately, we could have defined a topological class initially to be a
set of isomorphism classes. Ordinarily one sweeps these sorts of subtleties under the rug, but here there
are some interesting consequences. For example, one can show that there can be more than one minimal K
with K � H1 and K � H2; in particular, the directed set may fail to be a lattice.
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3. if T is non-stringable, then eventually all graphs in G(T ) are non-traceable.

Proof For part 1, insert at least two subdivision vertices along each original loop edge
(edge from a vertex back to itself) and insert at least one subdivision vertex along
each original non-loop edge. This guarantees that multiple edges joining the same two
vertices no longer exist, while loop edges that join a vertex to itself also are banished.
The proofs of parts 2 and 3 were sketched informally in the paragraphs just before and
after Example 1. ��
With our notion of eventually all in hand, we are finally ready to present our main tool
for converting results about tangles to results about graphs. In particular, the Negative
Transfer Principle converts a negative result for a tangle into a negative result for
eventually all graphs in the corresponding topological class.

Theorem 43 (Negative Transfer Principle) Suppose the tangle T does not guarantee
envy-free, connected allocations for arbitrarilymanyagentswithmonotone continuous
valuations. Then T ’s topological class G(T ) has an agent bound n0 of the following
kind: for each positive integer k, and each n ≥ n0, eventually all graphs in the class
fail to guarantee contiguous EFk allocations for n agents, even in the special case
wherein agent valuations are identical, non-negative, and additive.

Proof Suppose there exists a greatest integer n† such that the tangle T guarantees
envy-free, connected allocations for n† or fewer agents with monotone continuous
valuations. Then T must be non-stringable, and thus has a finite gap threshold t . Set
n0 = t . Then for any n > n0 our proof of Lemma 13 provides an identical additive
valuation ν over T for all n agents, for which there is a strictly positive lower bound
b = 1

n−1 on envy; this means that for every allocation {Ti }1≤i≤n of T into connected
shares there exist agents i and j such that ν(Tj ) ≥ b + ν(Ti ), so that agent i envies
j’s share “by at least b."
Fix any integer k ≥ 1. Let {er }1≤r≤ε(T ) enumerate T ’s edges. For each edge, let

Jr be an integer that is both greater than k and sufficiently large to make ν(er )
Jr

< b
k .

Construct a graph H in G(T ) that has Jr subdivision vertices on the edge of GT
corresponding to er , for each r . Consider the following identical valuations for agents
over the vertices of H : assign value ν(er )

Jr
to each subdivision vertex along [0, 1]r and

value 0 to each vertex of H whose degree is not 2. Note that this discrete distribution
mimics the continuous distribution ν that each agent had overT , replacing the identical
value ν(er ) that each agent placed on er with a large number of vertices of identical
value, placed along this same edge, whose values sum to the original value ν(er ). This
number Jr of vertices is high, so that the individual value of any vertex is low—so
low that the total value of any k vertices to any agent is less than b.

We now claim there is no contiguous EFk allocation of H for these additive valu-
ations of vertices. If such an allocation {Ai }1≤i≤n existed, we could use it to obtain a
connected allocation {Ti }1≤i≤n of T such that for each j the identical value ν(Tj ) to
each agent i is the same as the value they placed on A j . But then the greatest envy any
agent has for another’s share is at most the equivalent of the total value of k vertices
of H , which is less than b, a contradiction. The same argument works for any graph
G in the final segment Ĥ (for example by giving value 0 to any additional subdivision
vertices in G). ��
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Remark 44 Because the proof factors through Lemma 1, it yields a bound n0 for the
class G(T ) of graphs that can be higher than the bound n† for the tangle. It is not clear
whether the argument could be extended to guarantee a bound for G(T ) as low as
that for T —we could no longer assume that valuations witnessing the tangle bound
were identical, or additive. In that case, one might have a higher bound n†† for T that
applies only to identical, additive, and non-atomic valuations. A referee points out
that we could then argue that this same upper bound n†† applies to G(T ), for agents
with additive monotone valuations. Such an extension would no longer factor through
Lemma 1, so it would seem to require an additional compactness argument to obtain
a lower bound b > 0 on the minimal amount of envy for the tangle.

Our main negative result on EFk fair division of non-traceable graphs now follows
as a consequence of the Tangle Boundedness Theorem and the Negative Transfer
Principle.

Theorem 45 Let G(T ) be any topological class containing at least one non-traceable
graph. Then there exists a positive integer n0 such that for each n > n0, and k ≥ 1,
eventually all graphs in G(T ) fail to guarantee EFk for n agents with monotone
valuations, even if those valuations are identical and additive.

Proof If G(T ) contains at least one non-traceable graph then by Proposition 42, T is
not a stringable tangle, whence Theorem 11 applies, providing an integer n0 such that
T fails to guarantee connected EF allocations for n agents whenever n > n0. Theorem
45 now follows immediately from the Negative Transfer Principle (Theorem 43). ��

Note that Theorem 45 directly addresses the question of whether the restriction
to traceable graphs was actually needed for the positive results about three or more
agents in [4]. The answer is affirmative for results that hold for arbitrarily many agents
and apply to topological classes.

9 Conclusions: envy-freeness for tangles and graphs

We have provided partial resolutions to problem [♣], restated here:
[♣] “For the case of three or more agents, it is a challenging open problem to find

an infinite class of non-traceable graphs that guarantee EF1."

Does such a class exist? We have provided two opposing answers, depending on
how one interprets “three or more agents." Restating these answers informally (in
particular, with “class" interpreted as “topological class"):

• No: for any k ≥ 1, the only infinite classes that guarantee EFk for an arbitrary
number of agents are classes of traceable graphs.

• Yes: such an infinite class of non-traceable graphs exists, for the case of 3 agents.

The precisely phrased versions of these answers appeared earlier in the form of
Theorems 43 and 33. Note that our negative result (Theorem 45) holds even with
very simple valuations (agents have identical, additive valuations), while the positive
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result (Theorem 33) holds for a very broad class of valuations. Note, as well (and as
earlier pointed out) that eventually all graphs in the topological class G(L) of lips are
non-traceable, providing the desired infinite class of non-traceable graphs.

Forpositive transfers from the continuous realm to the discrete one, such asTheorem
33, we know of no wholesale method analogous to Theorem 43. Instead, the process
operates at the retail level; one takes a proof that connected EF allocations are always
possible (for [0, 1], for example) and elaborates the argument to guarantee contiguous
EFk allocations for a corresponding topological class of graphs (the path graphs, for
example). The moving knife argument of Stromquist [18] guarantees connected envy-
free allocations of [0, 1] for three agents, for example, and in [4] this argument was
adapted to the discrete setting, to guarantee contiguous EF1outer allocations of any
path graph for three agents.31

Important questions left open by our investigations here include:

1. Does there exist a single (finite) graph that is not traceable, yet guarantees contigu-
ous EF1outer allocations for arbitrarily many agents with “reasonable" valuations?

2. Can the methods used for the lips tangle be extended to characterize the class of
tangles that guarantee connected and envy-free allocations for three agents?

3. Does some generalization of the gap ≥ 2 cutset notion provide a plausible char-
acterization of the agent bound for an arbitrary tangle?

More generally, our work establishes an intriguing connection between the fields
of cake-cutting and graph theory, so that exploring further connection would be a
promising research direction. In particular, the notionswe develop in this paper, such as
gap≥ 2 cutsets and their generalizations, are seemingly new andmay be interesting on
their own from a graph-theoretic viewpoint. For example, would an approach similar to
that taken in the Tangle Boundedness Theorem have any success at analyzing the class
of traceable graphs? What is the relationship between our results and any conditions
known to be necessary for traceability in graph theory?
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Appendix: Proof of Theorem 34

Here we define the algorithmAdiscrete and prove Theorem 34 of Sect. 7, which states
that the algorithm produces an EF1 allocation of the desired form, given an initial
endowment and a sequence of vertices.Adiscrete is a slight modification of the version
in [4], reformulated to better suit its role here in Sect. 7.

At a high level, in the discrete moving-knife algorithm of [4], the referee’s sword
moves from left to right over both vertices and edges, while the agents’ knives iden-
tify the median lumpy tie for the part lying to right of the sword. The algorithm in
[4] maintains three bundles L , M , and R; intuitively, these bundles are the discrete
analogues of the left, middle, and right pieces cut by the sword and the median knife,
respectively, in Stromquist’s original continuous version [18].

In comparison with the original (continuous) version, the additional complexity
is that the sword has to stop at one vertex and wait until the knives reach their new
lumpy ties by moving step-wise from the previous median lumpy ties. This algorithm
produces a contiguous allocation that is envy-free up to one of the two boundary items.

We start by introducing a few auxiliary definitions. For a given subsequence
P(vs, vt ) of P = (v1, v2, . . . , vm) with s ≤ t and a vertex vr , we say that agent
i is a left agent (respectively, right agent) over P(vs, vt ) with respect to vr if every
lumpy tie for i appears strictly before (respectively, strictly after) vr . We say that agent
i is a middle agent over P(vs, vt ) with respect to vr if vr is a lumpy tie for i .

Suppose that vr is a median lumpy tie over the subsequence P(vs, vt ), and let i be
an agent. Then by the definitions of lumpy tie and left and right agents, we have that

νi (L(vr )) ≥ νi (R(vr ) ∪ {vr }) if i is a left agent with respect to vr , and
νi (R(vr )) ≥ νi (L(vr ) ∪ {vr }) if i is a right agent with respect to vr .

(5)
Further, if vr is a median lumpy tie over P(vs, vt ), at most one agent can be a left
agent; similarly, at most one agent can be a right agent, and at least one agent is a
middle agent.

Given a vertex vr of the subsequence P(vs, vt ), and a two-agent set S,
Lumpy(S, vr , P(vs, vt )) identifies agents i and k in S so that i’s leftmost lumpy
tie appears before or at k’s leftmost lumpy tie (breaking ties arbitrarily), and returns
the allocation of the items in P(vs, vt ) to S such that

• if i is a left agent, then i receives L(vr ) and k receives R(vr ) ∪ {vr };
• if i is a middle agent, then agent k receives k’s preferred bundle among L(vr ) and

R(vr ), breaking ties arbitrarily, and agent i receives the other bundle along with
vr .
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We show that Lumpy(S, vr , P(vs, vt )) returns an EF1 allocation when vr is a median
lumpy tie.

Lemma 46 (Median Lumpy Ties Lemma (Lemma 9 in [4])) Suppose that there are
three agents. Let S = {i, k} be a pair of agents, and vr be a median lumpy tie over the
subsequence P(vs, vt ). Then Lumpy(S, vr , P(vs, vt )) is anEFallocation of P(vs , vt )

to S up to {vr }. Furthermore, each agent in S receives a bundle weakly better than the
two bundles L(vr ) and R(vr ).

Proof Let A = {Ai , Ak} be an allocation returned by Lumpy(S, vr , P(vs, vt )). If i
is a left agent, neither of these agents envies the other by (5) and by the definition of
a lumpy tie. If i is a middle agent, she does not envy agent k by the definition of a
lumpy tie and k does not envy i up to {vr } by construction. ��

Before we proceed to prove Theorem 34, we observe the following auxiliary lem-
mas.

Lemma 47 IfAdiscrete terminates at Step 2, there is a shouter s who is a middle agent
over P(v�+1, vm) with respect to vr . Further,

νs({v�+1} ∪ M) > νs(L) ≥ νs(M), and (6)

νs({vr } ∪ R) ≥ νs({v�+1} ∪ M) > νs(R). (7)

Proof Consider any agent i who shouted in Step 2. Then, i strictly prefers {v�+1}∪ M
or R to L because i did not shout at the previous step. In either case, we have that

max{νi ({v�+1} ∪ M), νi (R)} > νi (L) ≥ max{νi (M), νi (R)},

where the second inequality holds because i shouted in Step 2. Thus, i strictly prefers
{v�+1} ∪ M to R. Thus, the leftmost item of R cannot be a lumpy tie for each of the
two shouters, and so every lumpy tie over P(v�+1, vm) for the shouters appears strictly
before or at vr . Since there are two agents who shouted and at most one agent can be
the left agent, at least one shouter s is a middle agent. The inequalities (6) and (7) hold
by the above argument and by the fact that s is a middle agent. ��
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Discrete moving-knife algorithmAdiscrete for a set N of three agents over the disjoint union of a finite set I of
vertices and an enumeration P(v1, vm) = {v1, v2, . . . , vm } of additional vertices, along with a pair �, r of indices
with initial values � = 0, r = r0 such that vr0 is a median lumpy tie over P(v1, vm) and no agent strictly prefers
I to both P(v�+1, vr0−1) and P(vr0+1, vm ):
An agent i is a shouter if i weakly prefers L to both M and R.

Step 0. Set L = I , M = P(v�+1, vr0−1), and R = P(vr0+1, vm).
Step 1. If no agent shouts, go to Step 2. Otherwise, allocate L as follows: If there is a shouter sleft who shouted

at the previous step of 2 (b) or 3(b), sleft receives L; else, give L to an arbitrary shouter sleft . Allocate
the remaining items according to Lumpy(N \ {sleft}, vr , P(v�+1, vm )).

I v1 v� vr vm

L M R

sleft divided among the remaining agents

Step 2. Delete the left-most point of the middle bundle, i.e., set M = {v�+2, v�+3, . . . , vr−1}; then consider the
following cases.

(a) If at least two agents shout, we show that there is a shouter s who is a middle agent over P(v�+1, vm)

with respect to vr (see Lemma 47). Then, allocate L to a shouter sleft distinct from s. Let the agent c,
who is distinct from s and sleft , choose his preferred bundle among {v�+1} ∪ M and {vr } ∪ R. Agent s
receives the other bundle.

(b) If the number of shouters is smaller than two and vr is a median lumpy tie over P(v�+2, vm ), go to Step
4.

(c) If the number of shouters is smaller than two and and vr is not a median lumpy tie over P(v�+2, vm ), go
to Step 3.

before I v1 v� vr vm

L M R

after I v1 v� vr vm

L M R

sleft s or c s or c
2(a)

Step 3. Set r = r+1,M = {v�+2, v�+3, . . . , vr−1}, and R = {vr+1, vr+2, . . . , vm }; then, consider the following
cases (a)–(c).

(a) If at least two agents shout, find a shouter s who did not shout at the previous step. If there is a shouter sleft
who shouted at the previous step, sleft receives L; else, give L to an arbitrary shouter sleft distinct from
s. The agent c, distinct from s and sleft , chooses his preferred bundle among {v�+1} ∪ M and {vr } ∪ R,
breaking ties in favor of the former option. Agent s receives the other bundle.

(b) If vr is a median lumpy tie over P(v�+2, vm ) but at most one agent shouts, go to Step 4.
(c) Otherwise vr is not a median lumpy tie over P(v�+2, vm ): Repeat Step 3.

before I v1 v� vr vm

L M R

after I v1 v� vr vm

L M R

3(a)
sleft s or c s or c

Step 4. Add an additional item to L , i.e., set � = � + 1 and L = L ∪ {v1, v2, . . . , v�}. Go to Step 1.

before I v1 v� vr vm

L M R

after I v1 v� vr vm

L M R
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Lemma 48 If Adiscrete terminates at Step 3(a), and i is a shouter who did not shout
in the previous step, then

νi ({vr } ∪ R) > νi (L) ≥ νi (M). (8)

Proof Observe that at the beginning of Step 3 just before Step 3(a), the algorithm
increased r by 1, adding the previous vr to the middle bundle M and deleting the
leftmost item of the previous right bundle {vr } ∪ R. Thus, since i is not a shouter at
the previous step and i is a shouter at Step 3(a), we have that

max{νi (M \ {vr−1}), νi ({vr } ∪ R)} > νi (L) ≥ max{νi (M), νi (R)},

which implies the desired inequality (8). ��
Now, we are ready to prove Theorem 34.

Proof of Theorem 34 To see that the algorithm is well-defined: by Lemma 47, there is
a shouter s who is a middle agent over P(v�+1, vm) when at least two agents shout
in Step 2. The algorithm terminates and returns an allocation before or at the time
when � becomes m, because when � becomes m, each of the middle and right bundles
becomes empty and every agent shouts thanks to monotonicity. By construction, the
algorithm also ensures that

• every time it increases � by 1 in Step 4, vr is a median lumpy tie over P(v�+1, vm),
and

• if it does not terminate at Step 1, no agent weakly prefers L = P(v1, v�) to both
R = P(v�+1, vr−1) and M = P(vr+1, vm).

We will show that the resulting allocation A is

• EF up to {v�, vr } if the algorithm terminates at Step 1.
• EF up to {v�+1, vr } if the algorithm terminates at Step 2(a), or Step 3(a).

To see this, we will consider each of the three steps at which the algorithm might
terminate.

Step 1. Suppose that the algorithm terminates at Step 1. We claim that each agent
does not envy others up to {v�} or {vr }.
• Since sleft is a shouter, agent sleft obtains L and does not envy the other agents up
to {vr }.

• Agent i who is not a shouter does not envy sleft because i strictly prefers either M
or R to L , and thus by Lemma 46 receives a bundle preferred to L .
Agent i does not envy the other agent j �= sleft up to {vr } by Lemma 46.

• We claim that any shouter agent i �= sleft does not envy sleft up to {v�}. If this is
the first time when Step 1 is implemented, i weakly prefers M or R to L by the
initial assumption of the algorithm, and by Lemma 46 i receives a bundle weakly
preferred to M or R; thus, i does not envy sleft. Now consider the case when the
last step just before is Step 4. Recall that Step 4 follows an instance of Step 2(b) or
Step 3(b), and by definition of these steps, at most one agent shouted at this step.
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Thus, by the choice of sleft, i did not shout at the previous step of 2(b) or 3(b), and
hence i strictly prefers either M or R to the previous left bundle L \ {v�} of Step
2(b) or Step 3(b). By Lemma 46, agent i receives a bundle weakly preferred to M
or R. Thus, i does not envy sleft up to {v�}.
Moreover, according to Lemma 46, agent i does not envy the other agent j �= sleft
up to {vr }.
Step 2(a). Suppose that the algorithm terminates at Step 2(a). We claim that each

agent does not envy others up to {v�+1} or {vr }.
• Agent sleft does not envy the agent receiving the bundle {v�+1} ∪ M up to {v�+1}
because sleft shouted and receives L . Similarly, sleft does not envy the agent who
receives bundle {vr } ∪ R up to {vr }.

• Agent c does not envy agent sleft; since Step 2 follows an instance of Step 1, agent
c strictly prefers {v�+1} ∪ M or R to L . Moreover, c gets his preferred bundle
among {v�+1} ∪ M and {vr } ∪ R. Thus, c does not envy sleft.
Similarly, agent c does not envy agent s since c obtains his preferred bundle among
{v�+1} ∪ M and {vr } ∪ R.

• Agent s is a middle agent, and by Lemma 47, we have that

νs({v�+1} ∪ M) > νs(L) ≥ νs(M), and

νs({vr } ∪ R) ≥ νs({v�+1} ∪ M) > νs(R).

Thus, if s receives bundle {v�+1} ∪ M , then she does not envy sleft, and does not
envy c up to {vr }. If s receives bundle {vr } ∪ R, then she does not envy the other
agents.

Step 3(a). Suppose that the algorithm terminates at Step 3(a). We claim that each
agent does not envy others up to {v�+1} or {vr }.
• Agent sleft does not envy the agent who gets the bundle {v�+1} ∪ M up to {v�+1}
because sleft shouted and receives L . Similarly, sleft does not envy the agent who
receives bundle {vr } ∪ R up to {vr }.

• Agent c gets his preferred bundle among {v�+1}∪M and {vr }∪ R, and hence does
not envy agent s who receives the other bundle. Also, we claim that agent c does
not envy sleft. If c is not a shouter, she strictly prefers either M or R to L and hence
does not envy sleft. If c is a shouter, by the choice of c, she did not shout in the
previous step; applying the inequality (8) in Lemma 48, we have that

max{νc({vr } ∪ R), νc({v�+1} ∪ M)} > νc(L),

meaning that c does not envy sleft.
• Agent s does not envy others up to {v�+1} or {vr }. First, consider the case when
agent s receives bundle {vr } ∪ R. Since s is a shouter who did not shout in the
previous step, we can apply (8) in Lemma 48 and obtain

νs({vr } ∪ R) > νs(L) ≥ νs(M).
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Thus, s does not envy sleft who receives L and does not envy c who receives
{v�+1} ∪ M up to {v�+1}. Second, consider the case when agent s receives bundle
{v�+1} ∪ M . This means that c strictly prefers {vr } ∪ R over {v�+1} ∪ M by the tie
breaking rule. Recall that the initial part of Step 3 before Step 3(a) incremented
r by 1 since the vertex vr−1 is not a median lumpy tie over P(v�+2, vm). Thus, c
cannot be a left or middle agent over P(v�+1, vm) with respect to vr∗ where vr∗
denotes the previous median lumpy tie over P(v�+1, vm) in Step 2 just before the
algorithm enters this iteration of Step 3. Note that r∗ ≤ r − 1. Hence, s is either
a left or middle agent over P(v�+1, vm) with respect to vr∗ , and by definition of a
median lumpy tie,

νs({v�+1} ∪ M) ≥ νs({v�+1, v�+2, . . . , vr∗)

≥ νs({vr∗+1, vr∗+2, . . . , vm})
≥ νs({vr } ∪ R).

Combining this with (8), we conclude that s does not envy the other agents.

We conclude that the allocation returned by any of the steps satisfies the desired
properties. ��
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