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f)zetge

Bu calismada, Genellestirilmis Momentler Yontemi kullanilarak, Subat 1959 ve
Subat 2015 zaman araliginda, S&P500 verisi ile riskten kacinma katsayisi ve in-
dirim faktoru hesaplanmistir. Hansen and Singleton (1982)’da elde edilen sonuclara
kiyasla, riskten kacinma katsayisi icin daha yuksek sonuc elde edilirken risk fak-

toru icim benzer sonuclara ulasilmistir.

Abstract

In this study, using GMM approach, the risk aversion coefficient of the economic
agents and the discount factor on the S&P500 data is estimated for the period
between February 1959 and February 2015. Comparing to the results obtained
by Hansen and Singleton (1982), while higher values are obtained for the risk
aversion coefficient of the agents, «, similar values for the time discount factor,

[ are obtained.



i

To my family...



Acknowledgments

I would like to thank to my supervisor Asst. Prof. Serda Selin Oztiirk for her
support and guidance.

Also, T would like to thank to Asst. Prof. Pedro Serrano for his valuable
advice and unlimited help during my stay in Madrid.

Sincere thanks to Julia Diez Lépez for her continuous encouragement.

Finally, T would like to thank to my mother for dedicating her life to our

education.

il



Contents

1 Introduction 1
2 Literature Review 2
3 The Consumption-Based Capital Asset Pricing Model 4
3.1 The Power Utility Function . . . . .. ... ... ... ... ... 7
3.2 Linearizing the Model . . . . . .. . ... ... .. 9
4 Data and Methodology 10
4.1 Data . . . . . 10
4.2 GMM Estimation . . . . . . . ... 12
5 Results 15
6 Conclusion 16

v



1 Introduction

The increases in the power of new calculation tools in the last decades allow
us dynamic stochastic models to be studied by numerical simulation techniques
(Marcet and Marshall, 1994). The purpose of this master thesis is to imple-
ment the econometric estimation which allows us to estimate the parameters of
economic agents’ dynamic objective functions.

In this thesis, the model from Hansen and Singleton (1982) is applied to the
aggregate consumption data for the period between February 1959 and February
2015. The main contribution of this study is to examine the external validity of re-
sults by re-estimating the same model on the updated data. With the application
of the Generalized Method of Moments (GMM), the parameters, which charac-
terize preferences in the model relating to the stochastic properties of aggregate
consumption and stock market returns, are estimated. One important feature of
this approach is that it does not require a complete, explicit representation of
the economic environment. Moreover, GMM provides consistent estimates of the
relative risk aversion coefficient, o, and the time discount factor, 5.

The results indicate that risk aversion of the agents, «, is higher compared to
Hansen and Singleton’s (1982) results. The value for 3, is similar to Hansen and
Singleton (1982), it exceeds 0.99, but it is less than unity.

The rest of the study is organized as follows: In Section 2, literature re-
view is presented. In Section 3, Consumption-Based Capital Asset Pricing Model
(CCAPM) is explained. In Section 4, data and the estimation model are pre-
sented. In Section 5, the results are discussed, and finally in Section 6 some

concluding remarks are made.



2 Literature Review

Consumption-based asset pricing models have been investigated extensively in
financial economics literature. While initial empirical tests, such as Hansen and
Singleton (1983) and Mehra and Prescott (1985), failed to support the model,
more recent tests are much more supportive of CCAPM theory (Breeden et al.,
2014).

Hansen and Singleton (1982, 1983) proposed a canonical consumption-based
capital asset pricing model where representative agent has time-separable power
utility of consumption. They rejected the model on US data while Wheatley
(1988) rejected the model on international data. However, despite its poor em-
pirical performance, there are some improvements both on the theoretical and
the empirical sides.

On the theoretical side, Epstein-Zin (1989) and Weil (1989) have proposed
“recursive utility models” which allow for a seperation between risk aversion and
intertemporal elasticity of substitution (IES) of investors. These utility functions
have attracted significant attention within the macro-finance literature.

Sundaresan (1989), Constantinides (1990) and Ferson and Constantinides
(1991) have proposed an “internal habit model”. They have argued for the impor-
tance of habit formation, a positive affect of today’s consumption on tomorrow’s
marginal utility of consumption. On the other hand, Abel (1990) and Campbell
and Cochrane (1999) developed “external habit model”. Abel (1990) terms his
model “Catching up with the Joneses”. In this model, one’s utility depends on
how one is doing relative to others. In the model of Campbell and Cochrane
(1999), habit depends on aggregate consumption and it is not affected by any
one agent’s decision.

Mankiw and Zeldes (1991) argued that the non-participation phenomenon

and pointed out that consumption of stockholders and non-stockholders differs



considerably. They stated that estimating the CCAPM using only the aggregate
consumption of stockholders results in a lower estimate of the representative risk
aversion coefficient.

Heaton and Lucas (1996), Constantinides and Duffie (1996) examined “incom-
plete markets”, that is not all assets may be traded and heterogeneous shocks are
not perfectly insurable. In this case, consumers have more volatile consumption
streams.

Brav, Constantinides and Geczy (2002) examined the case of asset pricing with
heterogeneous agents and limited participation of households and they found gen-
erally plausible estimates of relative risk aversion. Vissing-Jorgensen (2002) also
address the issue of limited participation. She estimates intertemporal substitu-
tion parameters for households holding stock and households holding only bonds.
She finds that bondholders have higher coefficients of intertemporal substitution
than stockholders.

The canonical CCAPM has been modified including housing in the utility
function and in the budget constraint. Piazzesi, Schneider and Tuzel (2005)
labeled that as “Housing CCAPM” (HCCAPM). The main idea of this model is
that the representative agent not only concerns the consumption volatility, but
also the composition risk that is the fluctuation in the relative share of housing
service in their consumption basket. They also showed that the non-housing
consumption share can be used to predict the stock return.

On the empirical side, there are also studies on examining changes in condi-
tional means, variances and covariances. Lettau and Ludvigson (2001a, 2001b)
examined the conditional CCAPM. They divide the aggregate wealth portfolio
into two components, financial wealth and human wealth. They find that the
consumption-to-wealth ratio rationally predicts stock returns. The performance
of the conditional CCAPM can be compared to the Fama-French three factor
model.

More recently, Bansal and Yaron (2004) modeled the “long-run risk” caused by



volatility of real consumption growth. They showed that the conditional volatility
of consumption is time-varying. In the long-run risks model, the preferences
developed in Epstein and Zin (1989) play an important role.

Parker and Julliard (2005) showed that it is important to measure “ultimate
consumption betas” that is the covariance between an asset’s return during a
quarter and cumulative consumption growth over the several following quarters,
explains the cross-section of stock returns.

Yogo (2006) examined the importance of consumer durables. He found that
durable consumption with non-durable consumption can explain the cross-section
of stock returns.

Jagannathan and Wang (2007) found that when consumption betas of stocks
are computed using year-over-year consumption growth based upon the fourth
quarter, the CCAPM explains the cross-section of stock returns.

Bansal, Dittmar and Kiku (2009) showed that systematic consumption risk,
if measured over longer horizons, is able to explain cross-sectional variation in
expected-return.

Recently, Savov (2010) showed that an alternative measure of consumption,
annual garbage generation, is more volatile and more correlated with stocks than

the canonical measure.

3 The Consumption-Based Capital Asset Pricing Model

The theoretical development of the consumption-based capital asset pricing model
(CCAPM) is accredited to Mark Rubinstein (1976), Robert Lucas (1978), and
Douglas Breeden (1979). In this model, the economy is assumed to be populated
by a large number of households that are identical in terms of their preferences
and endowments. This assumption allows us to characterize outcomes in finan-
cial markets and the economy as a whole by examining the behavior of a single,
representative consumer. The utility function of the representative agent is de-

fined over current and future values of consumption, C; and C;,;, where p is the



subjective discount factor and captures impatience (0<p<1).

U(Ct, Ct+1) = U(Ct) + pEt[U<Ct+1)] (31)

For the two dates and one period (¢,t 4 1), the agent’s maximization problem

is,

IE%X Et[U<Ct, Ct+1)] (32)

subject to:
Ct = €t — Zijt (33)
Ot+1 = Ct41 + ZijJ_,.l (34)

where e represent the original consumption level, z; is the amount of the asset
j that the agent chooses to buy, Pj; is the price of the asset j at time t, X4
payoff of the asset j at time t+1.

If the constraints are substituted into the objective function
max Ule; — 2P| + Ei[pU (€1 + 2 Xj111)] (3.5)
zj
and solving for z;, the standard marginal condition for an optimum is ob-

tained:

PyU'(Cy) = EypU' (Cyi1)Xj1)] G =1,.., N (3.6)

Finally, the price for any asset is obatined as,

U'(C ,
pMXj,t-‘rl] J = 17"'aN (37)

i ()

This model is characterized by a stochastic discount factor (the intertemporal
marginal rate of substitution or the pricing kernel). The stochastic discount

factor, M., is the discounted marginal rate of substitution of consumption:



U'(Ci1)
M, 3.8
t+1 P U/(Ct) ( )
Therefore, (3.7) can be written as:
Pjt = Et[MtJrlXj,tJrl] j=1.,N (3-9)

which is “the basic pricing equation”. Using the definition of covariance,

Cov(Myg1, Xji41) = Ey(My1, Xji1) — Ey(Misr) Ey(X41) (3.10)

the basic pricing equation can be restated as:

Pjy = Ey(Myj1) Ey(Xj41) + Covy (Mg, Xji41) (3.11)

and substituting the risk free rate which is

1
R = —— 3.12
fit+1 Et [Mt+]_] ( )
following equation is obtained.
E(X;
Pjt = % + CO’Ut(MH_l, Xj,t—l—l) (313)
[+l

The first term in (3.13) is the present-value formula in a risk neutral world.
The second term is a risk adjustment. If the asset’s payoff covaries positively with
the discount factor, the asset price rises and vice versa. Using the marginal rate

of substitution as the stochastic discount factor, the pricing equation becomes

P Ey(Xji11)  CovlpU' (Ciyr, Xji41)]
Jt Rf,t—i—l U’(Ot)

(3.14)

Thus, it can be seen from (3.14),

- an asset’s price is lowered if its payoff covaries positively with consumption,



- an asset’s price is raised if its payoff covaries negatively with consumption.
In order to restate the basic pricing equation, (3.9), in terms of risk and

expected return, both sides of the pricing equation is divided by Pj,

U'(Ci11)
l=F|p——R; 3.15
t IO U/(Ct) ]t+1 ( )
where the gross rate of return is defined as
X1
Rjiy1 = —;Dj: (3.16)
and using again the definition of the covariance,
U'(Cinn) U (Cunn)
Et pm Et(Rj,t+1> + COUt pWRj’H—I =1 (317)
"(Ct+1)
1 Cov[p et Ry
Et(Rj,t+1> - U’(CtJrl) ( (C)'tJrl) (318)
Et[p U'(Cy) ] E [p U'(Cy) ]

Consumption-Based Capital Asset Pricing Model (CCAPM) is ob-

tained:

Covy[U"(Ci11), Rjp41]
EJU(Cry))

Et(Rj,tH) = Rf,t+1 - (3-19)

Equation (3.19) shows that the risk premium of any asset is a function of
the covariance of its return with the stochastic discount factor. Assets whose
returns covary positively with the stochastic discount factor will have a negative
risk premium, while assets whose returns covary negatively with the stochastic

discount factor will have a positive risk premium.

3.1 The Power Utility Function

Asset pricing often uses a power utility form, also called the constant relative

risk aversion (CRRA) preferences, where v represents the relative risk aversion



coefficient.

(Ct)l—“ffl .
e iy >0 #1
log(Cy) ify =1

U(c,) = (3.20)

The CRRA utility function exhibits decreasing absolute risk aversion, which
means that when the initial wealth increases, aversion towards risk diminishes.
Wealthy individuals are less averse that poorer ones with regard the same risk.
The CRRA utility function exhibits constant relative risk aversion, therefore the
proportion of wealth that agents want to expose to risk remains unchanged with
wealth.

The power utility function has some important properties (Campbell, 1999).
First, it is scale-invariant such that with constant return distributions, the risk
premium does not change over time as aggregate wealth and the scale of the
economy increase. Second, if different investors in the economy have different
wealth levels but the same power utility function, they can be aggregated into a
single representative investor.

Under the power utility function, marginal utility U’'(Cy) = (Cy)~" and the
discount factor depends on the aggregate consumption growth, the relative risk
aversion coefficient and the impatience parameter. The stochastic discount factor

1s:

U'(Ciy1) _ p<0t+1>_7

Mt+1 - p U/(Ct) Ct

(3.21)

If the investor is highly risk averse, the present value of future payofts will also

be low. Thus, the basic pricing equation under power utility is:

C -
Elp (il> Rjt+1

=1 22
; (3:22)




3.2 Linearizing the Model

For simplicity, following Hansen and Singleton (1983), it can be assumed that
joint conditional distribution of asset returns and the stochastic discount factor
is lognormal and homoskedastic (Campbell, 1999). Assuming that aggregate
consumption is conditionally lognormal, equation (3.23) is obtained
2
Trer1 = —Inp+vE [Aciyq] — %O’Z (3.23)
It says that there is a linear relationship between the riskless real rate and
expected consumption growth while the slope coefficient is the coefficient of rela-
tive risk aversion. The conditional variance of consumption growth has a negative
effect on the riskless real rate.

Erjien — ] + = Y0jc (3.24)

where 07 = Vary(rj 1) and 00 = Covy(rj 41, Acr).
The left-hand side adjustment is a Jensen’s inequality correction that can be

eliminated and therefore it can be stated as

Ei[Rji1] — Ryu1 =705 (3.25)

The basic pricing model with power utility implies the risk premium on any
asset is linear and positively related with the covariance of the return with the
consumption growth where the slope is the relative risk aversion coefficient of the
representative investor. This shows that an asset whose payoff covaries positively
with consumption growth make consumption more volatile and must promise

higher expected excess returns. Moreover, the expected excess return will be



higher if the representative investor is more risk averse.

4 Data and Methodology

4.1 Data

In this empirical study, two different measures of consumption are considered, as
in Hansen and Singleton (1982): nondurables (ND) and nondurables plus services
(NDS). The seasonally adjusted series of nondurables and services for the period
between February 1959 and February 2015 are obtained from the FRED (Federal
Reserve Economic Data) database. Frequency of the series is monthly. In order
to obtain real per capita aggregate consumption series, each observation of these
series are divided by the corresponding observation on population which is also
obtained from the FRED database.

The second data set is real return of S& P500. Price index of S& P500 for the
same period are obtained from Yahoo Finance. The series of the historical prices
of the S&P500 already contains information related to dividends. Following

formula is used to calculate the returns;

T:Pt+1+Dt+1—Pt

5 (4.1)

_ Py + D

1
T+ P

(4.2)

where r is return, P; is price at time ¢, P, is price at time ¢ 4+ 1 and Dy, is
dividend paid at time ¢t + 1.
Descriptive statistics and plot of the gross return are showed in Figure 4.1

and 4.2, respectively.
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Figure 4.1: S&P500 Gross Return
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Figure 4.2: Gross Return on S&P500, 1959-2015
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4.2 GMM Estimation

For the estimation, Generalized Method of Moments (GMM) methodology is
implemented in MATLAB.

GMM is developed by Hansen in 1982 as a generalization of method of mo-
ments and since then it has had a major impact on empirical research in finance.
It is currently applied in numerous fields including international finance, finance
and macroeconomics. One important advantage of GMM is that it requires less
restrictive assumptions than those needed for maximum likelihood estimation.
GMM let us to test the CCAPM without making distributional assumptions.
However, despite its advantages, GMM has a potential shortcoming when com-
pared to the maximum likelihood method. When the distributional assumptions
are valid, the maximum likelihood method provides the most efficient estimates,
whereas the GMM method may not (Jagannathan et al., 2002).

GMM is particularly useful in estimating the parameters of nonlinear models.
Hansen and Singleton (1982) estimate the parameters corresponds to impatience
of an individual, 8, and a measure of risk aversion, «, of the consumption model
using the GMM. Following overview follows Hansen and Singleton (1982).

The representative consumer’s maximization problem

maz B, [Z BtU(Ct)} (4.3)
t=0
N N
st.Cot Y PuQi <Y RjQjear, + Wi (j =1,..,N). (4.4)
j=1 j=1

where U(.) is a strictly concave function and

12



B:  Discount factor and 8 € (0,1)

C;: Consumption at time period ¢

Price of asset j at date ¢

Qjr:  Quantity of asset j held at the end of date ¢

Rj;:  Date t payoff from holding a unit of an M; period asset purchased at date t — M,
W,: Labor income at date ¢

M;:  Asset maturity

The first-order necessary conditions for N given assets are:

Pth/(Ot) = 5MjEt[(Rjt+MjU/(Ct+Mj)] (j =1,.., N)~ (4'5)

These conditions are used by Hansen and Singleton (1982) to construct the
orthogonality conditions.
By the assumption, preferences are described by a vector of parameters -,

U(.y). Since C; and Pj; are known to agents at time ¢, then (4.4) implies:

n; U/(CtJrnj ) ’Y)

E,|8" TGy itk 1| =0 (4.6)

where Tjin,= Ryjiqn, /FPoy for j =1,...,m. (m <N)
The orthogonality conditions are:

/Bnl U/(Ct+n1 »'Y)x
U'(Croy) ™

h(Zy1n, bo) = : (4.7)

nU/(Ct+n7'7)
6 Cry) Tmt+n — 1

—1

with Tjttn; = (‘Pjt+nj + Djt+nj)/Pnjt'

For illustrative purposes , Hansen and Singleton (1982) assume that prefer-

13



ences are of the constant relative risk averse type,

U(C,) = @ v < 1. (4.8)

In this case, the marginal utility is given by

U'(C) = (C*, a=~—1. (4.9)

If the m assets are stocks, then (4.5) can be simplified to:

Et[ﬁ(:ﬁktﬂ)axﬁﬂ} = 17 (] = 1, ,m) (410)

where ;.1 is the ratio of consumption in time period £+ 1 to consumption in

time period ¢, and the one-period real return x ;44 is given by (Pji41 + Dji1)/Pji.

Therefore, the orthogonality conditions are constructed using:

o (Cra N ( Pryr + Dy
h(zs1, bo) _5< : ) ( B ) 1 (4.11)

where by = (a, f).

In order to estimate the vector by using a generalized instrumental variables
procedure, the orthogonality conditions can be written more compactly as follows.

The first order conditions:

B[40, b0)] = 0 (4.12)

Function f is defined as

f(l't_'_n, 2ty b) = h(.TH_l, b) & Zt (413)

where 2; denote a g dimensional vector of variables with finite second moments
that are in agents’ information set and they are observable, ® is the Kronecker

product. The vector of instruments z; is formed using lagged values of x;.4.
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NLAG is chosen to be 1.

It can be written as

Elf(%t1n, 21,00)] = 0 (4.14)
The sample average of f(x4n, 2, b) is

T

gr(b) = % Z f(@ign, 2, 0) (4.15)

1

and the GMM estimate bAt is obtained by minimizing the quadratic function

where Wr is an symmetric, positive definite matrix that an depend on sample
information. In this study, in order to simplify the estimation, the identity matrix

is used as weighting matrix.

5 Results

As an application of the generalized instrumental variables estimator, the param-
eters of preferences, o and f are estimated. The estimates are shown in Table
5.1. There is no risk premium puzzle since there is no risk-free rate.

The results show that the risk aversion is negative though theory suggest it
is positive. The estimates of a range from -0.2846 and -0.7005. The estimated
standard error for o, is smaller when consumption is measured as ND than when
consumption is measured as NDS.

The estimates of § range from 0.9930 and 0.9952. The estimated standard
error for 3, is smaller when consumption is measured as ND than when consump-
tion is measured as NDS. As expected, the values of 5 exceeds 0.99 but are less
than unity.

Comparing to the results obtained by Hansen and Singleton (1982) the values

15



of the o are much higher which implies that risk aversion is higher. On the other
hand, the value for 3, is similar to Hansen and Singleton (1982), exceed 0.99, but

it is less than unity.

Table 5.1: 1V Estimates for the Period 1959:2-2015:2
Cons Return NLAG a SE(a&) B SE(p)

ND  S&P500 1 -0.2846 0.1706 0.9930 0.0016
NDS S&P500 1 -0.7005 0.3616 0.9952 0.0022

Table 5.2: IV Estimates for the Period 1959:2-1978:12, Hansen and Singleton

=

Cons Return NLAG & SE(a) 64 SE(B) x*  Prob

ND EWR 1 -0.9737 0.1245 0.9922 0.0031 5.9697 .9854
ND VWR 1 -0.8985 0.1057 0.9971 0.0025 1.5415 .8756
NDS EWR 1 -0.9457 0.3355 0.9931 0.0031 4.9994 .9746
NDS VWR 1 -0.9001 0.3130 0.9979 0.0025 1.1547 .7174

6 Conclusion

In this study, I empirically investigate the parameters of economic agents’ dy-
namic objective functions, which are the time discount factor, 5, and the relative
risk aversion coefficient, a.

Two different measures of consumption are considered: nondurables (ND)
and nondurables plus services (NDS) for the period between February 1959 and
February 2015. Comparing to the results obtained by Hansen and Singleton
(1982), I obtained higher values for «, and similar values for f.

Possible extension of this study can be conducted with whole range lagged

values and Hansen matrix.
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