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A family of nonparametric seasonal unit root tests is proposed.

The proposed tests use fractional integration techniques.

The proposed test statistics do not require estimation of any regression model.
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1. Introduction

After the seminal work of Hylleberg et al. (1990) [HEGY], sea-
sonal unit root testing has attracted attention in theoretical and
empirical studies. The HEGY tests are the seasonal generalization
of the augmented Dickey-Fuller [ADF] unit root test and allow
researchers to test for unit root behavior at each of the zero,
Nyquist and seasonal frequencies. Recently, HEGY's framework
has been extended and improved by many subsequent authors
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such as Rodrigues and Taylor (2007), Smith et al. (2009) and
Barrio Castro et al. (2012) [BOT]. Despite these improvements,
these tests still use parametric lag augmentation to account for
the serial correlation. Therefore, their size and power performance
highly depend on the selection of the lag length parameter in the
augmented regression. Motivated by these issues, Taylor (2005)
is the only serious attempt to construct non-parametric seasonal
variance ratio unit root tests. In this regard, we aim to propose a
new family of non-parametric seasonal unit root tests, which are
free from parametric lag augmentation and improve the existing
non-parametric seasonal unit root tests in terms of asymptotic
local power.

This new testing design is an extension of Nielsen’s (2009) non-
parametric variance ratio test to the seasonal unit root context.
Consequently, the proposed seasonal non-parametric unit root
tests use the fractional integration and the family of these tests is
indexed by the fractional integration parameter d. The fractional
integration techniques have received a large amount of attention
in the economics literature (see Robinson (2003)). We show that
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these techniques are useful to construct powerful unit root tests at
the zero, Nyquist and seasonal frequencies.

To improve the power of the parametric seasonal unit root tests,
Gregoir (2006) and Rodrigues and Taylor (2007) propose feasible
tests that are nearly efficient (GLS de-trended) in the seasonal
context. More recently, Jansson and Nielsen (2011) develop nearly
efficient likelihood ratio tests for the seasonal unit root hypothesis.
Accordingly, we also present GLS de-trended versions of our non-
parametric seasonal unit root tests. Besides these, we also propose
non-parametric joint unit root tests for the seasonal frequencies.
With this contribution, we extend the scope of the non-parametric
seasonal unit root testing framework. The proofs and simulation
results are included in the Appendix.

2. The seasonal unit root model

We consider the univariate seasonal time series {xs;,s} with the
following data generating process (DGP)*:
s=1-S5,...,0,

a(L)xseys = Uses, t=1,2,...,N (1)

Useys = Y(L)estts (2)

where S is the number of seasons, a(L) = 1— Zleaij isan S order

lag polynomial which determines the seasonal unit root. Further,
the serial correlation structure is governed by the lag polynomial
Y(l) =1+ Z]i]wjﬂ'. The total sample size is given by T = SN,
where N denotes the total number of observations in each season.
We assume that the initial conditions Xy_s, ..., Xo are op(T'/?).
Assumptions on the innovation sequence {es.s} and on the lag
polynomial y(L) are given as:

Assumption A.1. Let (&5, Fsrs) be a martingale difference se-
quence, with filtration (Fss), where Fg s C Foryseq for all s, t
such that (a) E(e,, | Fst45-1) = 02 (b) 1 3164, —> o forall
s=1-S5,...,0(c)Elesss|” < K < oo for some r > 4.

Assumption A.2. The power series /(z) # 0 forall |z] < 1, and
S Zoi" ¥l < oo for some h > 1.

These two assumptions are standard in seasonal unit root liter-
ature. The detailed discussion about the given assumptions can be
found in BOT.

In this study, we focus on testing whether x5 in (1) is a
seasonally integrated process. The corresponding null hypothesis
is given as:

Ho:oa(l)=(1—-L)= As.

In this hypothesis, the AR(S) polynomial «(L) can be factorized
as a(l) = ]_[ji{,”a)j(L) where wo(L) = (1 — agl) corresponds
to the root at the zero frequency wg := 0 with the parameter
o, wi(l)= [1—Z(ajcosa)j—ﬁjsinwj)L—i-(csz—i-ﬁjz)Lz] associates the
parameters o and g, j=1,...,5%,S* = [(S — 1)/2] with the
harmonic seasonal frequencies (wj, 2mr — w;), w; = 27j/S, and
for S is even, ws/s(L) == (14 aspL) corresponds to the Nyquist
frequency ws,, = m with the parameter o/, (for the details see
BOT).

Therefore, the null hypothesis can be partitioned as Hy =
OLS/ZJ Hp j, where

Ho,ila,‘:‘l, 120,5/2
Ho,j:aj=landﬁj=0 j=1,...,S*.

2 The notation and assumptions closely follow BOT.

LS/ZJH1
J

The alternative hypothesis is H; which ensures

stationarity at one or more of the zero frequency or seasonal
frequencies, where

Hii:lail <1, i=0,5/2
Hii: 2 2 s *
1Y].aj+,3j<l j=1,...,8%

3. Fractional seasonal variance ratio unit root tests (FSVR)

To construct our nonparametric FSVR unit root tests, we first
define the S dimensional process X; which separates the observed
series Xs¢.s from (1) into sub-seasonal observations:

t=0,...,N.

In our tests, we utilize the fractional integration operator. This
operator is defined by:

Xt = [Xst—(5—1)s Xst—(5—2)» - - - » Xs¢]’

Ve —A+yt—(l_L

t—1
=) mddyex
k=0

where I'(-) is gamma function and 7r,(d) is the fractional binomial
coefficient. The integration order satisfies d > 0 and it is selected
by the practitioner. We apply this operator to each element of X;
separately to obtain:

Z k+d
1<+1)y

Xe = A7, = (AL Xse—(s—1), AT Xse—(s— , A7 %g) for all
t=1,...,N. (3)

After obtaining X;, we create a new variable, say Xseos from X; as
each vector of X; corresponds to one season of the final process
Xs¢1s. This process is very dlfferent than the fractional integration
of xs¢+s Which is written as A+ Xst4s,S=1=5,...0,t=1,...,N.

To define our test statistics, first we need to apply the HEGY
transformations on the observed series xs;s and the transformed
series Xsqis: Xo.se+s iS given in Box I. Using these objects, we
define the test statistics for testing unit root hypothesis at different
frequencies. First, consider the test statistic of unit root at the zero
and Nyquist frequencies:

det lZs 1-S k5t+sf0rk_0 5/2 (4)
Zt 125 1-5 X sty

For the harmonic frequencies, we propose two variance ratio test
statistics:

0
de Zt 1 Zs 1-S ijsl'+5
Zt 1 Zs 1-S jSt+s

NZd Zt IZS 1-S ]*g[+s

Zt IZS 1-S ]5t+s

where 7j(d) and t*(d) are the test statistics for the unit root hy-
pothesis at the harmonic frequencies w; and 2m — w; for allj =
1,...,5*, respectively. Furthermore, the following test statistic
is for testing the presence of the pairs of complex conjugate unit
roots:

#(d) = (g(d) + 7' (d)/2forj=1,....S". 7)

Finally, we derive the F type statistics for the joint test for the unit
roots in the different frequencies:

+er(d +Zr (8)

n(d) =

7(d) =

forj=1,...,5" (5)

7' (d) = forj=1,...,5* (6)

1
..., LS/zj(d)=f Ts2(d

S
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s-1 5-1
X0,St+s = szt+s—j )~<0,5t+s = Z??SHH'
j=0 j=0
s—1 S—1
Xsj2,5t4s = Z cos[(j + 1)m Ixsr4s—j Xs/2.5t40s = Z cos[(j + 1) IXse s
j=0 j=0
5-1 5-1
Xistys = Zcos[(i + DoilXssjforalli=1,...,8*  Xigys = Zcos[(j + VoilRstpsjforalli=1,...,5*
Jj=0 j=0
5-1 5-1
Xigps = Zsin[(j + Dowilxseps—j foralli=1,...,S* X srps = Z sin[(j + DawilXses—j foralli=1, ..., 5"
j=0 j=0
Box 1.
1 s st Theorem 1. Let the assumptions of Lemma 1 hold. Consider the FSVR
To,....1s/2)(d) = 5 7o(d) + T5/2(d) + Z 5(d) + Z t'(d) ] . (9)  teststatistics given by Egs. (4)-(9). AsN —> oo,
j=1 j=1
Jy Wir)dr .
Ti(d) = =ni(d) i=0,5/2

Remark 1. The test statistics in (8) and (9) correspond to the joint
unit root tests at all frequencies except the zero frequency and the
joint unit root tests at all frequencies, respectively.

4. Asymptotic analysis

To derive the asymptotic results of the FSVR tests, under the
overall null hypothesis, we write {xs;.s} in S dimensional vector
form:

Xe =Xe—1+ Ut

Xe = [Xst—(5—1) Xst—(5—-2)» - -
U = [ust—(s—1), Use—(s=2), - -

t=0,....N (10)
t=0,....N

s Xst]
’
o) uSt]

where the innovation process U; can be written as:

o0
U =Y WE.
j=0

Er == [est—(5—1)» Est—(5—2)5 - - t=0,...,N

esel

where ¥;,j = 0, 1, ... are defined in BOT. Consider the following
lemma:

Lemma 1. Let X, is generated as in Egs. (10). Then under
Assumptions A.1-A.2,

N~Y2X ) = oW (1)W(r) rel0,1]
where W(r) is S dimensional standard Brownian motion process.

The following lemma demonstrates the limiting distribution of
the fractionally transformed process:

Lemma 2. Let X, is generated as in Eq. (10) and X, is obtained
from Eq. (3). Under Assumptions A.1-A.2 , then

N2X vy = oW (1)Wapa(r) 1€ [0,1]

where
1 r d
Wi(r) = ——— r—t)'dW(t
) = s [ = 0w
is S dimensional type II Fractional Brownian motion.

Using Lemmas 1 and 2, we obtain the following asymptotic
results for the FSVR test statistics:

o W (r2dr

Sy Wi(rydr + [} W (r)dr

7(d) = n;(d) for
fol Wep1j(r)2dr + fol W;+1J(r)2dr
j=1,...,8"
T(d) = ni(d) forj=1,..., 5"
4(d) = nid)forj=1,...,5*
S*
T is2)(d) = —— | nsa(d) +2 ) ni(d)
j=1
1 S
%o...1521(d) = ¢ | 0(d) + 1s/a(d) +2 Z] n(d)
-

where Wy(r), Ws (1), Wj*(r) and Wi(r) for j = 1,...,5% are
the independent standard Brownian motions, Wy41,0(1), Way1,5/2(1),
W;H,;(r) and Wy;1(r) are the independent fractional Brownian
motions for j = 1, ..., 5% respectively.

Remark 2. In Theorem 1, to adjust for the deterministic elements,
we extend these results by the following generalization:

ySt+5=}//Zsr+g+Xst+g,S=1—5,...,Oaﬂdt=],...,N

where Xg; s is defined in (1)-(2) and Zs; ;s are purely deterministic.
Following Smith et al. (2009), we define the characterization of
se+s With a typology of three cases, namely: no deterministic
component (j = 0), seasonal intercepts (j = 1), seasonal intercepts
and seasonal trends (j = 2). Our test statistics (4)-(9) can be
redefined using OLS de-trended series, say Xss = Ysts — PopsZst-ise
as in Smith et al. (2009). Accordingly, the Brownian motions in
the limiting distributions are replaced by the OLS demeaned or
de-trended analogues of the Brownian motions and type II frac-
tional Brownian motions. Next, instead of the simple OLS de-
trending, following Rodrigues and Taylor (2007), we obtain the
demeaned or de-trended series by using the GLS-detrending algo-
rithm. Let Y; := [ysi—(s—1), ¥st—(s=2)s - - - » ¥st]" be defined similarly
as in (10). We apply quasi-differencing to Y; and Z; where Z; :=
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[Zst—(5—1)» Zst—(5—2)> - - - » Zst]':

— - I
C C
Yi= (YYo= (1= = )vi,....%a—[1==) vz
[t (- Y (1 )]
Z:= 21,2 1- %)z Z 1- %)z /
c — 1, £2 N 15+« £&N N N-1] -

We can obtain the coefficient 755 by regressing Yz on Zz. Then, the
GLS de-trended series are given by converting the vector process
Xe = Yi — P}sZ: to the seasonal process Xs.,s where X; =
[Rst—(s—1)s Xst—(s—2), - - - » Xs¢]'. We replace these GLS de-trended se-
ries with xs, in the testing procedure. Finally, the asymptotic
distributions are replaced with the GLS demeaned or de-trended
versions of Brownian Motions and Fractional Brownian motions.
These objects are same as described in Nielsen (2009).

Remark 3. Let CV, s(n;(d)) be the yth quantile of the asymptotic
distribution of the test statistic 7;(d) for j = 0,...,5/2. We
reject the one sided ¢ type test if 7j(d) < CV, s(n;(d)) for all
j=0,...,S/2. For the joint tests, we reject the null hypothesis if
To,....1s/21(d) > CV(1-y),5(no0,....s/2)(d)) where CV(1_y) s(no, ..., 1s/2)(d))
is the (1 — y)th quantile of the asymptotic distribution of
IO,...‘[S/ZJ(d)-

Remark 4. For d = 1, Taylor’s (2005) tests and inverse of our tests
are equivalent.

5. Finite sample simulations

In the Monte Carlo simulations, data is generated according to
the quarterly (S = 4) DGP as follows:

Xarps = (1 — ¢/N)Xgrqs—1 + Usrgs, S=—3,...,0,

t=12,...,N

d(L)ugers = O(L)earrs, €arts ~ NID(O, 1)

with e4,s = 0 for t < 0 and c is the local-to-unity parameter.
We pick ¢ = 0 for the size and ¢ € {7, 13.5} for the size adjusted
power evaluation. All simulations are conducted 10,000 times with
N = 100 and 0.05 nominal significance level with demeaned data.
The critical values are obtained by simulation and available upon
request.

We consider 5 scenarios for the serial correlation structure in
the innovations. First one does not contain any serial correlation.
For the other scenarios, u4 s follows ARMA(1, 1) process: (1 —
0.5L)ugsrs = (1—0.5L)e41s, ARMA(2, 2) process: (140.5L? Juye s =
(1 + 0.512)g4:4s, MA(4) process: Ugys = (1 4+ 0.5L%)e4r4s and
ARMA(4, 4) process: (1 — 0.5L*)ugeys = (1 — 0.5L%)e4¢4s.

The finite sample FSVR test results are reported for the test
statistics ‘L'o(d), ‘L'g/z(d), ‘E](d), 0, ..., LS/ZJ(d) and Tl,---,LS/ZJ(d)' and the
performance is compared with the HEGY counterparts o, ts/2), Fi,
,,,,, is/2) and Fy s/ in Table 1. The table contains the results
with both OLS and GLS demeaning. We set ¢ = 13.5.3

Following Nielsen (2009), we investigate the impact of the
fractional integration parameter d in the performance of FSVR
tests. The best results in terms of power and size are obtained
with d = 0.1. For comparison with Taylor’s (2005) tests, we also
report the case with d = 1.* The results indicate that the FSVR
and HEGY tests are correctly sized in the OLS and GLS demeaning
cases. For d = 0.1, the FSVR tests perform better than the HEGY
tests when OLS demeaning is used. The GLS demeaning improves

3 For HEGY, the optimal lag length selection routine of Barrio Castro et al. (2016)
is used.

4 The results with other values of d and ¢ are available upon request.

the power performance of the FSVR procedure compared to the OLS
demeaning. In the GLS demeaning case, HEGY tests have advantage
in the individual coefficient testing relative to the FSVR tests.
However, in this case, the FSVR and HEGY methods enjoy similar
power properties in the joint tests.

6. Conclusion

In this paper, we construct a family of powerful non-parametric
seasonal unit root tests at the zero, Nyquist, harmonic and joint
frequencies. The simulation results reveal that our proposed non-
parametric tests show competitive power performance with the
parametric HEGY tests with desirable size properties in all scenar-
ios considered.

Appendix
A.1. Proofs

Throughout the proofs, we use the circulant matrices:

Co=Circ[1,1,1,..., 1] = v,

Cs/z = cil'c[l, -1,1,...,—-1,1] = Us/zvg/z

G = Circ[cos(0), cos(w;, cos(2wy)), - . ., cos (S — 1wy)] = vv] for
i=1,...,58"

G = Circ[sin(0), sin(w, sin(2wy)), .. ., sin (S — Dwy)] = vi'v)” for
i=1,...,5%.

Proof of Lemma 1. The proof can be found in Lemma 1 of BOT.

Proof of Lemma 2. The proof follows from the same argument in
proof of Lemma 6.(d) of Nielsen (2010). Since the operator Ajrd

satisfies AT9AT2Y, = AT2 ALY, = A7 %Y, we can write
r

% —d -1 —1 4—d —d

X = ATATE = AT'AVE, =) A
i=1

Now define V, = A;dEr which satisfies the conditions of Theorem
1 in Marinucci and Robinson (2000), we obtain:

LrN)
N2V = oW (1)Wap (1),
i=1

Proof of Theorem 1. Consider numerator of 7;(d) forj = 0,5/2.
The convergence results for these objects are given in BOT as:

N 0 N
T2Y Y Koy =T72) SXCGX +0p(1) for j=0,5/2

t=1 s=1-S§ t=1

1
= %/ W(rYw (1) G (1)W(r)dr
0

2 2 1
% / W(r)YCoW(r)dr if j = 0
0

o’y (=1

(_1)2 ! / Ty
S /(;W(r)Cg/ZW(r)drlf]:S/Z.

Similarly, forj = 1, ..., S* BOT shows that:

N 0
-2 2 _
T Z Z Xj.st+s =
t=1s=1-S
j=1,...,8

N
S
T2 Z 5X[/C]-Xt +0,(1) for
t=1



B.A. Eroglu et al. / Economics Letters 167 (2018) 75-80 79
Table 1
Finite sample size and size-adjusted power for the fractional seasonal variance ratio and HEGY tests with demeaning.
70 to 52 ts)2 7 Fi T1,..,15/2) Fi,.15/2) 70,...15/2) Fo.....1s/2]
d 0.1 1 0.1 1 0.1 1 0.1 1 0.1 1
Model c OLS demeaning
0 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.04 0.05 0.05 0.04 0.05 0.05
iid. 7 0.24 0.22 0.18 0.24 0.21 0.19 0.49 0.36 0.29 0.76 0.48 0.52 0.65 0.43 0.42
135 0.54 0.39 0.52 0.55 0.39 0.54 0.89 0.66 0.80 0.99 0.83 0.97 0.98 0.77 0.93
0 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.04 0.04 0.05 0.04 0.05 0.05
ARMA(1,1) 7 0.24 0.21 0.18 0.24 0.22 0.18 0.45 0.38 0.30 0.75 0.51 0.51 0.63 0.44 0.41
135 0.55 0.40 0.53 0.55 0.41 0.53 0.88 0.68 0.83 1.00 0.86 0.97 0.97 0.77 0.93
0 0.04 0.05 0.05 0.04 0.05 0.05 0.05 0.04 0.05 0.04 0.05 0.05 0.04 0.05 0.05
ARMA(2,2) 7 0.25 0.20 0.18 0.24 0.22 0.17 0.47 0.38 0.29 0.75 0.49 0.50 0.63 0.42 0.39
135 0.57 0.38 0.53 0.55 0.41 0.51 0.89 0.69 0.81 1.00 0.85 0.97 0.98 0.77 0.92
0 0.03 0.04 0.05 0.03 0.04 0.04 0.03 0.05 0.05 0.02 0.04 0.05 0.03 0.04 0.05
MA(4) 7 0.22 0.21 0.12 0.22 0.21 0.12 0.45 0.35 0.20 0.72 0.48 0.32 0.60 0.41 0.27
135 0.51 0.38 0.33 0.50 0.38 0.34 0.85 0.64 0.56 0.99 0.82 0.85 0.96 0.74 0.75
0 0.04 0.05 0.05 0.04 0.06 0.05 0.05 0.05 0.05 0.04 0.05 0.06 0.04 0.05 0.06
ARMA(4,4) 7 0.24 0.23 0.19 0.24 0.20 0.18 0.47 0.36 0.30 0.75 0.49 0.50 0.62 0.42 0.40
135 0.55 0.41 0.53 0.56 0.38 0.53 0.89 0.66 0.82 1.00 0.84 0.97 0.98 0.76 0.93
GLS demeaning
0 0.05 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05
iid. 7 0.31 0.19 0.38 0.32 0.18 0.41 0.63 0.27 0.58 0.91 0.35 0.87 0.81 0.30 0.77
135 0.66 0.31 0.81 0.66 0.32 0.82 0.96 0.47 0.96 1.00 0.63 1.00 0.99 0.55 0.99
0 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05
ARMA(1,1) 7 0.33 0.18 0.41 0.32 0.19 0.41 0.66 0.26 0.60 0.92 0.33 0.89 0.83 0.31 0.77
135 0.67 0.30 0.82 0.66 0.33 0.81 0.96 0.47 0.96 1.00 0.64 1.00 1.00 0.57 0.99
0 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.06
ARMA(2,2) 7 0.33 0.19 0.38 0.32 0.20 0.39 0.66 0.28 0.59 0.91 0.35 0.88 0.83 0.31 0.77
135 0.66 0.32 0.80 0.67 0.33 0.82 0.96 0.48 0.96 1.00 0.63 1.00 1.00 0.55 0.99
0 0.04 0.05 0.04 0.04 0.05 0.04 0.05 0.05 0.05 0.04 0.05 0.05 0.04 0.05 0.04
MA(4) 7 0.33 0.19 0.31 0.32 0.19 0.32 0.61 0.27 0.47 0.91 0.33 0.77 0.80 0.30 0.64
135 0.67 0.33 0.67 0.66 0.35 0.67 0.95 0.51 0.86 1.00 0.67 0.99 1.00 0.59 0.97
0 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.06
ARMA(4,4) 7 0.34 0.18 0.41 0.33 0.17 0.40 0.63 0.27 0.57 0.91 0.32 0.88 0.82 0.29 0.77
135 0.69 0.31 0.81 0.66 0.31 0.82 0.95 0.49 0.95 1.00 0.62 1.00 0.99 0.55 0.99
Note: The results for HEGY tests do not depend on d.
1 o o2y (172 ! , s
= — [ WYw)GewW(r)dr T2 | Wi (r) CoWas (r)dr if j = 0
2S Jo _ S 0
- 2 2 pl
oY (=1) s
Uz(aj2 + bjz) 1 ) . Er— Waya(r) CsjoWaga (r)dr if j = S /2.
=0 WryYGW(rydrifj=1,...,5" (11) 0
0 The weak convergence of these objects stems from Lemma 2 and
and the rest can be derived from the above results. Finally, we can also
N 0 N g demonstrate,
-2 2 -2
1YY Kb, =T HGX o) for v »
t=15=1-5 t=1 i o =T 221N ZXCX, +0,(1) for
j=1 S* ZZ]-SM Zztf p(1) f
e, t=1 s=1-S t=1
j=1,...,5"
1 1
= = / W(ryw (1) Gw(1)W(r)dr -
0
S / Wi ()9 (1) G (1)W1 (r)r
0
ofai +bp) 1o . .
= W(r)Cj W(rdrifj=1,...,S" (12) 2 2

Now, we can focus on the denominators and apply the same
procedure:

N 0 N
T223 N Ry =T 22 " SXIGX: + 0p(1) for
t=1 s=1-S t=1
j=0,5/2

-l 1
=< f Wi (r) W (1) G (1) Wi (r)dr
0

LA s
75/ Wapi(rYGWyp(r)drif j=1,...,S (13)
0

2

~%2

N
—2— S"’/ * v
B = T2 ) SXIGK +0p(1) for

t=1

N 0
T—272d Z 2 :
t=1s=1-S

j=1,...,8"

-l 1
. f Wi (r) @ (1 G (1) W ()
0
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02(a}2+b12) ! !~k . *
= T/ Wd+1(T)Cde+1(r)dr1f]= 1,...,S (14)
0

where the asymptotic objects in (13) and (14) are the same as the
arguments made for the numerator counterparts. After obtaining
these fundamental objects, for the tests 7o(d), 7s5,2(d), 7j(d), tj*(d),
7i(d), 71,...,1s/2)(d) and 1o, |s/2)(d) the results follow by invoking
CMT. Furthermore, following BOT, we can write W(s)GW(s) =
W(s)vjiW(s) for j = 0,5/2 and W(s) GW(s) = W(s) viv;W(s) for
i=1,...,5" We can define Wj(s) = v]fW(s)forj = 0,S5/2 and
Wi(s) = c{W(s), Wi(s) = ¢’W(s) for i = 1,...,5* as the inde-
pendent Brownian motions where ¢/ and ¢;” are the first rows of
v; and v} respectively. Similarly, we can define the corresponding
fractional Brownian motions since they are also invariant under
any linear transformations.
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