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• A family of nonparametric seasonal unit root tests is proposed.
• The proposed test statistics do not require estimation of any regression model.
• The proposed tests use fractional integration techniques.
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a b s t r a c t

This paper introduces a powerful nonparametric testing procedure for seasonal unit roots by utilizing the
fractional integration operator. Different from the well-known seasonal unit root tests of Hylleberg et al.
(1990), the proposed tests do not require any parametric specifications.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

After the seminal work of Hylleberg et al. (1990) [HEGY], sea-
sonal unit root testing has attracted attention in theoretical and
empirical studies. The HEGY tests are the seasonal generalization
of the augmented Dickey–Fuller [ADF] unit root test and allow
researchers to test for unit root behavior at each of the zero,
Nyquist and seasonal frequencies. Recently, HEGY’s framework
has been extended and improved by many subsequent authors
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such as Rodrigues and Taylor (2007), Smith et al. (2009) and
Barrio Castro et al. (2012) [BOT]. Despite these improvements,
these tests still use parametric lag augmentation to account for
the serial correlation. Therefore, their size and power performance
highly depend on the selection of the lag length parameter in the
augmented regression. Motivated by these issues, Taylor (2005)
is the only serious attempt to construct non-parametric seasonal
variance ratio unit root tests. In this regard, we aim to propose a
new family of non-parametric seasonal unit root tests, which are
free from parametric lag augmentation and improve the existing
non-parametric seasonal unit root tests in terms of asymptotic
local power.

This new testing design is an extension of Nielsen’s (2009) non-
parametric variance ratio test to the seasonal unit root context.
Consequently, the proposed seasonal non-parametric unit root
tests use the fractional integration and the family of these tests is
indexed by the fractional integration parameter d. The fractional
integration techniques have received a large amount of attention
in the economics literature (see Robinson (2003)). We show that

https://doi.org/10.1016/j.econlet.2018.03.011
0165-1765/© 2018 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.econlet.2018.03.011
http://www.elsevier.com/locate/ecolet
http://www.elsevier.com/locate/ecolet
http://crossmark.crossref.org/dialog/?doi=10.1016/j.econlet.2018.03.011&domain=pdf
mailto:burak.eroglu@bilgi.edu.tr
mailto:caglar.gogebakan@bilkent.edu.tr
mailto:mirza.trokic@ihsmarkit.com
https://doi.org/10.1016/j.econlet.2018.03.011


76 B.A. Eroğlu et al. / Economics Letters 167 (2018) 75–80

these techniques are useful to construct powerful unit root tests at
the zero, Nyquist and seasonal frequencies.

To improve the power of the parametric seasonal unit root tests,
Gregoir (2006) and Rodrigues and Taylor (2007) propose feasible
tests that are nearly efficient (GLS de-trended) in the seasonal
context. More recently, Jansson and Nielsen (2011) develop nearly
efficient likelihood ratio tests for the seasonal unit root hypothesis.
Accordingly, we also present GLS de-trended versions of our non-
parametric seasonal unit root tests. Besides these, we also propose
non-parametric joint unit root tests for the seasonal frequencies.
With this contribution, we extend the scope of the non-parametric
seasonal unit root testing framework. The proofs and simulation
results are included in the Appendix.

2. The seasonal unit root model

We consider the univariate seasonal time series {xSt+s}with the
following data generating process (DGP)2:

α(L)xSt+s = uSt+s, s = 1 − S, . . . , 0, t = 1, 2, . . . ,N (1)

uSt+s = ψ(L)εSt+s (2)

where S is the number of seasons,α(L) = 1−
∑S

j=1αjLj is an S order
lag polynomial which determines the seasonal unit root. Further,
the serial correlation structure is governed by the lag polynomial
ψ(L) = 1 +

∑
∞

j=1ψjLj. The total sample size is given by T = SN,
where N denotes the total number of observations in each season.
We assume that the initial conditions x1−S, . . . , x0 are op(T 1/2).
Assumptions on the innovation sequence {εSt+s} and on the lag
polynomial ψ(L) are given as:

Assumption A.1. Let (εSt+s,FSt+s) be a martingale difference se-
quence, with filtration (FSt+s), where FSt+s ⊂ FSt+s+1 for all s, t
such that (a) E(ε2St+s|FSt+s−1) = σ 2 (b) 1

N

∑N
t=1ε

2
St+s

p
−→ σ 2 for all

s = 1 − S, . . . , 0 (c) E|εSt+s|
r < K < ∞ for some r ≥ 4.

Assumption A.2. The power series ψ(z) ̸= 0 for all |z| ≤ 1 , and∑
∞

j=0j
h
|ψj| < ∞ for some h ≥ 1.

These two assumptions are standard in seasonal unit root liter-
ature. The detailed discussion about the given assumptions can be
found in BOT.

In this study, we focus on testing whether xSt+s in (1) is a
seasonally integrated process. The corresponding null hypothesis
is given as:

H0 : α(L) = (1 − LS) =: ∆S .

In this hypothesis, the AR(S) polynomial α(L) can be factorized
as α(L) =

∏⌊S/2⌋
j=0 ωj(L) where ω0(L) = (1 − α0L) corresponds

to the root at the zero frequency ω0 := 0 with the parameter
α0, ωj(L) = [1−2(αjcosωj−βjsinωj)L+(α2

j +β
2
j )L

2
] associates the

parameters αj and βj, j = 1, . . . , S∗, S∗
= ⌊(S − 1)/2⌋ with the

harmonic seasonal frequencies (ωj, 2π − ωj), ωj = 2π j/S, and
for S is even, ωS/2(L) :=

(
1 + αS/2L

)
corresponds to the Nyquist

frequency ωS/2 := π with the parameter αS/2 (for the details see
BOT).

Therefore, the null hypothesis can be partitioned as H0 =

∩
⌊S/2⌋
j=0 H0,j, where

H0,i : αi = 1, i = 0, S/2

H0,j : αj = 1 and βj = 0 j = 1, . . . , S∗.

2 The notation and assumptions closely follow BOT.

The alternative hypothesis is H1 = ∪
⌊S/2⌋
j=0 H1,j which ensures

stationarity at one or more of the zero frequency or seasonal
frequencies, where

H1,i : |αi| < 1, i = 0, S/2

H1,j : α2
j + β2

j < 1 j = 1, . . . , S∗.

3. Fractional seasonal variance ratio unit root tests (FSVR)

To construct our nonparametric FSVR unit root tests, we first
define the S dimensional process Xt which separates the observed
series xSt+s from (1) into sub-seasonal observations:

Xt := [xSt−(S−1), xSt−(S−2), . . . , xSt ]′ t = 0, . . . ,N.

In our tests, we utilize the fractional integration operator. This
operator is defined by:

ỹt := ∆−d
+

yt = (1 − L)−d
+

yt =

t−1∑
k=0

Γ (k + d)
Γ (d)Γ (k + 1)

yt−k

=

t−1∑
k=0

πk(d)yt−k

where Γ (·) is gamma function and πk(d) is the fractional binomial
coefficient. The integration order satisfies d > 0 and it is selected
by the practitioner. We apply this operator to each element of Xt
separately to obtain:

X̃t = ∆−d
+

Xt = [∆−d
+

xSt−(S−1),∆
−d
+

xSt−(S−2), . . . ,∆
−d
+

xSt ]′ for all
t = 1, . . . ,N. (3)

After obtaining X̃t , we create a new variable, say x̃St+s from X̃t as
each vector of X̃t corresponds to one season of the final process
x̃St+s. This process is very different than the fractional integration
of xSt+s which iswritten as∆−d

+ xSt+s, s = 1−S, . . . 0, t = 1, . . . ,N.
To define our test statistics, first we need to apply the HEGY

transformations on the observed series xSt+s and the transformed
series x̃St+s: x0,St+s is given in Box I. Using these objects, we
define the test statistics for testing unit root hypothesis at different
frequencies. First, consider the test statistic of unit root at the zero
and Nyquist frequencies:

τk(d) = N2d

∑N
t=1

∑0
s=1−S x

2
k,St+s∑N

t=1
∑0

s=1−S x̃
2
k,St+s

for k = 0, S/2. (4)

For the harmonic frequencies, we propose two variance ratio test
statistics:

τj(d) = N2d

∑N
t=1

∑0
s=1−S x

2
j,St+s∑N

t=1
∑0

s=1−S x̃
2
j,St+s

for j = 1, . . . , S∗ (5)

τ ∗

j (d) = N2d

∑N
t=1

∑0
s=1−S x

∗2
j,St+s∑N

t=1
∑0

s=1−S x̃
∗2
j,St+s

for j = 1, . . . , S∗ (6)

where τj(d) and τ ∗

j (d) are the test statistics for the unit root hy-
pothesis at the harmonic frequencies ωj and 2π − ωj for all j =

1, . . . , S∗, respectively. Furthermore, the following test statistic
is for testing the presence of the pairs of complex conjugate unit
roots:

τ̃j(d) = (τj(d) + τ ∗

j (d))/2 for j = 1, . . . , S∗. (7)

Finally, we derive the F type statistics for the joint test for the unit
roots in the different frequencies:

τ1,...,⌊S/2⌋(d) =
1

S − 1

⎛⎝τS/2(d) +

S∗∑
j=1

τj(d) +

S∗∑
j=1

τ ∗

j (d)

⎞⎠ (8)
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x0,St+s :=

S−1∑
j=0

xSt+s−j

xS/2,St+s :=

S−1∑
j=0

cos[(j + 1)π ]xSt+s−j

xi,St+s :=

S−1∑
j=0

cos[(j + 1)ωi]xSt+s−j for all i = 1, . . ., S∗

x∗

i,St+s :=

S−1∑
j=0

sin[(j + 1)ωi]xSt+s−j for all i = 1, . . ., S∗

x̃0,St+s :=

S−1∑
j=0

x̃St+s−j

x̃S/2,St+s :=

S−1∑
j=0

cos[(j + 1)π ]x̃St+s−j

x̃i,St+s :=

S−1∑
j=0

cos[(j + 1)ωi]x̃St+s−j for all i = 1, . . ., S∗

x̃∗

i,St+s :=

S−1∑
j=0

sin[(j + 1)ωi]x̃St+s−j for all i = 1, . . ., S∗.

Box I.

τ0,...,⌊S/2⌋(d) =
1
S

⎛⎝τ0(d) + τS/2(d) +

S∗∑
j=1

τj(d) +

S∗∑
j=1

τ ∗

j (d)

⎞⎠ . (9)

Remark 1. The test statistics in (8) and (9) correspond to the joint
unit root tests at all frequencies except the zero frequency and the
joint unit root tests at all frequencies, respectively.

4. Asymptotic analysis

To derive the asymptotic results of the FSVR tests, under the
overall null hypothesis, we write {xSt+s} in S dimensional vector
form:
Xt = Xt−1 + Ut
Xt := [xSt−(S−1), xSt−(S−2), . . . , xSt ]′ t = 0, . . . ,N
Ut := [uSt−(S−1), uSt−(S−2), . . . , uSt ]

′ t = 0, . . . ,N
(10)

where the innovation process Ut can be written as:

Ut =

∞∑
j=0

ΨjEt−j

Et := [εSt−(S−1), εSt−(S−2), . . . , εSt ]
′ t = 0, . . . ,N

where Ψj, j = 0, 1, . . . are defined in BOT. Consider the following
lemma:

Lemma 1. Let Xt is generated as in Eqs. (10). Then under
Assumptions A.1–A.2,

N−1/2X⌊rN⌋ ⇒ σΨ (1)W (r) r ∈ [0, 1]

where W (r) is S dimensional standard Brownian motion process.

The following lemma demonstrates the limiting distribution of
the fractionally transformed process:

Lemma 2. Let Xt is generated as in Eq. (10) and X̃t is obtained
from Eq. (3). Under Assumptions A.1–A.2 , then

Nd−1/2X̃⌊rN⌋ ⇒ σΨ (1)Wd+1(r) r ∈ [0, 1]

where

Wd+1(r) =
1

Γ (d + 1)

∫ r

0
(r − t)ddW (t)

is S dimensional type II Fractional Brownian motion.

Using Lemmas 1 and 2, we obtain the following asymptotic
results for the FSVR test statistics:

Theorem 1. Let the assumptions of Lemma 1 hold. Consider the FSVR
test statistics given by Eqs. (4)–(9). As N −→ ∞,

τi(d) ⇒

∫ 1
0 Wi(r)2dr∫ 1

0 Wd+1,i(r)2dr
= ηi(d) i = 0, S/2

τj(d) ⇒

∫ 1
0 Wj(r)2dr +

∫ 1
0 W ∗

j (r)
2dr∫ 1

0 Wd+1,j(r)2dr +
∫ 1
0 W ∗

d+1,j(r)2dr
= ηj(d) for

j = 1, . . . , S∗

τ ∗

j (d) ⇒ ηj(d) for j = 1, . . . , S∗

τ̃j(d) ⇒ ηj(d) for j = 1, . . . , S∗

τ1,...,⌊S/2⌋(d) ⇒
1

S − 1

⎛⎝ηS/2(d) + 2
S∗∑
j=1

ηj(d)

⎞⎠

τ0,...,⌊S/2⌋(d) ⇒
1
S

⎛⎝η0(d) + ηS/2(d) + 2
S∗∑
j=1

ηj(d)

⎞⎠
where W0(r),WS/2(r),W ∗

j (r) and Wj(r) for j = 1, . . . , S∗ are
the independent standard Brownianmotions, Wd+1,0(r),Wd+1,S/2(r),
W ∗

d+1,j(r) and Wd+1,j(r) are the independent fractional Brownian
motions for j = 1, . . . , S∗, respectively.

Remark 2. In Theorem 1, to adjust for the deterministic elements,
we extend these results by the following generalization:

ySt+s = γ ′zSt+s + xSt+s, s = 1 − S, . . . , 0 and t = 1, . . . ,N

where xSt+s is defined in (1)–(2) and ZSt+s are purely deterministic.
Following Smith et al. (2009), we define the characterization of
µSt+s with a typology of three cases, namely: no deterministic
component (j = 0), seasonal intercepts (j = 1), seasonal intercepts
and seasonal trends (j = 2). Our test statistics (4)–(9) can be
redefined using OLS de-trended series, say x̂St+s = ySt+s−γ̂

′

OLSzSt+s,
as in Smith et al. (2009). Accordingly, the Brownian motions in
the limiting distributions are replaced by the OLS demeaned or
de-trended analogues of the Brownian motions and type II frac-
tional Brownian motions. Next, instead of the simple OLS de-
trending, following Rodrigues and Taylor (2007), we obtain the
demeaned or de-trended series by using the GLS-detrending algo-
rithm. Let Yt := [ySt−(S−1), ySt−(S−2), . . . , ySt ]′ be defined similarly
as in (10). We apply quasi-differencing to Yt and Zt where Zt :=
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[zSt−(S−1), zSt−(S−2), . . . , zSt ]′:

Yc̄ =

[
Y1, Y2 −

(
1 −

c̄
N

)
Y1, . . . , YN −

(
1 −

c̄
N

)
YN−1

]′

Zc̄ =

[
Z1, Z2 −

(
1 −

c̄
N

)
Z1, . . . , ZN −

(
1 −

c̄
N

)
ZN−1

]′

.

We can obtain the coefficient γ̂GLS by regressing Yc̄ on Zc̄ . Then, the
GLS de-trended series are given by converting the vector process
X̂t = Yt − γ̂ ′

GLSZt to the seasonal process x̂St+s where X̂t :=

[x̂St−(S−1), x̂St−(S−2), . . . , x̂St ]′.We replace these GLS de-trended se-
ries with xSt+s in the testing procedure. Finally, the asymptotic
distributions are replaced with the GLS demeaned or de-trended
versions of Brownian Motions and Fractional Brownian motions.
These objects are same as described in Nielsen (2009).

Remark 3. Let CVγ ,S(ηj(d)) be the γ th quantile of the asymptotic
distribution of the test statistic τj(d) for j = 0, . . . , S/2. We
reject the one sided t type test if τj(d) < CVγ ,S(ηj(d)) for all
j = 0, . . . , S/2. For the joint tests, we reject the null hypothesis if
τ0,...,⌊S/2⌋(d) > CV(1−γ ),S(η0,...,⌊S/2⌋(d)) where CV(1−γ ),S(η0,...,⌊S/2⌋(d))
is the (1 − γ )th quantile of the asymptotic distribution of
τ0,...,⌊S/2⌋(d).

Remark 4. For d = 1, Taylor’s (2005) tests and inverse of our tests
are equivalent.

5. Finite sample simulations

In the Monte Carlo simulations, data is generated according to
the quarterly (S = 4) DGP as follows:

x4t+s = (1 − c/N)x4t+s−1 + u4t+s, s = −3, . . . , 0,
t = 1, 2, . . . ,N

φ(L)u4t+s = θ (L)ε4t+s, ε4t+s ∼ NIID(0, 1)

with ε4t+s = 0 for t ≤ 0 and c is the local-to-unity parameter.
We pick c = 0 for the size and c ∈ {7, 13.5} for the size adjusted
power evaluation. All simulations are conducted 10,000 timeswith
N = 100 and 0.05 nominal significance level with demeaned data.
The critical values are obtained by simulation and available upon
request.

We consider 5 scenarios for the serial correlation structure in
the innovations. First one does not contain any serial correlation.
For the other scenarios, u4t+s follows ARMA(1, 1) process: (1 −

0.5L)u4t+s = (1−0.5L)ε4t+s,ARMA(2, 2) process: (1+0.5L2)u4t+s =

(1 + 0.5L2)ε4t+s,MA(4) process: u4t+s = (1 + 0.5L4)ε4t+s and
ARMA(4, 4) process: (1 − 0.5L4)u4t+s = (1 − 0.5L4)ε4t+s.

The finite sample FSVR test results are reported for the test
statistics τ0(d), τS/2(d), τ̃1(d), τ0,...,⌊S/2⌋(d) and τ1,...,⌊S/2⌋(d), and the
performance is compared with the HEGY counterparts t0, t⌊S/2⌋, F1,
F0,...,⌊S/2⌋ and F1,...,⌊S/2⌋ in Table 1. The table contains the results
with both OLS and GLS demeaning. We set c̄ = 13.5.3

Following Nielsen (2009), we investigate the impact of the
fractional integration parameter d in the performance of FSVR
tests. The best results in terms of power and size are obtained
with d = 0.1. For comparison with Taylor’s (2005) tests, we also
report the case with d = 1.4 The results indicate that the FSVR
and HEGY tests are correctly sized in the OLS and GLS demeaning
cases. For d = 0.1, the FSVR tests perform better than the HEGY
tests when OLS demeaning is used. The GLS demeaning improves

3 For HEGY, the optimal lag length selection routine of Barrio Castro et al. (2016)
is used.
4 The results with other values of d and c̄ are available upon request.

the power performance of the FSVRprocedure compared to theOLS
demeaning. In the GLS demeaning case, HEGY tests have advantage
in the individual coefficient testing relative to the FSVR tests.
However, in this case, the FSVR and HEGY methods enjoy similar
power properties in the joint tests.

6. Conclusion

In this paper, we construct a family of powerful non-parametric
seasonal unit root tests at the zero, Nyquist, harmonic and joint
frequencies. The simulation results reveal that our proposed non-
parametric tests show competitive power performance with the
parametric HEGY tests with desirable size properties in all scenar-
ios considered.

Appendix

A.1. Proofs

Throughout the proofs, we use the circulant matrices:

C0 = Circ[1, 1, 1, . . . , 1] = v0v
′

0

CS/2 = Circ[1,−1, 1, . . . ,−1, 1] = vS/2v
′

S/2

Ci = Circ[cos(0), cos(ωi, cos(2ωi)), . . . , cos ((S − 1)ωi)] = viv
′

i for
i = 1, . . . , S∗

C∗

i = Circ[sin(0), sin(ωi, sin(2ωi)), . . . , sin ((S − 1)ωi)] = v∗

i v
∗′

i for
i = 1, . . . , S∗.

Proof of Lemma 1. The proof can be found in Lemma 1 of BOT.

Proof of Lemma 2. The proof follows from the same argument in
proof of Lemma 6.(d) of Nielsen (2010). Since the operator ∆−d

+

satisfies∆−d
+ ∆

−d2
+ Yt = ∆

−d2
+ ∆−d

+ Yt = ∆
−d−d2
+ Yt , we can write

X̃r = ∆−d
+
∆−1

+
Er = ∆−1

+
∆−d

+
Er =

r∑
i=1

∆−d
+

Er .

Now define Vr = ∆−d
+ Er which satisfies the conditions of Theorem

1 in Marinucci and Robinson (2000), we obtain:

N1/2−d
⌊rN⌋∑
i=1

Vi ⇒ σΨ (1)Wd+1(r).

Proof of Theorem 1. Consider numerator of τj(d) for j = 0, S/2.
The convergence results for these objects are given in BOT as:

T−2
N∑

t=1

0∑
s=1−S

x2j,St+s = T−2
N∑

t=1

SX ′

tCjXt + op(1) for j = 0, S/2

⇒
1
S

∫ 1

0
W (r)′Ψ (1)′CjΨ (1)W (r)dr

=

⎧⎪⎪⎨⎪⎪⎩
σ 2ψ(1)2

S

∫ 1

0
W (r)′C0W (r)dr if j = 0

σ 2ψ(−1)2

S

∫ 1

0
W (r)′CS/2W (r)dr if j = S/2.

Similarly, for j = 1, . . . , S∗ BOT shows that:

T−2
N∑

t=1

0∑
s=1−S

x2j,St+s = T−2
N∑

t=1

S
2
X ′

tCjXt + op(1) for

j = 1, . . . , S∗
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Table 1
Finite sample size and size-adjusted power for the fractional seasonal variance ratio and HEGY tests with demeaning.

τ0 t0 τS/2 tS/2 τ̃1 F1 τ1,...,⌊S/2⌋ F1,...,⌊S/2⌋ τ0,...,⌊S/2⌋ F0,...,⌊S/2⌋
d 0.1 1 0.1 1 0.1 1 0.1 1 0.1 1

Model c OLS demeaning

0 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.04 0.05 0.05 0.04 0.05 0.05
i.i.d. 7 0.24 0.22 0.18 0.24 0.21 0.19 0.49 0.36 0.29 0.76 0.48 0.52 0.65 0.43 0.42

13.5 0.54 0.39 0.52 0.55 0.39 0.54 0.89 0.66 0.80 0.99 0.83 0.97 0.98 0.77 0.93

0 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.04 0.04 0.05 0.04 0.05 0.05
ARMA(1,1) 7 0.24 0.21 0.18 0.24 0.22 0.18 0.45 0.38 0.30 0.75 0.51 0.51 0.63 0.44 0.41

13.5 0.55 0.40 0.53 0.55 0.41 0.53 0.88 0.68 0.83 1.00 0.86 0.97 0.97 0.77 0.93

0 0.04 0.05 0.05 0.04 0.05 0.05 0.05 0.04 0.05 0.04 0.05 0.05 0.04 0.05 0.05
ARMA(2,2) 7 0.25 0.20 0.18 0.24 0.22 0.17 0.47 0.38 0.29 0.75 0.49 0.50 0.63 0.42 0.39

13.5 0.57 0.38 0.53 0.55 0.41 0.51 0.89 0.69 0.81 1.00 0.85 0.97 0.98 0.77 0.92

0 0.03 0.04 0.05 0.03 0.04 0.04 0.03 0.05 0.05 0.02 0.04 0.05 0.03 0.04 0.05
MA(4) 7 0.22 0.21 0.12 0.22 0.21 0.12 0.45 0.35 0.20 0.72 0.48 0.32 0.60 0.41 0.27

13.5 0.51 0.38 0.33 0.50 0.38 0.34 0.85 0.64 0.56 0.99 0.82 0.85 0.96 0.74 0.75

0 0.04 0.05 0.05 0.04 0.06 0.05 0.05 0.05 0.05 0.04 0.05 0.06 0.04 0.05 0.06
ARMA(4,4) 7 0.24 0.23 0.19 0.24 0.20 0.18 0.47 0.36 0.30 0.75 0.49 0.50 0.62 0.42 0.40

13.5 0.55 0.41 0.53 0.56 0.38 0.53 0.89 0.66 0.82 1.00 0.84 0.97 0.98 0.76 0.93

GLS demeaning

0 0.05 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05
i.i.d. 7 0.31 0.19 0.38 0.32 0.18 0.41 0.63 0.27 0.58 0.91 0.35 0.87 0.81 0.30 0.77

13.5 0.66 0.31 0.81 0.66 0.32 0.82 0.96 0.47 0.96 1.00 0.63 1.00 0.99 0.55 0.99

0 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05
ARMA(1,1) 7 0.33 0.18 0.41 0.32 0.19 0.41 0.66 0.26 0.60 0.92 0.33 0.89 0.83 0.31 0.77

13.5 0.67 0.30 0.82 0.66 0.33 0.81 0.96 0.47 0.96 1.00 0.64 1.00 1.00 0.57 0.99

0 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.06
ARMA(2,2) 7 0.33 0.19 0.38 0.32 0.20 0.39 0.66 0.28 0.59 0.91 0.35 0.88 0.83 0.31 0.77

13.5 0.66 0.32 0.80 0.67 0.33 0.82 0.96 0.48 0.96 1.00 0.63 1.00 1.00 0.55 0.99

0 0.04 0.05 0.04 0.04 0.05 0.04 0.05 0.05 0.05 0.04 0.05 0.05 0.04 0.05 0.04
MA(4) 7 0.33 0.19 0.31 0.32 0.19 0.32 0.61 0.27 0.47 0.91 0.33 0.77 0.80 0.30 0.64

13.5 0.67 0.33 0.67 0.66 0.35 0.67 0.95 0.51 0.86 1.00 0.67 0.99 1.00 0.59 0.97

0 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.06
ARMA(4,4) 7 0.34 0.18 0.41 0.33 0.17 0.40 0.63 0.27 0.57 0.91 0.32 0.88 0.82 0.29 0.77

13.5 0.69 0.31 0.81 0.66 0.31 0.82 0.95 0.49 0.95 1.00 0.62 1.00 0.99 0.55 0.99

Note: The results for HEGY tests do not depend on d.

⇒
1
2S

∫ 1

0
W (r)′Ψ (1)′CjΨ (1)W (r)dr

=
σ 2(a2j + b2j )

2S

∫ 1

0
W (r)′CjW (r)dr if j = 1, . . . , S∗ (11)

and

T−2
N∑

t=1

0∑
s=1−S

x∗2
j,St+s = T−2

N∑
t=1

S
2
X ′

tC
∗

j Xt + op(1) for

j = 1, . . . , S∗

⇒
1
2S

∫ 1

0
W (r)′Ψ (1)′C∗

j Ψ (1)W (r)dr

=
σ 2(a2j + b2j )

2S

∫ 1

0
W (r)′C∗

j W (r)dr if j = 1, . . . , S∗. (12)

Now, we can focus on the denominators and apply the same
procedure:

T−2−2d
N∑

t=1

0∑
s=1−S

x̃2j,St+s = T−2−2d
N∑

t=1

SX̃ ′

tCjX̃t + op(1) for

j = 0, S/2

⇒
1
S

∫ 1

0
Wd+1(r)′Ψ (1)′CjΨ (1)Wd+1(r)dr

=

⎧⎪⎪⎨⎪⎪⎩
σ 2ψ(1)2

S

∫ 1

0
Wd+1(r)′C0Wd+1(r)dr if j = 0

σ 2ψ(−1)2

S

∫ 1

0
Wd+1(r)′CS/2Wd+1(r)dr if j = S/2.

The weak convergence of these objects stems from Lemma 2 and
the rest can be derived from the above results. Finally, we can also
demonstrate,

T−2−2d
N∑

t=1

0∑
s=1−S

x̃2j,St+s = T−2−2d
N∑

t=1

S
2
X̃ ′

tCjX̃t + op(1) for

j = 1, . . . , S∗

⇒
1
2S

∫ 1

0
Wd+1(r)′Ψ (1)′CjΨ (1)Wd+1(r)dr

=
σ 2(a2j + b2j )

2S

∫ 1

0
Wd+1(r)′CjWd+1(r)dr if j = 1, . . . , S∗ (13)

T−2−2d
N∑

t=1

0∑
s=1−S

x̃∗2
j,St+s = T−2−2d

N∑
t=1

S
2
X̃ ′

tC
∗

j X̃t + op(1) for

j = 1, . . . , S∗

⇒
1
2S

∫ 1

0
Wd+1(r)′Ψ (1)′CjΨ (1)Wd+1(r)dr
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=
σ 2(a2j + b2j )

2S

∫ 1

0
Wd+1(r)′C∗

j Wd+1(r)dr if j = 1, . . . , S∗ (14)

where the asymptotic objects in (13) and (14) are the same as the
arguments made for the numerator counterparts. After obtaining
these fundamental objects, for the tests τ0(d), τS/2(d), τj(d), τ ∗

j (d),
τ̃j(d), τ1,...,⌊S/2⌋(d) and τ0,...,⌊S/2⌋(d) the results follow by invoking
CMT. Furthermore, following BOT, we can write W (s)′CjW (s) =

W (s)′vjv′

jW (s) for j = 0, S/2 andW (s)′CiW (s) = W (s)′viv′

iW (s) for
i = 1, . . . , S∗. We can define Wj(s) = v′

jW (s) for j = 0, S/2 and
Wi(s) = c ′

iW (s), W ∗

i (s) = c∗′

i W (s) for i = 1, . . . , S∗ as the inde-
pendent Brownian motions where c ′

i and c∗′

i are the first rows of
v′

i and v
∗′

i respectively. Similarly, we can define the corresponding
fractional Brownian motions since they are also invariant under
any linear transformations.
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