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Abstract

A finite conrectedk-regulargraph X, k > 3, determines the conjugacy class of a cocompact
torsion-free latticel” in the isometry groufs of the universal covering tree. The associated quasi-
regular representatidnz(F\G) of G can be considered as an a priori stronger notion of the spectrum
of X, called the representation spectrum. We prove that two graphs as above are isospectral if and
only if they are representation-isospectral. In othesrds for a ccompact torsion-free latticé” in
G the pherical part of the spectrum &f determines the whole spectrum. We give examples to show
that this is not the case if the lattice has torsion.
© 2004 Elsevier Ltd. All rights reserved.

0. Introduction

Letk > 3 be an integerX be ak-regular graphA = Ay its adjacency operator of,
i.e., A: L2(X) —s L2(X), with

AH) =Y f(y),
y~X

wherey ~ x means thay is a reighbor ofx. This is a sdladjoint operator. Two finitd-
regular graph¥; andY> are said to bésogectral(or cospectral if the sds of egenvalues
of Ay, (with multiplicities) are equal to each other. SuclYjadetermines (the conjugacy
class of) a cocompact lattice (discrete cocompact subgBup) G = Aut(T) whereT is
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thek-regular tree such thdfi\G = Y;. Given a cocompact lattic€ the goup G acts on
L2(I"\G) and this unitary representation is decomposed as

P mr @,

neG

where G is the unitary dual ofG (i.e., the set of equivalence classes of irreducible
unitary representations d@¢). Eachmp(r) € N = {0,1,2,...} andmp(x) # O for

at most countably many’s in G. Let ésph be the subset of of all = € G which are
spherical (i.e., which have a non-tial fixed vector under the stabilizd¢ of a vertex

t in T; K is a maximal compact subgroup @). It is well knownthat two graphsry
and Y, are isospectral ifinp, () = mp, () for eachn e ésph We can define an

a priori stronger equivalence relation: say thgt and Y, arerepreentation-isospectral

if mp, (r) = mp, () for everyr e G. The maingoal of this note is to put on record the
observation that this is not a stronger relation.

Theorem. Two finite k-regular graphs are isospectral iff they are representation-
isospectral.

Remark 1. The notions of isospectrality and representation-isospectrality makes equally
good sense for cocompact lattices and wetheesame terminology for such lattices.

We also pesent examples to show that this is not the case for general cocompact lattices.
That is, we present two cocompact lattidésand > of G such that the quotients;\ T
andI>\T are isomorphic bul’; and > are not representation-isospectral. ThEsbave
torsion, so they cover “indexediagrams” btunot graphs.

The paper is organized as follows.3ectons land2 we give two poofs of the theorem
above. In Section 3we presenttie promised’s and I'>. In Section 4we disass briefly
the analogous question whe@ is replaced by a semisimple Lie group. In fact, Pege [
proved a similar result for Riemann surfaces (i.e.,$d5(R)) and we show tht the first
proof works forSL(K) whenK isanon-Archimedean local field. The general case seems
to be an interesting open question.

1. First proof

Assume thaty; and Y, are two isospectral graphs. L&} and I'; be their respective
fundamental groups. Consider, as before, the unitary representafiofis\G) of G for
i =1, 2. Denote byR, the mrresponding quasi-regular representatiofsof.e.,

Ri(Y(H)(X) = f(xy)

for eachx, y € G and eachf € L2(I}\G). If H(G) denotes the convation algebra of
complex locally constant functions with compact support@rthen he representations

R give rise to representations &f(G) which we d@&ote again byR;. There are two
ingredients in the proof. One of them is an elementary version of the Selberg trace formula
which reads as follows 9]). Let I" be a cocompact lattice inG and letR denote the
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corresponding quasi-regular representatio@afn L2(I"\G). Then

tr(R(f)) = > m@mtr(z(f)) = Y vol(I\G,)O0, (1),

e ye{l'}
wheref € H(G), {I'} is a representative set for tieconjugacy classes of elementsiin
andO, (f) means[Gy\G f(y~lyy)dy.

Remark 2. Let us note that the groupS, are also unimodular and we can fix any
Haar measures on themhd@n we consider the uniqué-invariant measure o6, \G
corresponding to it which satisfies some natural properties. The trace of the ofg&(r&jor
does not depend on the choice of the Haar measur&,anThe reader is referred to
[9, Theorem 5.9] for the details.

The other ingredient is a result from representation theory which gives a criterion for
the equivalace of these unitary representations.

Proposition 3 ([4]). The represetation R and R are equivalent iff, for any fe H(G),
wehavetr(Ry(f)) = tr(Rx(f)).

Now let I" be a cocompact torsion-free lattice @ If an elementy € I is not the
identity, then it is hyperbolic, i.e., there iglaubly infinite geodesic, which we call the axis
of y, on whichy acts as a translation. It is known that two such element&atenjugate
iff they have the same translation length on their axes. Therefore we can paftificst
into G-conjugacy classes and then iffeconjugacy classes and can rewrite the right hand
sideof the trace formula as

Z Z vol(I)\G,) O, (f)_Z(’)n(f) Z vol(T)\G,)

n=0 ye{l'}n yell'In

where {I'}, denotes the set of’-conjugacy classes i’ of an element of translation
length n. Renark thatO, (f) is an integral over thé&-conjugacy class of in G and
it depends only on the translation lengitof y. In otherwords, ify andy’ have the same
translation lengtm, thenO, (f) = O,/(f) which we enote byOn(f). Therdore, if
we definex(n) = ap(n) = Zye{p}n vol(I},\G, ), these quantities determine(R(f))
uniquely. Since we want to provbat the representatioR is uniquely determined (up to
unitary equivalence, of course) by the spectrum of the quoXeot T by I, it is enough
to prove that the functiow is uniquely determined by the spectrum Xf Let us see
first that the functiornx(n) depends only on the numbers of primitive conjugacy classes
of degree< n. Now let y be a hyperbolic element which is primitive. This means that
I, is the infinite cyclic subgroup of” (and hence of3) gererated byy. Let| be the
degree ofy considered as a translation on its axis. Now, ugstoonjugacyG, depends
only onl, sincetwo sud elements ar&-conjugate iff their degrees are the same. Let us
denote the centralizer of a hyperbolic elemgnof degred by G,. By the sane token,
vol(I},\G,) = vol({y)\G)) is a function ofl only.

In general, thecentralizer ofy in I' is free cyclic and it is generated by a unique
primitive element. Ch this elementyo. Then(I'), = (yo) and the véume vokI,\G, )
is a function of he lengths ofy andyg only. In other words, ifp(y) is the integer which
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satisfies(y0)P") = y, then vol((I"),\G, ) is a functiong (I (y), p(y)) of I(y) and p(y).
Remark that a non-trivial elememnt of " is primitive if, and only if, p(y) = 1. We have
then

a(n) =) B(d)é(n, n/d)
din
whereg(d) denotes the number of primitivé-conjugacy classes ifi of degreed.

It is known that two k-regular graphs are isospectral iff, for ed¢hthe numbers of
primitive conjugacy classes of degreare the sameg]. But this meanshat, if two finite
k-regular graph andY are isospectral, then the correspondinganday are the same.
Hence hey are representation-isospectral.

2. Second proof

The second proof which we now present is based on the following observations.
According to the classifation of OlI'shanskii §], the irredudble (unitary) representations
of G are either spherical (i.e., have a non-zero vector fixed under the stabilizer of a
point), special (i.e., have a non-zero \acfixed under the stabilizer of an oriented
edge, which is called the Iwahori subgroup), or cuspidal (i.e., do not have any non-zero
vector fixed under the Iwahori subgroup). Irreducible cuspidal (smooth) representations
also have the property that they are integrable discrete series representations and their
snooth parts have compactly supported matrix coefficients/Lie¢ a cocompact torsion-
free lattice in G. We areinterested inmp. lhara B] proved tha the multiplicities
of the special representations irf(I"\G) are uniquely determined by the genus, and
hence by the size, of the quotient graph. Therefore, in order to show that isospectrality
implies representation-isospectrality, it suffices to show that the multiplicities of irreducible
cuspidal representations are determined by the spectrum. We prove an even stronger
resut: we show that, ifr is an irreducible cuspidab-module, therm () is equal to
d,vol(I"\G), whered, is the formal degree ofr. This is an aalog of awell-known
result in the theory of semisimple Lie grou®.[For let (s, V) be an irreducike cuspidal
G-module. Letv be a smooth unit vector . Write

f(X) = de (T(X"H) (), v)

for eachx € G. Then, it is knavn that f is an idempotenelement of H(G) with
tr(r(f)) = 1 and that, ér any other irreducible smoota-moduler’, we haver’(f) = 0.
This follows from the definitions and Schuristhogonality relations fodiscrete series
representations. Therefore, in the notation of the introduction, we have

tr(R(f)) = mp(n) =Zon(f) Z vol(T)\G,).

n=0 ye{l'In

Now we usea result of dilg and Valette, which is known as the Selberg Princip]elf says
that, if f € H(G) is idempoént andy € G is ahyperbolic element, the@, (f) = 0. As
is easily seen, this principle says that we have

On(f)=0
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for all n > 0. Therefore, we have
mp () = Op(f) vol(I'\G).

But it is clear thatOq(f) = d,;. Herce the result follows.

3. Thecaseswherethe lattices may havetorsion

In the case of regular trees of even degree 3, Bass and Kulkarni proved that one
can find an infinite ascending chaif lattices with the same quotient,| Exampe 7 4]
containing only one vertex. Therefonge can always find two cocompact lattic&€s and
I'> with the same spherical spectra (the spherical parts of the corresponding quasi-regular
representations @ are equivalent; there is only the trivial representation with multiplicity
one) such thafy < I'> andl>/ I is as large as we want. But, then, it is not difficult to see
that the unitanyG-representations?(I'1\G) andL?(12\G) of G will not be isomorphic.
Hence these latticesre not representation-isospectral.

4. The case of semisimple Lie groups

Let us remark that the above result can be extended to some closed subgr@ips of
We are nowinterested in the case whefeis the Bruhat-Tits building associated with the
p-adic Lie groupSL(2, Qp) and thatl" is a cocompact torsion-free lattice 81L(2, Qp)
with X = I'\T. It follows from the (first) proof that it is enough to observe that, for each
non-trivialy e I' (which is automatically hyperbolic), val’, \SL(2, Qp), ) depends only
on the hyperbolic length of. Therefore, two cocompact torsion-free latticeSih(2, Qp)
are (spherically) isospectral iff there representation-isospectral.

It is natural to ask the same question for semisimple Lie groups and their cocompact
lattices. For example, it would be interesting to understand the same question for
cocompact torsion-free lattices in gerlesamisimple Lie groups of rank one and their
adic analogs. Pescé][proved that two compact hyperbolic manifolds are representation-
isospectral iff they are strongly isospectrghis last condition says simply that one is not
interested only inhie Laplacian on functions, but also in some other Laplacians on forms,
tensors, etc. Itis still not clear whether represéinh-isospectrality is strictly stronger than
isospectrality in this case. In fact, Pesce prove@jiHa isospectrality and representation-
isospectrality are equivalent in the caseRfB L(2, R). (In the case of hyperbolic Riemann
surfaces the notion of strong isospectrality reduces to that of isospectrality.) In other words,
he proved that two compact Riemann surfaces are isospectral iff they are representation-
isogectral in the sense of this note. Actually the result presented in this note is the graph-
theoretical analog of his.

For higher rank semisimple Lie groups much less is known. There are some examples
where non-isomorphic but isospectral (torsifree cocompact) lattices exist. See, for
example 7). It is not clear whether there exist examples of higher rank Lie groups
where (spherical) isospectrality and represtaotaisospectrality of coompact torsion-free
lattices are equivalent.
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