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ABSTRACT. In recent papers, Fesenko has defined the non-Abelian local reciprocity
map for every totally ramified arithmetically profinite (APF) Galois extension of
a given local field K, by extending the work of Hazewinkel and Neukirch—Iwasawa.
The theory of Fesenko extends the previous non-Abelian generalizations of local class
field theory given by Koch—de Shalit and by A. Gurevich. In this paper, which is
research-expository in nature, we give a detailed account of Fesenko’s work, including
all the skipped proofs.

In a series of very interesting papers [I], 2 B], Fesenko defined the non-Abelian local
reciprocity map for every totally ramified arithmetically profinite (APF) Galois extension
of a given local field K by extending the work of Hazewinkel [8] and Neukirch-Iwasawa
[15]. “Fesenko theory” extends the previous non-Abelian generalizations of local class
field theory given by Koch and de Shalit in [13] and by A. Gurevich in [7].

In this paper, which is research-expository in nature, we give a very detailed account
of Fesenko’s work [I] 2 [3], thereby complementing those papers by including all the
proofs. Let us describe how our paper is organized. In the first Section, we briefly review
the Abelian local class field theory and the construction of the local Artin reciprocity
map, following the Hazewinkel method and the Neukirch-Iwasawa method. In Sections
3 and 4, we follow [4, [B] 6], and [I7] to review the theory of APF extensions over K,
and sketch the construction of Fontaine-Wintenberger’s field of norms X(L/K) attached
to an APF extension L/K. In order to do so, we briefly review the ramification theory
of K in Section 2. Finally, in Section 5, we give a detailed construction of the Fesenko

reciprocity map <I>(L“;)K defined for any totally ramified and APF Galois extension L over

K under the assumption that p,(K®P) C K, where p = char(kg), and investigate the
functorial and ramification-theoretic properties of the Fesenko reciprocity maps defined
for totally ramified and APF Galois extensions over K.

In a related paper (see [I0]), we shall extend Fesenko’s construction to any Galois
extension of K (in a fixed K®*°P), and construct the non-Abelian local class field theory.
Thus, we feel that the present paper together with [Il 2| B] should be viewed as the
technical and theoretical background, an introduction, as well as an appendix to the
paper [10] on “generalized Fesenko theory”. A similar theory was announced by Laubie
n [14)], which is an extension of the paper [I3] by Koch and de Shalit. The relationship
of the Laubie theory with our generalized Fesenko theory will also be investigated in [10].

Notation. Throughout this work, K denotes a local field (a complete discrete valuation
field) with finite residue field Ok /px =: ki of gx = q¢ = p’ elements with p a prime
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408 K. I. IKEDA AND E. SERBEST

number, where Ok denotes the ring of integers in K with a unique maximal ideal px. Let
vk denote the corresponding normalized valuation on K (normalized by vk (K*) = Z),
and let ¥ be a unique extension of v to a fixed separable closure K5°P of K. For any
subextension L/K of K*P /K the normalized form of the valuation v |;, on L will be
denoted by vy,. Finally, we let Gk denote the absolute Galois group Gal(K®*P/K).

§1. ABELIAN LOCAL CLASS FIELD THEORY

Let K be a local field. We fix a separable closure K°P of K. Let Gx denote the
absolute Galois group Gal(K*P/K) of K. By the construction of absolute Galois groups,
G is a profinite topological group with respect to the Krull topology. Now, let G‘}(b
denote the maximal Abelian Hausdorff quotient group G /G’ of the topological group
Gk, where G’ denotes the closure of the first commutator subgroup [Gx,Gk] of Gk.

Recall that the Abelian local class field theory for the local field K establishes a unique
natural algebraic and topological isomorphism

QK : Kx 2 G}L(b,
where the topological group K is the profinite completion of the multiplicative group

K>, satisfying the following conditions.
(1) Let Wik denote the Weil group of K. Then

ag(K*) =W,

(2) For every Abelian extension L/K (always assumed to be a subextension of
K®°? /K where a separable closure K*°P of K is fixed throughout the remainder
of the text), the surjective and continuous homomorphism

ap KX 25 Qe I, Gal(L/K)
satisfies

ker(ar/x) = Np/x(L¥) = N Np i (F¥) = N,
K C FCL

finite
(3) For each Abelian extension L/K, the mapping
L— Np
determines a bijective correspondence
{L/K : Abelian} — {N: N < KX}
closed

that satisfies the following conditions: for every Abelian extension L, L, and Lo
over K,
(i) L/K is a finite extension if and only if

—

(this is equivalent to (I/(; : NL) < 00);
(i) Ly C Ly & N, D Npy;
(iii) NL1L2 ZNLl ﬂNL2;

(IV) NleLz = NLlNLZ-
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FESENKO RECIPROCITY MAP 409

(4) (Ramification theory)] Let L/K be an Abelian extension. For every integer
0 <i € Z and every real number v € (i — 1, 1],

z € UpNL < ar k(z) € Gal(L/K)”,

where 7 € K*.
(5) (Functoriality). Let L/K be an Abelian extension.
(i) For v € Aut(K),

ak(y(z)) = Far (@7

for every x € K~ , where 7 : K% — K% is any automorphism of the field
K satisfying 7 | x= ;
(ii) under the condition [L : K] < oo,

ar(z) |ge= ax(Np/k(x))

for every z € L/;;
(iii) under the condition [L : K] < oo,

ap(z) = Vi (ak(z))

for every z € KX , where Vi1 : G% — G% is the group-theoretic transfer
homomorphism ( Verlagerung).
This unique algebraic and topological isomorphism ag : KX — G% is called the local
Artin reciprocity map of K.

There are many constructions of the local Artin reciprocity map of K, including the
cohomological and analytical constructions. Now, in the remaining part of this section,
we shall review the construction of the local Artin reciprocity map ax : K* — G of
K, following Hazewinkel [8] and Iwasawa—Neukirch [12] [15]. As usual, let K™ denote
the maximal unramified extension of K. It is well known that K™ is not a complete
field with respect to the valuation vk« on K" induced from the valuation vg of K.
Let K denote the completion of K™" with respect to the valuation vg»» on K"". For
a Galois extension L/K, put L™ = LK™ and L = LK. For each 7 € Gal(L/K), we
choose 7* € Gal(L™ /K in such a way that

(1) 7 [L=7;

(2) 7* |gnr= " for some 0 < n € Z, where ¢ € Gal(K""/K) denotes the (arith-

metic) Frobenius automorphism of K.
The fixed field (L") = {z € L™ : 7*(x) = &} of this chosen 7* € Gal(L™" /K) in L™
will be denoted by X.+; we have [E.« : K] < 0.
The Iwasawa—Neukirch mapping
LL/K . Gal(L/K) — KX/NL/K(LX)
is then defined by
LL/K LT = NET*/K(WET*) mod NL/K(LX)

for every 7 € Gal(L/K), where 7x,_. denotes any prime element of ¥ .

Suppose now that, moreover, the Galois extension L/K is a totally ramified and finite
extension. We introduce a subgroup V(L/K) in the unit group U; = Og of the ring of

integers O of the local field L by
V(L/K) = {(u""':ueU;, o€ Gal(L/K)).

IWe shall review the higher-ramification subgroups Gal(L/K)" of Gal(L/K) (with the upper num-
bering) in the next section.
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410 K. I. IKEDA AND E. SERBEST

Then the homomorphism

0 : Gal(L/K) — U; /V(L/K)

defined by
0:0— o(mr) mod V(L/K)
L
for every o € Gal(L/K), makes the triangle
Gal(L/K)
\
can U; /V(L/K)
0o
Gal(L/K)®

commutative. The quotient U; / V(L/K) sits in the Serre short exact sequence

(1.1) 1= Gal(L/K)™ % Uy V(LK) 5 U 1,

Let V(L/K) denote the subgroup in the unit group Up»r of the ring of integers Opnr of
the maximal unramified extension L™ of the local field L defined by

V(L/K) = (u""":u€ UL, o€ Gal(L/K)).
The quotient Urnr/V(L/K) sits in the Serre short exact sequence

Npnr gnr

(1.2) 1 — Gal(L/K)® %o Upnr JV(L/K) Ugenr — 1.

As before, let ¢ € Gal(K™ /K) denote the Frobenius automorphism of K. We fix any
extension of the automorphism ¢ of K™ to an automorphism of L™, denoted again by
¢. Now, for any u € Uk, there exists v, € Upnr such that u = Npnr/gnr(v,). Then the
relation
Npor jicnr (9(0u)) = @(Npor o (va)) = ¢(u) = u,
combined with the Serre short exact sequence, yields the existence of o, € Gal(L/K)%
satisfying
ou(mr) Uy

dolow) = = = o)

The Hazewinkel mapping
hiyx : Uk /N U — Gal(L/K)*
is then defined by
hL/K LU Oy
for every u € Ukg.

It turns out that if L/K is a totally ramified and finite Galois extension, then the
Hazewinkel mapping hp, x : Ux /Ny /xUp — Gal(L/K)® and the Iwasawa—Neukirch
mapping t1,/x : Gal(L/K) — K* /Ny, /i (L*) are mutually inverse. Thus, by the unique-
ness of the local Artin reciprocity map ay : KX — G% of the local field K, it follows that
the Hazewinkel map, the Iwasawa—Neukirch map, and the local Artin map are related
to each other as follows:

hL/K =QarL/K
and
LL/K = az/lK.
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FESENKO RECIPROCITY MAP 411

§2. REVIEW OF RAMIFICATION THEORY

In this section, we shall review the higher-ramification subgroups with the upper
numbering of the absolute Galois group Gi of the local field K, which is necessary in
the theory of APF extensions over K. The main reference that we follow for this section
is [16].

For a finite separable extension L/K and any o € Homg (L, K5P), we introduce

ip/k(0) = mHGHOHL {vr(o(z) — )},

put
Ve = # {0 € Homg (L, K*P) : iy k(o) >t+1}

for -1 <t € R, and define a function ¢r/x : R>_1 — R>_;, the Hasse-Herbrand
transition function of the extension L/K, by

"%dt if 0<wueR,
u if —1<u<o.

L/ (u) = {

It is well known that ¢r/x : R>_; — R>_; is a continuous, monotone increasing,

piecewise linear function, and induces a homeomorphism R>_; = R>_;. Now, let
Yk R>_1 — R>_1 be the mapping inverse to the function ¢/ : R>_1 — R>_1.

Assume that L is a finite Galois extension over K with Galois group Gal(L/K) =: G.
The normal subgroup G, of G defined by

Gy={o0€cG: igg(o)>u+1}

for —1 < u € R is called the uth ramification group of G with the lower numbering,
and has order v,. Note that G+ C G, for every pair —1 < u, v’ € R satisfying u < u’.
The family {G }uer._, induces a filtration on G, called the lower ramification filtration
of G. A break in the lower ramification filtration {Gy}uer._, of G is defined to be
any number u € R>_; satisfying Gy, # Gy for every 0 < ¢ € R. The function
Yk = cpz/lK :R> 1 — R>_; induces the upper ramification filtration {G"}yer._, on
G by setting

G" = GTZ’L/K(”)’
or equivalently, by setting

Gyr/x(u) — G
for —1 < wv,u € R, where G is called the vth upper ramification group of G. A break in

the upper filtration {G”}veRZ_l of G is defined to be any number v € R>_; satisfying
GV # GVT¢ for every 0 < ¢ € R.

Remark 2.1. We mention the basic properties of lower and upper ramification filtrations
on G. In what follows, F//K denotes a subextension of L/K and H denotes the Galois
group Gal(L/F) corresponding to the extension L/F.

(i) The lower numbering on G passes well to the subgroup H of G in the sense that
H,=HNG,

for -1 <uelR;
(ii) and if, furthermore, H < G, then the upper numbering on G passes well to the
quotient G/H:

(G/H) =G"H/H
for -1 <wveR.
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412 K. I. IKEDA AND E. SERBEST

(i) The Hasse-Herbrand function and its inverse satisfy the transitive law

PL/K = PF/K°¥PL/F
and

Yk =VrL/F o VF/K-
If L/K is an infinite Galois extension with Galois group Gal(L/K) = G, which is a
topological group under the respective Krull topology, we define the upper ramification
filtration {G"},er._, on G by the projective limit
(2.1) G’:= lim Gal(F/K)"

KCFCL

defined over the transition morphisms t5 (v) : Gal(F'/K)” — Gal(F/K)", which are
essentially the restriction morphisms from F’ to F', defined naturally by the diagram

tE (v)

(2.2) Gal(F/K)" Gal(F'/K)

isomorphism
introduced in (ii)

Gal(F'/K)"Gal(F'/F)/Gal(F' | F)

induced from (ii), as K C F C F’ C L runs over all finite Galois extensions F' and F”
over K inside L. The topological subgroup G of G is called the vth ramification group of
G in the upper numbering. Note that GY' C GV for every pair —1 < v,v’ € R satisfying
v < v/, via the commutativity of the square

tE (v)

(2.3) Gal(F/K)" +— =" Gal(F'/K)"

inc. inc.
F/

/ tp (V') /
Gal(F/K)" +————— Gal(F'/K)"
for every chain K C F' C F’ C L of finite Galois extensions F' and F’ over K inside L.
Observe that
(iv) G7! = G and GV is the inertia subgroup of G;
™) Noer_, G = {1);
(vi) GV is a closed subgroup of G, with respect to the Krull topology, for —1 < v € R.
In this setting, a number —1 < v € R is said to be a break in the upper ramification
filtration {G"}yer._, of G if v is a break in the upper filtration of some finite quotient
G/H for some H <G. Let B,k denote the set of all numbers v € R>_; that occur as
breaks in the upper ramification filtration of G. Then:
(vii) (Hasse—Arf theorem) By x € ZNR> g5
(Vlll) BK:;ep/K Q Q N Rz_l.

§3. APF EXTENSIONS OVER K

In this section, we shall briefly review a very important class of algebraic extensions
over a local field K, called the APF extensions and introduced by Fontaine and Win-
tenberger (cf. [B 6] and [I7]). As in the previous section, let {G% },er._, denote the
upper ramification filtration of the absolute Galois group G of K, and let RY denote
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FESENKO RECIPROCITY MAP 413

the fixed field (K eP)Ck of the vth upper ramification subgroup GY of Gk in K% for
—1<veR.

Definition 3.1. An extension L/K is called an APF extension (APF is an abbreviation
for “arithmétiquement profinie”) if one of the following equivalent conditions is satisfied:
(1) G% Gy is open in Gk for every —1 < v € R;
(ii) (Gk : G%GL) < oo for every —1 <wv € R;
(iii) LN RY is a finite extension over K for every —1 <wv € R.

Note that if L/K is an APF extension, then [kr, : K] < oo.
Now, let L/K be an APF extension. We set GY = G, N GY; and define

Jo(G% : GYG%)dr if 0<wvER,
v if —1<v<0.

(3.1) ‘PL/K(U) = {

Then the map v — ¢, /k(v) for v € R>_1, which is well defined for the APF extension
L/K, determines a continuous, strictly monotone increasing and piecewise-linear bijec-
tion pr /i : R>—1 — R>_1. We denote the inverse of this mapping by ¢ /x = gaz/lK :
RZ—I — RZ—I-

Thus, if L/K is a (not necessarily finite) APF Galois extension, then we can define
the higher ramification subgroups with the lower numbering Gal(L/K), of Gal(L/K),
for —1 < u € R, by setting

Gal(L/K), := Gal(L/K)#r/x(W,

Remark 3.2. The following should be noted:

(i) in case L/K is a finite separable extension, which is clearly an APF extension
by Definition B.1l the function ¢k : R>_1 — R>_; coincides with the Hasse-
Herbrand transition function of L/K introduced in the previous section;

(ii) if L/K is a finite separable extension and L’/L is an APF extension, then L'/ K
is an APF extension, and the transitivity rules for the functions ¢/ /x, ¥ /K -
RZ—I — RZ—l hold by

YL /K = PL/K CPL /L
and by
Yk =YL ovr k.
The next result will be extremely useful.

Lemma 3.3. Suppose that K C F C L C K3 is a tower of field extensions in K°P

over K. Then:
(i) if [F : K] < o0, then L/K is an APF extension if and only if L/F is an APF
extension;
(ii) #f [L : F] < o0, then L/K is an APF extension if and only if F/K is an APF
extension;

(iii) if L/K is an APF extension, then F/K is an APF extension.
Proof. For a proof, look at Proposition 1.2.3 in [I7]. |

84. FONTAINE-WINTENBERGER FIELDS OF NORMS

Let L/K be an infinite APF extension. For 0 < i € Z, let L; be an increasing directed
family of subextensions in L/K such that
(1) [L; : K] < oo for every 0 < i € Z;
(ii) Uogiez L;=1L.
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414 K. I. IKEDA AND E. SERBEST

Let
X(L/K)* = @LZX
be the projective limit of the multiplicative groups L. with respect to the norm homo-
morphisms
Ny, o, L — L,
for every 0 < 4,7 € Z with ¢ < 7',

Remark 4.1. The group X(L/K)* does not depend on the choice of the increasing di-
rected family of subextensions {L; }o<;ez in L/K satisfying conditions (i) and (ii). Thus,
X(L/K)* = lim M,

MGSL/K

where S,/ is the partially ordered family of all finite subextensions in L/K, and the
projective limit is with respect to the norm

Nty M5 — M,
for every My, My € Sy x with My C M.
We put
X(L/K) =X(L/K)* u{0},
where 0 is a fixed symbol, and define the addition
+:X(L/K)xX(L/K) - X(L/K)
by the rule

(an) + (Bm) = (vm),
where vy € M is defined by the limit
(41) YM = hlrn N]\J//M(OZM/ +BM/),
MCM'E€Sy
[M':M]—oc0
which exists in the local field M, for every M € Sp k.
Remark 4.2. Note that, for (anr), (8a) € X(L/K), the composition law

((anr), (Bm)) = () + (Bur) = (ar)

given by (&I is well defined, because L/K is assumed to be an APF extension (cf.
Theorem 2.1.3. in [I7]).

This implies the following statement.

Theorem 4.3 (Fontaine-Wintenberger). Suppose L/K is an APF extension. Then
X(L/K) is a field under the addition

+:X(L/K) x X(L/K) — X(L/K)
defined by [@I) and under the multiplication
x : X(L/K) x X(L/K) — X(L/K)
defined naturally by the componentwise multiplication on X(L/K)*. This field X(L/K)
is called the field of norms corresponding to the APF extension L/K.
Now, in particular, we choose the following specific increasing directed family of subex-
tensions {Li}OSiEZ in L/K
(i) Lo is the maximal unramified extension of K inside L;
(ii) L; is the maximal tamely ramified extension of K inside L;
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FESENKO RECIPROCITY MAP 415

(iii) for ¢ > 2, the L; are chosen inductively as finite extensions of L; inside L with
Li g Li+1 and UOSiEZ Lz = L.

Observe that Lg/K is a finite subextension of L/K and, by the definition of tamely
ramified extensions, Ly C Ly, with [L; : K] < co. Thus, for any element (ay,)o<iez of
X(L/K) we have

(4.2) vr,(ar,) = vi,(at,)

for every 0 < i € Z. Therefore, the mapping

given by

(4.3) v k) ((ar,)o<iez) = vi,(aL,)

for (ar,)o<icz € X(L/K) is well defined; moreover, it is a discrete valuation on X(L/K),
in view of ([4.2]).

Theorem 4.4 (Fontaine-Wintenberger). Suppose L/K is an APF extension, and let
X(L/K) be the field of norms attached to L/K. Then:

(i) the field X(L/K) is complete with respect to the discrete valuation vk k) :
X(L/K) — Z U {co} defined by @3);
(ii) the residue class field kx(r/r) of X(L/K) satisfies kx(r/rx) — KL
(iil) the characteristic of the field X(L/K) is equal to char(kg).

Proof. For a proof, look at Theorem 2.1.3 in [I7]. |

Remark 4.5. As usual, the ring of integers Ox (k) of the local field (complete discrete
valuation field) X(L/K) is defined by

Ox(L/x) = { (o, )o<iez € X(L/K) : vx k) (oL, Jo<iez) > 0} .

Thus, by (£3) and [@2), for o = (o, )o<iecz € X(L/K), the following two conditions are
equivalent:

(i) (ar;)o<iez € Ox(L)K);
(ii) ar, € O, for every 0 < i € Z.

The maximal ideal px(r/x) of Ox(r,/K) is defined by
px(L/x) = {(ar)o<iez € X(L/K) s vxwx) ((ar,)o<iez) 2 0} -

By (@3) and [2), for o = (ar,)o<iez € X(L/K), the following two conditions are
equivalent:

(iii) (ar,)o<iez € Px(L/K);
(iv) ar, € pr, for every 0 < i € Z.

The unit group Ux(r, k) of Ox(r/K) is defined by
UX(L/K) = {(OéLi)ogieZ € X(L/K) *VX(L/K) ((arz;)o<iez) = 0} .

Again by ([43)) and (£2), for a = (ar,)o<icz € X(L/K), the following two conditions are
equivalent:

(v) (ar,)o<iez € Ux(L/Kk);
(vi) ar, € Uy, for every 0 <1 € Z.

Let L/K be an infinite APF extension. Consider the tower
KCFCLCECK®®P
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416 K. I. IKEDA AND E. SERBEST
of extensions over K, where [F : K] < oo and [F : L] < oco. By parts (i) and (ii) of
Lemma [33] it follows that L/F is an infinite APF extension satisfying
X(L/K) = X(L/F),
by the definition of the field of norms, and E/K is an infinite APF extension satisfying
X(L/K) — X(E/K)
under the injective topological homomorphism
e X(L/K) = X(B/K),
which depends on a finite extension M over K satisfying LM = E.
LM =F

L
APF ext. M
%<oo

K

infinite

The topological embedding ') : X(L/K) — X(E/K) is defined as follows. Let
{Li}o<iez be an increasing directed family of subextensions in L/K such that
[Li : K] < oo for every 0 < i € Z and with (Jy<;cz Li = L. Then, clearly, {L;M }o<icz
is an increasing directed family of subextensions in E/K such that [L;M : K| < oo for
every 0 < i € Z and with (Jy<;c;, LiM = E. For these two directed families, there exists
a sufficiently large positive integer m = m(M), which depends on the choice of M, such
that
Np,mypom(x) = Np, /o, ()

for m <4 < j and for each « € L;. Now, the topological embedding E(LAQ :X(L/K) —
X(E/K) is defined, for every (ar,)o<icz € X(L/K) — {0}, by

M
i+ (arosiez — (o, a)osiez,

where af ,, € L;M for every 0 <i € Z,

, _Jar, if ¢>m,
.M =

NLm,M/LjM(O‘Lm) if i< m.

Thus, under the topological embedding

M) X(L/K) — X(E/K),
X(E/K)/X(L/K) can be viewed as an extension of complete discrete valuation fields.
At this point, the following remark is in order.

Remark 4.6. Let L/K be an infinite APF extension and E/L a finite extension. Suppose
that M and M’ are two finite extensions over K satisfying LM = LM’ = E. Then the
embeddings 6%,3),52%) : X(L/K) — X(E/K) are the same. Therefore, as a notation,

we set E(M) =c
L,E — “L,E-
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FESENKO RECIPROCITY MAP 417

Now, given an infinite APF extension L/K, this time we let F be a (not necessarily

finite) separable extension of L. Let SJSEC}’L denote the partially ordered family of all finite

separable subextensions in E//L. Then the following is true.
Proposition 4.7.
{X(E'/K)sep o - X(E'|K) < X(B"[K)} g presyer,
E/gE//
is an inductive system under the topological embeddings
gE/,E” . X(EI/K) — X(EI//K)

for B! E" € Sze;’L with E' C E".

Let X(E, L/K) denote the topological field defined by the inductive limit
X(E,L/K)= lim X(E'/K)
E'esyy
over the transition morphisms epr,pr : X(E'/K) — X(E"/K) for E',E" € Sg7; with
El C E”.
The following theorem is central in the theory of fields of norms.

Theorem 4.8 (Fontaine-Wintenberger). Let L/K be an APF extension and E/L a
Galois extension. Then X(E,L/K)/X(L/K) is a Galois extension, and

Gal(X(E,L/K)/X(L/K)) ~ Gal(E/L)
canonically.
An immediate and important consequence of this theorem is the following.

Corollary 4.9. Let L/K be an APF extension. Then
Gal(X(L**P, L/K)/X(L/K)) ~ Gal(L**?/L)

canonically.

§5. FESENKO RECIPROCITY LAW

In this section, we shall follow [I}, (2 [3] to review the Fesenko reciprocity law for the
local field K.
We recall the following definition (see [13]).

Definition 5.1. Let ¢ = px € Gal(K™"/K) denote the Frobenius automorphism of K.
An automorphism & € Gal(K®P/K) is called a Lubin—Tate splitting over K if £ |gnr= ¢.

Throughout the remainder of the text, we shall fix a Lubin—Tate splitting over the
local field K, denoting it simply by ¢, or by g if there is fear of confusion. Let K,
denote the fixed field (K%P)¥ of p € G in K*P.

Let L/K be a totally ramified APF Galois extension satisfying

(5.1) KCLCK,.
The field of norms X(L/K) is a local field by Theorem B4l Let X(L/K) denote the

completion X(L/K) of X(L/K)™" with respect to the valuation vy g, which is a
unique extension of the valuation vk, k) to X(L/K)"". As usual, we let UX(L/K) denote

the unit group of the ring of integers OX(L/K) of the complete field X(L/K) In this case,
there exist isomorphisms N
X(L/K) ~FP(T))
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and

UX(L /K)

~ FpP([T]”,

defined by the machinery of Coleman power series (for the details, see Subsection 1.4
n [13]). Thus, the algebraic structures X(L/K) and Ug(1/) initially seem to depend
on the ground field K only. However, as we shall state in Corollary b7 the law of
composition on the “class formation”, which is a certain subquotient of Ugg( LK) does

indeed depend on the Gal(L/K)-module structure of Us 1K)

Remark 5.2. The problem of eliminating this dependence on the Galois-module structure
of UX( L/K) is closely related to Sen’s infinite-dimensional Hodge—Tate theory [I1], or more
generally, w1th the p-adic Langlands program.

As in §1, let INE denote the completion of K™ with respect to the valuation vpnr
on K" and let L = LK. Then L/K is an APF extension, because L/K is an APF
extension, and the corresponding field of norms satisfies

(5.2) X(L/K) = X(L/K).
Now, let
(5.3) Prie Uz i) = Uk

denote the projection map to the K-coordinate of Us

X(L/K) under the identification de-
scribed in (B.2]). Throughout the text, U~ stands for the kernel ker(Pr};) of the
projection map Prz : Uz — Uz

X(L/K)

X(L/K)

Definition 5.3. The subgroup
-1
Pr[? (UK) = {U S UX(L/K) :PI“IN((U) S UK}

of UX(L/K is called the Fesenko diamond subgroup of UX(L/K) and is denoted by U°

X(L/K)
Now, as in [1 [2, 3], we choose an ascending chain of field extensions
K=FE,CE,C---CFE;C---CL

in such a way that

(i) L= UOSiGZ E; ;

(ii) E;/K is a Galois extension for each 0 < i € Z;
(iil) E;y1/E; is cyclic of prime degree [E; 11 : E;] = p = char(kg) for each 1 < i € Z;
(iv) E1/E, is cyclic of degree relatively prime to p.

Such a sequence (E;)o<;ez exists (because L/K is a solvable Galois extension) and will be
called a basic ascending chain of subextensions in L/K. Then, we can construct X(L/K)

by the basic sequence (E;)o<icz and X(L/K) by (E i)o<icz. Note that the Galois group
Gal(L/K) corresponding to the extension L/K acts continuously on X(L/K) and on

X(L/K) naturally, if we define the Galois action of o € Gal(L/K) on the chain
(5.4) K=FE,CE,C---CE;C---CL

by the action of o on each E; for 0 < € Z as

(5.5) K=E]CE/=FE,C---CE]=E;C---CL,

and respectively on the chain

(56) K:I?EOCElz-K—ElC"'CEZ‘:I?EZ-C~-~Cz:f?L
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by the action of ¢ on the “F;-part” of each El (note that E; N K" = K)

I?Ei:E‘i I?Ef:E?:Ez
) / - /
K K
completion e completion
of max.-ur.- of max.-ur.- Ef = E;
ext. of K / ext. of K
Bl
Ei/K Galois ext. %( Galois ext.
[E; : K] < o0 K [EY : K] <
for 0 <i€Z as
(5.7) K=KE] CKE{ =KE,C---CKE’=KE; C---C KL.
Therefore, there exist natural continuous actions of Gal(L/K) on Ux(z k), on Us /iy
and on UX (L/K) compatible with the respective topological group structures, so that we

shall always view them as topological Gal(L/K)-modules in this text. Now, we recall the
following theorem about norm compatible sequences of prime elements (cf. [13]).

Theorem 5.4 (Koch-de Shalit). Assume that K C L C K,. Then for any chain
K=FE,CkEiC---CFE;C---CL
of finite subextensions of L/ K, there exists a unique norm-compatible sequence
TEy s TEys s TEyy s
where each mg, is a prime element of E; for 0 <i € Z.

In view of the theorem of Koch and de Shalit, we introduce the natural prime element
.z x of the local field X(L/K) (which depends on the fixed Lubin-Tate splitting ¢
(cf. [13]) as well as on the subextension L/K of K,/K) by

Hy.r/k = (7B, )o<icz-
By the theorem of Koch and de Shalit, the prime element I1.7,/x of X(L/K) does not

depend on the choice of a chain (E;)o<iez of finite subextensions of L/K.

Theorem 5.5 (Fesenko). For each o € Gal(L/K), there exists U, € U;;(L/K) that solves

the equation

(5.8) UY? =10

for U. Moreover, the solution set of this equation consists of elements in the coset
UgoUX(L/K) Of Ug modulo UX(L/K)~

In fact, for the most general form of this theorem and its proof, see [9)].
Now, define the arrow

(5.9) B + Gal(L/K) = US,, o /Ui
by
(5.10) ¢L/K 0 —Us =UsUx(L/k),

for every o € Gal(L/K).
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Theorem 5.6 (Fesenko). The arrow
¢L/K Gal(L/K) X(L/K)/UX(L/K

defined for the extension L/K is injective, and for every o,7 € Gal(L/K) we have
(5.11) B (07) = O e ()0 e (7)°,
i.e., the cocycle condition is satisfied.

We formulate a natural consequence of this theorem, denoting the image set of the
mapping ¢L/K Y lm((bL/K) - U§(L/K)/UX(L/K)~
Corollary 5.7. Define a law of composition * on im(qS(L‘p/)K) by

— — ( ) 1
(5.12) U+V =070 O
for every U,V € im(gb(L‘P/)K). Then im(gﬁ(L‘P/)K) s a topological group under *, and the map
qb(LW/)K induces an isomorphism of topological groups
(5.13) 6%+ Gal(L/K) = im(6),),

where the topological group structure on im(d)%a/)K) is defined with respect to the binary

operation x described by (B12).

Now, for each 0 < i € R, consider the ith higher unit group U~ X(L/K) of the field
X(L/K), and define the group
o _r70 3
(5.14) (LT(L/Ko) = Yswm "y

Theorem 5.8 (Fesenko ramification theorem). For 0 < n € Z, let Gal(L/K),, denote
the nth higher ramification subgroup of the Galois group Gal(L/K) corresponding to the
APF Galois subextension L/K of K,/K in the lower numbering. Then, we have the
inclusion

6 (Gal(L/K)y — Gal(L/K )y 41)

n n+1
(U§<L/K)) Ux(r/x)/Ux(r/K) = (Ug(L/K)) Ux(L/x)/Us(L/K)-

Now, let M/K be a Galois subextension of L/K. Thus, there exists a chain of field
extensions
KCMCLCK,,

where M is a totally ramified APF Galois extension over K by Lemma 3.3 Let
(O
(]51\;/1{ . Gal(M/K) — U;;(M/K)/UX(M/K)

be the corresponding map defined for the extension M/K.
Now, let
K=FE,CEi1C---CE;C---CL
be an ascending chain satisfying L = Jy<;cz £i and [Ejyq : E;] < oo for every 0 < i € Z.
Then
K=E,NMCENMC--CENMC---CM

is an ascending chain of field extensions satisfying M = (Jy;cz(EiN M) and [E; 1N M :
E; N M] < o for every 0 < i € Z. Thus, we can construct X(M/K) by the sequence
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(E; N M)o<iez and X(M/K) by the sequence (E; N M)o<;ez. Furthermore, for every
pair 0 < 4,47’ € Z satisfying ¢ < ', the commutative square

~ NEi/ /E;

EX B}

1

NEi/Eir‘le lNEi//Ei/ﬂM
N, .

ByNM/E;AM oy

—~—— X
E,NM S E,0M

induces a group homomorphism

(5.15) N = lim Ng,/p,om « X(L/K)* — X(M/K)*
0<iez

defined by

(5.16) Nem <(a}§i)0§iez) = (NEi/EiﬁM(aEi))OSiGZa

for every (ap Jo<iez € X(L/K)*.
Remark 5.9. The group homomorphism
/\N/L/M : X(L/K)X - X(M/K)X
defined by (518 and (5I6) does not depend on the choice of an ascending chain
K=FE,CE,C---CE;C---CL
satisfying L = Uogiez E; and [E;41 : E;] < oo for every 0 < i € Z.
The basic properties of this group homomorphism are the following.

(i) U = (UEi)OgieZ € UX(L/K)? then NL/M(U) € U;Z(M/K)-

Proof. The definition of the valuation vy of X(M/K) and the definition of the

L R(M/K)
valuation vg ;) of X(L/K) show that

Yg(M/K) (NL/M(U)> = VX(M/K) <<NE¢/EmM(UEi)>OSiEZ> =vg(ug) =0,
as

V) (U) = vg(ug) =0,

since U € U}Z(L/K)' ]
(ii) IfU = (uE‘i)OSiGZ S UF%(L/K)’ then NL/M(U) S U;é(M/K)

Proof. The assertion follows by observing that Pr=(U) = uz and Pr (N, (U)) =

NEO/EoﬂM(“EU):“§6UK' O

(iif) If U = (up, )o<iez € Ux(r/K)» then Ny ar(U) € Us(ar/rc)-

Proof. The assertion follows by the definition (5.I6]) of the homomorphism (G.15), com-
bined with the fact that Ng, /p,nm (uE,) = Ng, /p,nm (ug,) for every ug, € Ug, and every
0<i1€Z. O

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



422 K. I. IKEDA AND E. SERBEST

Thus, the group homomorphism (BI5) defined by (BI6]) induces a group homomor-
phism, which will be called the Coleman norm map from L to M,

(517) ./V’E/O]{f[man UO(L/K)/UX (L/K) - X(M/K)/UX (M/K)>

and is defined by

(5.18) NCOleman( ) = NL/M( )- U/

for every U € U R(L/K) 3 before, U denotes the coset UUx k) in UX(L/K)/UX(L/K)'

The following theorem was stated in Fesenko’s papers [I}, 2] 3], without proof. Thus,
for completeness, we shall supply a proof of this theorem as well.

Theorem 5.10 (Fesenko). For the Galois subextension M/K of L/ K, the square

(¥)
¢L‘P/K

(5.19) Gal(L/K) —— U3 1)/ Us(r/x)

rele lﬁfﬂjma“
¢(¢1)

Gal(M/K) —% —— U gy pey/ Uxm /i),

where the right vertical arrow

Coleman
NL/M UO(L/K)/UX (L/K) — X(M/K)/UX(M/K)

is the Coleman norm map from L to M defined by BI1) and (BI8), is commutative.
Proof. For each o € Gal(L/K), we must show that

NColeman (¢L/K( )) ¢M/K( o lm)-

Thus, it suffices to prove the congruence

NL/M(UG) =Us|u (mod UX(M/K))’

or equivalently, it suffices to prove that

~ o
NL/M(UJ) o Htp;A]\Z/K

Nom(U,)e Monyi

Now, without loss of generality, by Remark [£.9] the ascending chain of extensions
K=F,CE,C---CE;C---CL

can be chosen as the basic sequence introduced at the beginning of this section. Thus,
each extension E;/K is finite and Galois for 0 < i € Z. Now, let U, = (up )o<icz €
U<> (LK) Then, for each 0 < i € Z,

NE’L/E’LOM(uEZ) NE /E mM(uEz) u’Evvl
_ o= = Ng,/pom | =2 |-
NEi/quﬁM(uEi) NE o ﬁM(uE) uéi

i

U, _ H;;L/K
Uérp HLP:L/K

. Ug. T
Next, the relation —+ = —=¢,
uE 7TE1
s

, yields

Nepon(ug) < T,
= =Ng,/piom | =— | -
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Thus, by the theorem of Koch and de Shalit, it follows that

o N7 o olm
N TE, \ _ NEi/EinM(ﬂ—Ei) _ TgnM
E;/JEinM\ — | =

=~ - )
e NEi/EinM(ﬂ-Ei) TENM

which proves the formula
~ a—l
NL/M(UJ) _ HLp;IJKZ/K

NL/M(UU)‘P Monr/re
The proof is complete. |

Now, let F//K be a finite subextension of L/K. Then, since F is compatible with
(K, ) in the sense of [13, p. 89], we may fix the Lubin—Tate splitting over F' to be
wr = pg = @. Thus, there exists a chain of field extensions

KCFCLCK,CF,,

where L is a totally ramified APF Galois extension over F' by Lemma B3l So, there
exists a mapping

(¥ .
¢pyp  Gal(L/F) = U3 | /Ux(w/p)

corresponding to the extension L/F.
For the APF extension L/F, we fix an ascending chain

F=F,chcCc---CF,Cc---CL
satisfying L = (Jy<,cz Fi and [Fj1 @ F;] < oo for every 0 < i € Z. We introduce a

homomorphism
(5.20) Apjx : X(L/F)* — X(L/K)*
by
Ny N,
(521) AF/K : (O[F n/r O[F1 F2/F )

NF/K Np,/F Nry/ry
) aF aFl .. .)

— (Np/(aF
for each (ar,)y<icz € X(L/F)*.
Remark 5.11. It is clear that the homomorphism

Ap/k SE(L/F)X - X(L/K)X
defined by (£20) and (GZI)) does not depend on the choice of an ascending chain of fields
F=F,CHhC---CF,C---CL
satisfying L = Uogz‘ez F; and [Fi41 : F;] < oo for every 0 < i € Z.
The basic properties of this group homomorphism are as follows.

(i) The square

X(L/F) el X(L/K)

inc.T Tinc.

X(L/F) % X(L/K)

is commutative.
(ii) It U = (u, Jo<iez € Ug(p, /gy, then Ap/(U) € Uz /pey-
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N
(%11) IfU = (up, )o<icz € U R(L/Fy then Ap,(U) € UX(L/K)
(iv) U = (’LLFi)ogleZ € Ux(r/F), then Ap/x(U) € Ux(L/k)-

Thus, the group homomorphism (&20) defined by (B21]) induces the group homomor-

phism

(522) )\F/K : UXO(L/F)/UX(L/F) - X(L/K /UX(L/K)
defined by

(5.23) Ap/i U = Apyx (U).Ux(L/k),

for every U € U as before, U denotes the coset UUsxp/ry in U (L) F) /UX(L/F)

X(L/F)’
The following theorem was stated in [I} 2] B] without proof. Thus, for completeness,
we shall supply a proof of this theorem as well.

Theorem 5.12 (Fesenko). For the finite subextension F/K of L/K, the square

(w)

(5.24) Gal(L/F) RN 2w m/ Ur/p)
inoJ J)\F/K
()

L/K

@

where the right vertical arrow \p/k : U}%(L/F)/UX(L/F) — U}%(L/K)/UX(L/K) 1s defined by

B22) and [B23), is commautative.

Proof. For o € Gal(L/F), we have ¢(L<P/)F( ) = Us.Ux(1/F), where U, € U2 2L/ F) satisfies
v, 17,

(5.25) 2o — oL/
Us 1_Lp;L/F'

Here, Il p is the norm compatible sequence of primes (7r, )o<icz. Now,
A (Ua> ~ Apk(Us)  Apyr(Us)
F/K\ 779 | — P\
Us Ap/k(Us)  Ap/r(Us)?

OIl the Other hand, AF/K(HLP;L/F) = HLP;L/K and AF/K(HZ;,L/F) = HZ;L/K' ThUS, (m)
yields

AF/K(UU) _ HZ;L/K
Apik(Us)?  Tlpp/i’

which shows that
6 (0) = Mpy i (Us)-Us(ry 1) = Ay (657)(0)),

completing the proof of the commutativity of the square. O

Furthermore, if L/K is a finite extension, then the composition

lL/K

(w)
L/K

Gal(L/K) 5 U2, e /UR(L1 1) —5 Use [N U

is the Iwasawa—Neukirch map of the extension L/K. Thus, the mapping ¢(ij/)K de-
fined for L/K is a generalization of the Iwasawa—Neukirch map vp/x : Gal(L/K) —

Uk /N1 k(UL) for the totally ramified APF Galois subestensions L/K of K, /K.
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Likewise, the definition of the Hazewinkel map hpr x : Ux /N kUL — Gal(L/K)®
(formulated initially for totally ramified finite Galois extensions L/K) can be extended
to the totally ramified APF Galois subextensions of K,/K by generalizing the Serre
short exact sequence introduced in (1) and (CZ). In order to do so, first we need to
assume that the local field K satisfies the condition

(5.26) pp(K*P) ={a e K*?:a? =1} C K,
where p = char(kk).

Remark 5.13. If K is a local field of characteristic p = char(k ), the assumption (5.26)
on K is satisfied automatically. For the details on the assumption (526) on K, we refer
the reader to [I, 2, [3].

In what follows, as before, we let L/K be a totally ramified APF Galois extension
satisfying (5.1]). Under this assumption, there exists a topological Gal(L/K)-submodule
YK of U (LK) such that

(1) Uxw/x) € Yi/k;
(ii) the composition

(v)

L/K CL/K

Oy : Gal(L/K) =5 U2 e [Us(n i Usiw i/ Yei

canonical
topol. map

is a bijection with the extended Hazewinkel map ng)K U;Q(L/K /Yr/k — Gal(L/K) as

the inverse.

Now, we shall briefly review the constructions of the topological group Y7 i and the
extended Hazewinkel map ng)K X L/K) /Y1 k — Gal(L/K). For the details, we refer
the reader to the papers [11 2] 3], Wthh we follow closely.

We fix a basic ascending chain
(5.27) K=K, cKic---CK;,C---CL

of subextensions in L/K once and for all. Now, we introduce the following notation. For
each 1 <i € Z,

(i) let o; be an element of Gal(L/K) satisfying (o;
(ii) let K; = K;K.

By Abelian local class field theory, for each 1 < k € Z we have an injective homomorphism

K;) = Gal(K;/K;_1);

—_ o -1
(5.28) Ekp /Ky - Gal(Kgq1/Ky) — UKk+1/U1?lj:1
defined by
— . —1 o 1
(5.29) Ry /Ky ST 7TKIC+1UR)::_11
for every 7 € Gal(Kjy41/Ky). Let im(Zk, ,,/k,) = TISL/K) = T}, be the isomorphic copy

of Gal(Kpy1/Ky) in Uz JUZH

K1) 7" Kiqa

Theorem 5.14 (Fesenko). Fiz 1 <k € Z. Let

T(L/K)l =T =T oi—1 Op41—1
k k kN H UKk:+1 /UKk+1
1<i<k+1
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Then the exact sequence

R/ —py,

Nk /K oi—1
l——T—— | [ vzt )ogest 2 I VR
l<iZip1 Kre Kria 1<i<k

splits by a homomorphism

vz = T o) o
Ky Kpt1 Kk+1

1<i<k 1<i<k+1
This homomorphism is not unique in general.

For each 1 < k € Z, consider any map
(L/K o;—1 o;—1
3 1 e R
1<i<k 1<i<k+1
that makes the triangle

Ua'i—l
1<i<k41 Krtr

(mod UZEH1T)
k41

o;—1 o 1

[[ U= I, [1 vz ?|/uZ+
1<i<k k K K

1<i<k+1 Tkl k+1

commutative. Clearly, such a map exists. Now, for every 1 <1 € Z, we choose a mapping

(L/K) _ oi—1 Arisx
fi = fi: U — Ui U}Z(L/K)

X(L/K:)
such that
Priz o fi=(gj-10--09) |Uzrl

for each j € Z~;, where Prz : UX(L/K — U  denotes the projection to the K -
. J
coordinate.

Lemma 5.15 (Fesenko). (i) Let 2" € im(f;) = Z(L/K) for each 1 < i € Z. Then the
infinite product [, 2 converges to an element z in U

(i) Let

X(L/K)

Zr k ({Ki, fi}) —{ IT 9= )Glm(fz)}

1<ieZ

Then Z1,)x ({K;, fi}) is a topological subgroup ofU (LK)

Remark 5.16. In fact, Zp,x ({Kj, fi}) is a topological subgroup of U R(L/K)" Let z €
Z1x ({Ki, f;}) and choose 2 € im(f;) C Ug %(L/K) SO that z = [1,2%. It suffices
to show that Priz(2(Y)) = 1x. For this, let a() € U;li_l be such that f;(a®) = 2().
Thus, Prgi(z(i)) = a9, Now, by Hilbert’s Theorem 90, it follows that ]\NfKi/K(a(i)) =
(NKi—l/K o ]\NfKi/Ki_l)(a(i)) = 1, which completes the proof.
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Lemma 5.17. For 1 < i € Z, let 0 = 0, € Gal(L/K) be such that (0 |r,) =
Gal(K;/K;_1). Let T € Gal(L/K) be viewed as an element of Gal(L/K). Then

(vz1) =z,

K, K,

Proof. Let 7 be any element of Gal(L/K). We regard 7 as an element of Gal(L/K).
Clearly, the conjugate 7~'o7 € Gal(L/K) satisfies (r—lo7 |g,) = Gal(K;/K;_1), be-
cause (1 loT |K)n = idg, yields (o |k,)" = idk,. Let 0 < d € Z be such that
o7 |k, = (0 |k,)* = (69) |k,. Thus, 7 loro~? € Gal(L/K;) because K; = KK;. It
follows that

U:7107—1 _ Zd—l

_ —1 T
Since U%lmfl = U% (=17 _ (U;{fl) , the relation
(Ui':l)T —pyg-l
K; K;
also follows. Now, the inclusion

o1 o—1
vetcue

i i

is clear, because, for u € Uj ,

1\ O
uad (Ugd 1) (ug)d o

u
e P e —.
m we?! u u

Thus, for 7 € Gal(L/K) we obtain the inclusion (Uli'{1>T C U;{l. Hence,
(Ui':l) —po-t
K; K
for 7 € Gal(L/K), which completes the proof. O

Now, let 7 € Gal(L/K). Consider the element 7~ 'o;7 of Gal(L/K) for each 1 < i € Z.
Clearly, (17107 |k,) = Gal(K;/K;_1). By Abelian local class field theory and by Lemma

BI7 the square

SKi /Ky

Gal(KZ/KZ,l) —_— Ui(di/U%iil

T—conjugationl l‘r

Gal(Ki /K1) — 2 Ug /UL

is commutative, where the 7-conjugation map Gal(K;/K;_1) — Gal(K;/K;_1) is defined
by v — 77147 for every v € Gal(K;/K;_1). It follows that

im (EK'i/Ki—l)T =im (EKi/Ki—l) :
Now, by Theorem [5.14] for

7 =T, = im(EKi+l/Ki)

and

—1 —1
iT—1 T oi41T7—1
TH™ =17 N || u- T U~ 7
( ’L) 1 Ki+1 / Ki+1 Y
1<j<i+1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



428 K. I. IKEDA AND E. SERBEST

the exact sequence
L/K)\r_p 1
(nE/F)y T

T

N -1
g -1, Kiy1/K; T tojT—1
T to;T—1 T toip1T—1 i+1/ 74 J
E—C L N | B VA Al VTS a7 — 1
1<i<itr  Kitt Kita 1<5<s

splits by a homomorphism
-1 -1 -
h;— . I | [7:@ g;T 1 I I (TT a;T 1 /[7—: 1O'i 1T 1’

§'+1 Kt
1<j<i 1<j<ibl '

which furthermore makes the diagram

RS/ <,
ﬁK- JK; o;—1
1 i —1 i+1 i J
1 T; I1 U’ JUZH ’ H -Uki 1
1<j<itr Kt Kit1 1<5<i

T Tl T

-1, -1 Nk, /K, rlor—1
T o T7—1 T Toi417—1 i+1 i j
1— T —— | I v 7 JUZ T I U —1
1<j<it1l Tit1 Kita 1<5<e

~_

(E/ )T =hT

commutative. It follows that there exists a map

-1 -1
T To;T—1 T to;T—1
g;;r : | | - 77 — | I - 7’
K; Ki+1

1<5<i 1<j<i+1
that makes the diagram
1—[ U7710j7—1 .
1<j<ipr Kitt
9i
- oj—1
(mod U;L%l 1> g Uf?i+1
i+1 1<<i+1
-1 T
T ojT—1 h3 rloir—1 ; L
H .Uf{- i H UR. J / o (mod Uiz‘+1 1)
1<j<i 1<j<ipl it Kits
.
-

o;—1
U\] o;j—1 o1 —1
I1 vz ') /ug

1<5<4 Ki 1<j<it1 i+1 i+1
commutative. Now, for every 1 < ¢ € Z, choose a mapping
T 0'7‘,—1 ~
JEUZT = Ugerym
such that

Pr[?j ofl = (9;—1 o---0g]) |U%_1
i
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for each j € Z~;. Thus, for j € Z~; and a € U%'*l we have

i

C1NT
Prg, o f{(@) = (Prg o fila™ ),
which yields the following relation:

_ T
(5.30) fi@)=fi(o")
for every a € U%"fl. After all these observations, we state an immediate consequence of
LemmaBI7

Corollary 5.18. For 7 € Gal(L/K) we have
Zrxk({Ki, fi})" = Zp e ({ K, 7 })-
Proof. Let z € Zp,x({K;, fi}) and choose z) € im(f;) C Uy %(r/K) Such that z =

[1, 2. By the continuity of the action of Gal(L/K) on Ug (1K) to prove that 27 €
Zr ik ({K;, f7}) it suffices to show that ()" € im(f7). Now, let a(? € U‘”*1 be such

that fi(a?) = 2(). Then ( l)) = Ji (Oé(z) = fi (((a(i))T)T_l) =7 ((O‘(Z )T) by
B.30), where (V)" € UZ ! by Lemma BIZ Thus, (2))" € im(f7). a

Remark 5.19. By [2, p. 71],if 7 € Gal(L/K), then Z,/x ({ K5, fi}) and Zp/x ({ Ky, f})
are algebraically and topologically isomorphic. Thus, Corollary 518 indeed defines a
continuous action of Gal(L/K) on Zr/x ({K;, fi})-

Now, we define the topological subgroup Y /i ({K;, fi}) = Y k of U~ LK) to be

(5.31) Yy x = {y € Ugpyiy V¥ € ZL/K({Ki,fZ-})}.

Lemma 5.20. Y7, /x is a topological Gal(L/K)-submodule of UO(L/K)

Proof. Suppose 7 € Gal(L/K) and y € Yy ,x. Note that (y7)? = (y¥)7, because the
action of 7 on y = (uz )o<iez is defined by the action of 7 on the “Kj;-part” of uz for

each 0 < i € Z, and the action of ¢ on y = (uz )o<iez is defined by the action of ¢ on the

uz,)
“K-part” of ug for each 0 < i € Z. Thus, oz = ooy = (35) € Zo/x({Ki, fi})-
Now, the proof follows from Corollary [5.18 and Remark O

Lemma 5.21 (Fesenko). The mapping

eL/K Gal(L/K) X(L/K /ZL/K({Kufz})
defined by
e( /)K o— 177 L/K ZL/K({Kzafz})

for every o € Gal(L/K) is a group isomorphism, where the group operation  is defined
on UX(L/K)/ZL/K({Kiafi}) b

7 _ g0 O

UxV=UV
for every
U=UZk({Ks, fi}), V=VZ,x({Ki fi}) € L/K)/ZL/K({KZafz})
with U,V € U1

X(L/K)’
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Now, we introduce the fundamental exact sequence

(¥)
L/K

1 — Gal(L/K) == Uz, 10/ Z1/x ({Ki, fi}) T, Ug — 1

as a generalization of the Serre short exact sequence (cf. (LI and (L2)). Thus, for any

Ue UX(L/K), since U1~% ¢ UQ(L/K), there exists a unique oy € Gal(L/K) satisfying
(5.32) U 21y c({Ks, i}) = 65 (00),

by Lemma [B.2T] Next, define the arrow

(5.33) H) U 20110/ Yisx — Gal(L/K)

by

(5.34) H ) UYy i = o

for every U € U R(L/K) Clearly, this arrow is a well-defined mapping. Indeed, suppose
that U,V € U<> (LK) satisfy U = V (mod Yz k). Then oy = oy. In fact, let Y €

Y. Kk be such that U = V.Y. The definition of Y} /x given in (B31) forces Y'7¢ €
ZL/K({KH fz}) Since Ul~% = (VY)liLP = Vlitpyliw we have UlithL/K({Ki,fi}) =
V=971 i ({Ki, f}), which shows that ({7 (o1) = €7} (ov) by (E32). Then Lemma
[5.2Tl shows that oy = oy .

Lemma 5.22. Suppose that the local field K satisfies condition ([526). The arrow

()

defined for the extension L/K is a bijection.
Proof. Choose U,V € UZ, . satisfying H, 5 (UYyx) = Hc(V-Yi k). Then oy =
oy by the definition (5.34) of the arrow (5.33). Now, (532) yields

U™ Zpk({Ks, fi}) = V™2 Zp c ({ K, fi}),

which proves that (V~1U)!=% € Z1, )k ({Ki, fi}). The fact that U.Yy, g = V.Y, i follows
immediately from (53I). Now, we choose any o € Gal(L/K). By Theorem [5.5] there
exists U € UX(L/K) unique modulo Usx(r,/x) (so unique modulo Y1,k because Ux(r, k) C
Y7 k) and such that

Hcp s L/K* ZL/K({waz}) = U17¢~ZL/K({Kivfi})~
Thus, by Theorem B.2T] and (532),

(5 (@) = ) (ov),
which implies that ¢ = oy for U € U;;(L/K) (]

Next, consider the composition

(¥)
¢L¢/K

:Gal(L/K) —— UX(L/K /Ux(L/xy —

Lemma 5.23. (i) Usy Yok = UYL i for every U € U<>
(ii) oy, = o for every o € Gal(L/K).

CL/K

(5.35) o) .

L/K* §(L/K)/YL/K-

X(L/K)’
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Proof. To prove (i), let U € U;;(L/K) Then, by (B32), there exists a unique oy €
Gal(L/K) satistying
(5.36) U™ Zy (Ko, £i}) = 05 (o0) = 17 e Zoy e (K, £i)).

f(LP

The identity on the right-hand side follows from the definition of the mapping £} K
Gal(L/K) — Ul /Z1)k({ K5, fi}) given in Lemma 5211 Now, by Lemma [55, for

X(L/K)
this oy € Gal(L/K) there exists U,, € UQ(L/K) (which is unique modulo Ux(r,k))
satisfying
1— o 1
UUU@ HLPUL/K
Thus,

Usi ¥ Zrc({Ki, fi}) = U9 Zp i {Ki, fi}),
by ([&.36]), which proves that
(5.37) Uyy Vi i = UYy i

by the definition of Y7, /i given in (531]). Moreover, since Ux (k) € Y1k, relation (5.37)
does not depend on the choice of U,,, modulo Ux(y, k). Now, for (ii), let o € Gal(L/K).

By Lemma 5.5 there exists U, € U<> R(L/K) (which is unique modulo Ux(r,/x)) such that

(5.38) Uy =10

For any such U, € U<> there exists a unique oy, € Gal(L/K) satisfying

(LK)’
U Zy (K, £:}) = 05 (ov,)
by (532). Thus, by (538)) and Lemma [5.27] it follows that

0 ou,) =Y e Zuyc (K, £i}) = 67 (0),
which proves that oy, = o. ]

Lemma immediately yields
(¢) (¢) :

HL?K °© (I)LLP/K idgai(z/k),
and

(©) 2

(I)LLF/K HL?K dUﬁ((L/K)/YL/K'

The following theorem is a consequence of Lemma [5.22] Lemma [(5.23] Theorem (.6l and
the fact that Ux(z,k) is a topological Gal(L/K )-submodule of Y7, /.

Theorem 5.24 (Fesenko). Suppose that the local field K satisfies (5.28). The mapping

L/K X(L/K)

defined for the extension L/K is a bijection with the inverse

Hy% U3 ey Yy — Gal(L/K).
For every o,7 € Gal(L/K) we have
(5.39) O (07) = @7 ()27 (7)7,

i.e., the cocycle condition is satisfied.

By Corollary 5.7 Theorem [£.24] has the following consequence.
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Corollary 5.25. Define a law of composition x on U2 (L/K)/YL/K by

. _ (¥) 1
(5.40) T+V =07 o @
for every U = U.YL/K,V = VYL k € X(L/K)/YL/K with U,V € U<> (LK) Then
UXO(L/K)/YL/K s a topological group under x, and the map <I>(L“0/)K induces an isomorphism
of topological groups
(5.41) L/K :Gal(L/K) = X(L/K)/YL/K’

where the topological group structure on UZ
binary operation * given by (B.40).

Definition 5.26. Let K be a local field satisfying (5:26). Let L/K be a totally ramified
APF Galois extension satisfying (BI). The mapping

Gal(L/K) — U;;(L/K /YL/K

L/K)/YL/K s defined with respect to the

L/K

defined in Theorem [5:24] is called the Fesenko reciprocity map for the extension L/K.

For each 0 < i € R, previously we have introduced the groups (U 2 %L /K))z For
0<nez,let
(5.42) Ql/k = CL/K ((Ug(L/K)) Us(r/r)/Usx(L/x) N lm(¢L/K))
which is a subgroup of (U~ ) "y, /i /Y1 K. Now, the Fesenko ramification theorem,

X(L/K)
stated in Theorem 5.8 can be reformulated for the reciprocity map <I>(L</’/)K corresponding
to the extension L/K as follows.

Theorem 5.27 (Ramification theorem). Suppose that the local field K satisfies the con-
dition given in (L206). For 0 <n € Z, let Gal(L/K),, denote the nth higher ramification
subgroup of the Galois group Gal(L/K) corresponding to the APF Galois subextension
L/K of KQ(,/K in the lower numbering. Then we have the inclusion

e (Gal(L/ K)o = Gal(L/K)ni1) € (U2, ) Yisw /Yo — Quik

Proof. Let 7 € Gal(L/K),. The first half of the proof of Proposition 1 in [2] shows

(#) n 77 1
that ch“"/K( T) € (U§(L/K)) Yik/Yr k- Now, let U = UYy x € QQZKI, where U €
U;;(L/K) Then, by the definition of QZJ/F}(, there exist V € (U;;(L/K)) Ux(r/K) and

7 € Gal(L/K) such that ¢,k (V) = U and QSL/K( 7) =V, where V = V.Ux(1/ k). So,
(I’(;J/)K(T) = U. The second half of the proof of Proposition 1 in [2] now proves that

7€ Gal(L/K ) 1. O
Let M/K be a Galois subextension of L/K. Thus, there exists a chain of field exten-
sions

KCMCLCK,,

where M is a totally ramified APF Galois extension over the local field K satisfying

(BE26) by Lemma
The basic ascending chain of subextensions in L/K fixed in (5.27) and restricted to

M,
(5.43) K=K,NnMCKiNnMC---CK,AMC---CLANM=M,
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is almost a basic ascending chain of subextensions in M/K (in the sense that there may
exist elements 0 < 4 € Z such that K; N M = K; 1 N M). In fact, for each 0 < i € Z,
the extension K; N M/K is clearly Galois. For each 0 < ¢ € Z, consider the surjective
homomorphism

TK;x1NM * Gal(KH_l/Kz) —» Gal(KiH n M/KZ N M)
defined by restriction to K;+1 N M,

g0 ‘Ki+1ﬁM7

for every o € Gal(K;11/K;). Since Gal(K;4+1/K;) is cyclic of prime order p = char(kg)
(respectively, of order relatively prime to p) for 1 < i € Z (respectively, for i = 0),
it follows that Gal(K;4+1 N M/K; N M) is cyclic of order p or 1 (respectively, of order
relatively prime to p) for 1 < i € Z (respectively, for i = 0). Now we fix this almost basic
ascending chain of subextensions in M/K, introduced in (543). Observe that, for each
1<i€Z, o€ Gal(M/K) satisfies

(i |57) |kinm= 0 |kiam) = Gal(K; N M/K; 1 N M),
because the restriction map rx,nn : Gal(K;/K;—1) — Gal(K; N M/K;_1 N M) is a

—_—~—

surjective homomorphism and (o; |k,) = Gal(K;/K;_1). As usual, we set K; N M =
(K; N M)K. Note that, for each 1 < k € Z, the norm map

U~ — —_—
NKk+l/Kk+1mM UKk+1 UKk+1mM

induces a homomorphism

N7 . Op+1—1 Otz —1
U il — M
Kit1/Kk41NM UKk+1/ K1 UKM_lﬂM K1 M

defined by

Ok+1—

N7 . ort1ly—1
NKk+1/Kk+1ﬁM N 'U,.UKk+1 ) U

L~
= Ng /Knm (). U=
k+1/Kk+1 KoM

- N Ok+1—1 Okt —1 _
for every u € UKHN because Nk, ., /K, 1nm <Uﬁc+1 ) - UKHmM . Thus, the follow

ing square (in which) the upper and lower horizontal arrows are defined by (E28) and

G.23),

SR /Ky

Gal(Kk+1/Kk) U= /Uik’_ﬂil

Ki+1! 7 Kpq1

NT*
TK;H_lr‘nZ\l‘/ JNKk+1/Kk+1ﬁI\/I

EKpp1nM/KunM

Tr+1lgp—1
Gal(Ki1 1 M/ Ko M)~ g Ut

is commutative, because NKHI/K,CHQM(WK,CH) = TK,.,nM by the norm coherence of
the Lubin-Tate labelling (7x) kck'cx,, where [K’ : K] < co. Hence,

< L/K M/K
NKk+1/Kk+1mM (TIE / )) :TIE / )'

Next, we define an arrow

M/K oil—1 oil—1 o w—1
(5.44) p{M/E yoilat poilat |yl
KinM Krpi1NM Kri1NM
1<i<k 1<i<k+1
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that splits the exact sequence

(5.45)
hLNI/K)
(M/K) ol -1 oparlgg—1 NEep1nM/KnM UUHM?l
1—— 7 [T U Uit — I1 U —1
1<i<k4+1 Er+10M Kyp1nM 1<i<k Kk
in such a way that
(L/K)
h‘k

‘\//N\

_ Nk, /Ky, oi—1
4 ,UJ_I 0k+1 k+1 H Uz
(5.46) (19‘1;[1«“ K’f“)/ Kkt 1<i<k

. —
NKk+1/Kk+1mIVIJ/ Ng, /k,nm

U0i|1q*1 ng+1|M,1 NippnMm/KpnMm il =1
[ e — N | | UL
[] / . KoM
Kyy1inM 1<i<k

1<i<k+1 KrpinM

h)(CA{/K)

is a commutative square. For this, however, closely following Fesenko (see [I}, 2, [3]), we
review the construction of a splitting

hl(cL/K): H U%i*1_> Ualfl /ng-Jrl—l
k

Kria Kria
1<i<k 1<i<k+1

of the short exact sequence

L/K)
h{t/

, Nk, /K 1
(5.47) 1—>T(L/K) SN 11 o=t /U0k+1 1Kk Re T ;{ L
¥ 1<i<k+1 Kt K1 1<i<k Kk ?

The product module H1<i<k U%_l is a closed Z,-submodule of U1~ . Let {);} be a sys-
k
tem of topological multiplicative generators of the topological Z, module H1<z <k U gi—1
satisfying the following property. If the torsion of the module [T, -, U% is nontrl\flal7
== k

there exists A, € {A;} of order p™ in the torsion of the module, while the remaining A;
(j # *) are topologically independent over Z,. Now, we define a map

(L/K {)\ } N Um*l /ng+1—1
Kria Kria
1<i<k+1

on the topological generators {\;} by

L/K Op41—1

where u; € [[ic;cpiq U%fl satisfies NK;CH/K;C (uj) = A;. By step 5 of the proof of
- - k+1
the theorem in §3 of [3], it follows that h,(cL/K)()\*)pm € U%‘“’“*l. Therefore, the arrow
k+1
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h,(CL/ K) extends uniquely to a homomorphism

s T vz (1 vgt g
k

Kri1 Kpi1
1<i<k 1<i<k+1

which is a splitting of the short exact sequence (.47)). Now, we define

RO T vt poilut | ol
KoM Ko nM Ko nM
1<i<k " 1<i<k+1 T A

as follows. Observe that

> i—1 il yp—
N : I I UvZ— — UM
Kk/KkﬁM K KoM
1<i<k 1<i<k

is a surjective homomorphism, because Nk, /k,nnr - U*ng — Um is a surjective
k

homomorphism. Thus, the collection {N K /KonM (Aj)} is a system of topological mul-

tiplicative generators of the topological Z,-module H1<z< U mlng
k

Moreover, note

that NKk/Kan()\*)p = 1. Therefore, NKk/KkmM()\*) is contained in the torsion part

(H1<Z<k ;IgIMl)tor. For the remaining A; (j # %), the collection {NKk/KkﬂM()\j)}

is topologically independent over Z,. Now, following Fesenko’s construction of
we define a map

i
B/

(M/K) U'ilﬂfl Uk-%—l‘ﬁ*l
AR PP RE Sl B | A o
1<i<k+1

on the topological generators {NKk/Kan()\j)} by

M K ~ okt1l—1

o;—1 . AT o T .
where u; € ngigk—i-l Uﬁkﬂ satisfies Nk, ., /K, (uj) = Aj, and Nk, /K, na(uy) satis-
fies

Nk, 1M/ KM (NKW/KHmM(Uj)) = N,y /Ko ()

= NKk/KkmM (NKk+1/Kk (UJJ)) = NKk/KkmM()\j)'

p(M/E)

Therefore, the arrow extends uniquely to a homomorphism

o —1 o —1 1
pM T vt ol | pealut
KinM Kk+1ﬂM Kk+1ﬂM
1<i<k 1<i<k+1

which is a splitting of the short exact sequence given by (B4H). Indeed, it suffices to
show that, for u; € [[;c;<p s U;l:l satisfying NKk+1/Kk (uj) = Aj, we have

M/K) 77 ~ Okt1la—
A oN : N u; ) U M
k K 1NM/KeNM Kk+1/ch+1mM( J) KoM

Ni N77ok+lar
= NKkH/KkerM(“J)UK;\IﬁM )
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which follows from the identities

M/K) (5 N MK (N
h;(C / )(NKk+1ﬁM/KkﬁM(NKk+1/Kk+1ﬁM(uj)>) :hl(c / )(NKk+1/KkﬁM(“j))

M/K) 7 = M/K) 7
= h"™ ) (N prcuomt (N, () = B (N, reemnn ()
and from the definition (5.48) of the arrow hng/ K)
mutes, because

. Moreover, the diagram (£.46) com-

M/K) X7 7 O’k+1|“71
h N A)) =N u, ) U7
k ( Kk/KkﬂM( J)) Kk+1/Kk+1ﬂM( J) KionM
_OAT* C770k+1—1
_NKk+1/Kk+1ﬂM(uJ'U[?k+1 )
_ (L/K)(y
- NKk+1/Kk+1ﬂM(hk ()\]))
For each 1 < k € Z, consider any map
M/K oily—1 ol —1
(5.49) g T vt o T vl
KipnM Kk+1mM
1<i<k 1<i<k+1
that makes the square
_ (L/K) 1
[T UZ~! _9% 1 vz
(5.50) 1<i<k Kk 1<i<k41 Krt+1
ﬁkk/kawl lNKk-#l/Kk-#lmM
U0i|jv7*1 !J;(CM/K) H U0i|1v7*1
1<i<k KM 1<i<k+1 Kep1NM

commutative. Note that such a map satisfies

(M/K) _ (M/K) Okl —1
hy, =g mod UKHmM .

oi|l -1 .
: MM , there exists

Indeed, by the commutative diagram (5.4€), for any w € [[, ;< Uz =
- = k

v € [licicn U%}:l such that w = ZVK,C/KWM(U), and
WM w) = nM (N prcyenr ()

— AT (L/K)
- Kk+1/Kk+1ﬁM (hk ('U))

N L/K e —1
- NKk+1/Kk+1ﬁM (g](c / )(U) gpdian )

T Kt
_ N (L/K) Okt1lzr—1
= NKk+1/Kk+1ﬁM (gk (U)) 'UK’CH;]M )

and by the commutativity of the diagram (550) we have

~ L/K M/K ~ M/K
Nty i (957 @)) = g™ (N, s (0)) = g™ (w).

Thus, the relation

(M/K) _ (M/K) Ort1lpr—1
h,, (w) = gp, (w).UKkHﬂM

O’il ——1
follows for every w € [[; ;<4 UK:%/I .
Now, for each 1 < i € Z, we introduce the map

(M/K) | 770il5—1 3
fi : U}Z%WM - UX(M/K)
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by

SO () = Ny ag (£ )
where v € U%__l is any element satisfying NK /M (V) = w € UU’l”;/Il. Note that if
v e U%:l is such that Nki/KmM(U ) = w, thenNL/M(f( /K )( ) = NL/M(f(L/K (v)).
In fact, there exists u € ker (NKi/KmM) such that v' = vu. Thus, we need to verify that

./\~/'L/M (fi(L/K) (v)) = ./\N/'L/M (fi(L/K)(vu)). That is, for each 1 < j € Z, we must check
that

NK JK;NM (Pl"K (f(L/K (v ))) Nk, 3/ K;NM <P1"K (f(L/K (v )))

But for j > i we have
NK JK;NM (Pl“” (fE 0w ))) NK JK;NM (9(7/K) -0 gM ) (U))
QJ(M/K) -0 gi(M/K) (NKj/KjﬁM(/U)>
gj(]f[l/K) : Og(M/K) (NKi/KmM(UU)>
_ NK K, mM( (L / ) o, og§L/K)(vu))

= NKJ/K nM (PTK (f (UU))) :

Thus, the map
fi(M/K) gttt Ly

JOM X(M/K)
is well defined. Moreover,
M/K M/K M/K
PrK ﬁMof( /K) _ <g§_{ )6 ng( / )) |UU"1W )
K;nM

for 7 > 4. Indeed, for w € U 1‘MM there exists v € U%_l with ]VKZ./KmM(v) = w, and
fi(M/K (w) = N/ (f /K)( )) That is, the square

Uo-i71 ffL/K) U~
(5.51) 5 —— Yxwr

k3

NKi/Kir‘wl\l lﬁL/M
1 f(M/K)

il 51 U
— —>
K.nM X(M/K)

is commutative. Thus,

o FM/E) (4

PrKj nM -~ 7 (w)

=Pri—y, o Ni/ar (fi(L/K) (u))

~ L/K
= Nk, /k,nm (Prf?j ofi( / )(U))

= NK,v/K-mM ((9§5/1K) "0 gz(L/K))( ))

= (QJ(JY/K) ©r 0 gi(M/K)) (NKi/KiﬁM(U)) )

as desired.
For each 0 < i € Z, let
2N = (M),

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



438 K. I. IKEDA AND E. SERBEST

Then, by Lemma[5I5 or by [2 Lemma 4], for 2() € ZZ.(M/K) the product [, 2(¥) converges

to an element in UO(M/K) Let

ZM/K ({KZ NM, fi(M/K)}> _ {Hz(z) L) ¢ 7 M/K)}

which is a topological subgroup of U§ ( . We introduce the topological Gal(M/K)-

submodule Yk ({Ki nM, fi(M/K)}) =Ygy of U ey DY

Yk = {y € Ugmyry : Y'Y € Zyyx ({Kz nM, fi(M/K)})} :
Lemma 5.28. The norm map /\7L/M :X(L/K)* — X(M/K)* introduced by (5.15) and
BI8) further satisfies
(i) Nojne (ZL/K({KZ», fi(L/K)})) € Zm/x ({Ki nM, fi(M/K)});
(i) Noyar(Yoyx) € Yk
Proof. Recall that /\~fL/M : X(L/K)* — X(M/K)* is a continuous mapping.

(i) For any choice of PAON= Zi(L/K), the continuity of the multiplicative arrow ./\N/'L/M :
X(L/K)* — X(M/K)* yields

-/\~/'L/M<Hz(i)> = HNL/M(Z(i)),

where J\/L/M( ) € Z(M/K) by the commutative square (G.51]).
(i) Now let y € Yp/pc. Then y'~% € Zryw ({K, £F0Y). Hence, Npjar(y' =) =
NL/M(y)17LP € Znm/Kk ({KZ N M, fi(M/K)}) by part (i), and the result follows. O

Thus, the norm map N,y : X(L/K)* — X(M/K)* defined by (5.I6) induces a
group homomorphism, which will again be called the Coleman norm map from L to M,

(5.52) NEpgmen - U2 2w/ Yire = Uy e/ Vi i
and which is defined by
(5.53) NERT ™ (U) = Niyw(U) Yagy

for every U € U
Let

R(L/K)’ where, as usual, U denotes the coset UYr/k in X(L/K)/YL/K

()
be the corresponding Fesenko reciprocity map defined for the extension M/K, where
Y = Yuyx ({Ki N M, fi(M/K)})-

Theorem 5.29. For the Galois subextension M/K of L/K, the square

p(®)
L/K

(5.54) Gal(L/K) ——Ug | o)/ Yi/K

resm l]\V/LC‘/olee[man
(¥)

[
Gal(M/K) —5 Ug e/ Yo/ 5
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where the right vertical arrow

Coleman
NL/OA/e[ an . U}%(L/K)/YL/K — UX(M/K)/YM/K

is the Coleman norm map from L to M defined by (B52) and ([&53), is commutative.

Proof. Tt suffices to prove that the square

U/ Uiy =2 U g /YK

‘ArColeman A/Coleman
N l lNL/Iw

UZoyaey/ Uxyrey 2 US i [ Yy i

is commutative, which is obvious. Then pasting this square to the square (BI9), we
obtain the diagram

(«P)
L/K

Gal(L/K) —— U3 1)/ Usw/i) =2 UG ey Yi/x

()

¢ can.
Gal(M/K) =5 U 0y ey Uy s) <2 U2 o /Yoy i

and the commutativity of the square (5.54]) follows. O

Let F'/K be a finite subextension of L/K. Then, since F' is compatible with (K, ¢) in
the sense of [I3] p. 89], we may fix the Lubin—Tate splitting over F' to be op = px = .
Thus, there exists a chain of field extensions

KCFCLCK,CF,,

where L is a totally ramified APF Galois extension over F' by Lemma Since
Wy (K5P) = pp(F5°P), the inclusion p,(F®°P) C F is satisfied. That is, the local field
F satisfies the condition given by (5:20)).

Now, the basic ascending chain of subextensions in L/K fixed in (527), with base
changed to F,

(5.55) F=K,FCK,FC---CK,FC-.-C1L,

is almost a basic ascending chain of subextensions in L/F, which follows by the iso-
morphisms resg, : Gal(K;F/F) ~ Gal(K;/K; N F) and resg, : Gal(K; 1 F/K;F) ~
Gal(K;1/K;41 N K;F) for every 0 < i € Z. Moreover, by the primitive element the-
orem, there exists 0 < i, € Z such that ' C K, . If we choose the minimal i,, the
ascending chain (555) becomes

F=K,FCK\FC--CK; F=K; CKi. C--CL.
For each 1 < i € Z, let o; denote the element in Gal(L/K) that satisfies
K1> = Gal(Kz/Kz,l)

(o
Now, for 1 < i € Z, we introduce elements ¢ in Gal(L/F) that satisfy
(0} |k,F) = Gal(K;F/K; 1 F)
as follows:

(i) for i > i, we define o = oy;
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(ii) for i < i, we define

o; if K, \FCK;F,

idg,p if Ki1F = KF.

Then, clearly, for each 1 < i € Z the elements o} of Gal(f/ F ) satisfy
(6} |k, r) = Gal(K;F/K;_1F),

and o} = o; for almost all . Moreover, for each 1 < k € Z, the square

EKk+1F/KkF op—1
Gal(Ky 1 F/ K F A
( k+1 / k ) Ky F' UK G F
"Kht1 lN;k+1F/Kk,+1
EKk+1/Kk ort1—1
Gal(Kg4+1/Kg) UKk+1/ Kit1

is commutative, because ]\~ka+1F/Kk+1(7rKk+lp) = TK,,, by the norm coherence of the
Lubin-Tate labeling (7x/) jo ~ K'cx.- Hence,
= [

[K':K]<oco

AT L/F L/K
NKk+1F/Kk+1 (Tlg / )) :Tlg 1.

Now, by Theorem [5.14] there exists an arrow

L/F or—1 or—1 ot —1
) Uzt — U | Ut
1<i<k 1<i<k+1 Ot ket

that splits the exact sequence

hl(cL/F)
« N, .

’ *_1 < —1 VK F/KRF o;—1

(5.56) 1—>T(L/F) N H U ok Uﬁ 1
k 1<i<k+4+1 Krt1F Ky F 1<i<k B
We choose an arrow
(5.57) pE/K) H yoi—l _, o=t /UU’““*l
k Kk Kk+1 Kk,+1

1<i<k 1<i<k+1

that splits the exact sequence (5.47) in such a way that

B{E/F)
Ug.*fl Ua;+1—1 NKyy1F/KLF UU;_l
. v - —
(5.58) [ U— /U, IS v
1<i<k+1 Kt k1 Sisk
N;‘(k-i—lF/Kk-%—ll NKkF/Kk
ﬁK /K o;—1
o;—1 Op+1—1 k+1/ 7k UZ:
i I -
Uz /U <H<k K
1<i<k41 rir k1 Isis
B (/)
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is a commutative square. The arrow (B.57)) is constructed by following the same lines as
in the construction of the arrow (5.44]). For each 1 < k € Z, consider any map

(5.59) gl usl Uil
Ky Kiy1
1<i<k 1<i<k+1

that makes the following square commutative:

of—1 gl(cL/F) of—1
5.60 ImTov=—=2_, [l U
(5.60) 1<i<k Ko 1<i<ks1 KinF
NKkF/Kkl lNKkJrlF/KkJrl
H Uai—l g,(CL/K) H o;—1
1<i<k k 1<i<k+1 k+1

Note that such a map satisfies hECL/K) = g,(CL/K) mod U%’”rl. Indeed, by the commu-
k+1
. . i—1 . ol —1
tative diagram (B.58), for any w € [], ;< U%k there exists v € [], ., U;?,j: such

that w = NKkF/Kk(v), and

hI(CL/K)(w) _ hl(cL/K) (NKkF/Kk (v))

~ L/F
= NKM_lF/Kk_,_l (hé / )(”))

N\ * L/F oy 1—1
:NKk+1F/Kk+1 (gl(c / )(U)U/ki_l/ )

Kii F
~ L/F ory1—1
= NKk+1F/Kk+1 (gli / )(U)) UEIZ:Z ’

and by the commutativity of the diagram (5.60) we have

7 L/F L/K 7 L/K
NKk+1F/Kk+1 (gl(c / )(U)> :g/(i) /%) (NKkF/Kk(U)> :g/(i) / )(w)

Thus, the relation

hl(cL/K)( L/K)(w) st

_ (
w)_gk T K

follows for every w € [], ;< U%k .
Now, for each 1 < i € Z, we introduce the map

7

(L/K) . o1
Fi UR T = Uy

by
SO w) = Mgy (177 w)),

where v € U;{i;l is any element satisfying ]\~/K1F/Kj (v) =w € U%_l. Note that if

v € Uj{i;l is such that Ny, g/, (v') = w, then Ap/gc (f57 (0)) = Apyrc (FF) (7).

K2 K2
i

In fact, there exists u € ker (]\7 K.F/ Ki) such that v = vu. Thus, we must verify that

Ap (fi(L/F) (U)) = Ap/k (fi(L/F) (vu)) That is, for each 1 < j € Z, we must check the
identity

L/F L/F
(5.61) Prig, (Aryc (570 @))) = Prg, (Aryac (557 0w) ).
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Observe that for j > ¢ we have

Pr (AF/K (fi(L/F) (1)))) = NKjF/Kj (Pra‘f‘ (AF/K(fi(L/F)(U))))

s (e (1770)

= NK,-F/K- (9;5{” OQZ(L/F)( ))

because the square (5.60) is commutative. Now, the identity N K, K, (V) = N K. F/ K, (V)
implies (5.60). Thus, the map

(L/K) | rroi—1
fi : Ugi - U}E(L/K)

is well defined. Moreover,
Prgj o fi(L/K) _ (g(L/K)

-1 ---0g

(L/K)) | .
(3 U-*
K;

for j > 4. Indeed, for w € Uil , there exists v € UL 7 1 with NK.F/K.(U) = w, and
f lF 3 i
fi(L/ )( ) =Ar/k(f; L/F)( )) That is, the square

T f<L/F)U
(5.62) Ugr —  YZa/p)
ﬁKiF/Ki J{AF/K

FE/EO

U™ =— Vs
is commutative. Consequently, for j > ¢ we have
Pr;(fj o fi(L/K (w) = Pr~‘ o AF/K (f(L/F) (v))
= NKJF/Kj (PTN o ) (w ))
= Ny, (@0 00 6110 (w)
= (9;5/110 00 gi(L/K)) (NKiF/Ki (U)> )

by the commutativity of the diagram (.60, as desired.
For each 0 < i € Z, let
L/K) _ . L/K
2 =i (£10),
Then, by Lemma5.I5 or by [2, Lemma 4], for (9 € ZZ-(L/K)

to an element in U~ (LK)’ Let

Zipre (1K 11990Y) = {Hz ) e Z(L/m}

2Lk We introduce the topological Gal(L/K)-

submodule Y7,/ ({wai(L/K }) = Yk of UX(L/K) by

the product [, 2 converges

which is a topological subgroup of U

Yok = {y €Usg) v\ e 2k ({Ki’fi(L/K)})}'
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Lemma 5.30. The continuous homomorphism Ap/r : X(L/F)* — X(L/K)* intro-
duced by (B20) and &2T)) further satisfies

(i) Ar/x (ZL/F({KiR fi(L/F)})> CZr/k ({Kufi(L/K)});

Proof. (i) For any choice of z() ¢ ZZ(L/F)
Ap/k : X(L/F)* — X(L/K)* yields

AF/K<HZ(”> . ) PG

where Ap g (2()) € Zi(L/K) by the commutative square (£.62]).
(ii) Let y € Y /p. Theny!' =% € ZL/F({KiF, fi(L/F)}) and Ap g (y' %) = AF/K(y)I*W
is an element of Z,/x ({K;, fi(L/K)}) by part (i). The result follows. O

, the continuity of the multiplicative arrow

So, the homomorphism Ap/g : X(L/F)* — X(L/K)* defined by (5.21) induces a
group homomorphism

(5.63) AF/K: U§(L/F)/YL/F - X(L/K /YL/K
defined by
(5.64) Ay (U) = Apyre(U).Yi k.,

for every U € U
Let

(L) F) (as usual, U denotes the coset U.Yy,/p in U. X(L/F)/YL/F)

O s Gal(L/F) = US o [Yiyr

be the corresponding Fesenko reciprocity map defined for the extension L/F, where
Y r =Yy r({KiF, fi(L/F)})'

Theorem 5.31. For the finite subextension F/K of L/K, the square

q;,(;?)F R
(5.65) Gal(L/F) —"5 U iy /YisF

inc. lAF/K
()

q>LK
Gal(L/K) —"5Ug 1 e/ Yi/x

where the right vertical arrow Ap/ : U;’E(L/F)/YL/F
BE83) and B64), is commutative.

Proof. Tt suffices to prove that the square

L/K)/YL/K is defined by

U§(L/F)/UX(L/F) can U§(L/F)/YL/F

)\F/KJ( J/)\F/K

U i/ Vs S2s UG e /Yy
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is commutative, which is obvious. Then, pasting this square to the square ([B24)), we
obtain the diagram

¢(¢) N

incl lAL/F lAL/F
(¥)

L/K o

and the commutativity of the square (5.69]) follows. O

If, moreover, L/K is a finite extension, then the square

)

Prl‘(l
}LL/K

Uk /Ny kUp —— Gal(L/K)®

lmod Gal(L/K)’

commutes. Thus, the inverse Héq;)K = ( (L“;/)K)’1 of the Fesenko reciprocity map (IJ(LQD/)K

defined for L/ K is a generalization of the Hazewinkel map for the totally ramified APF
Galois subextensions L/ K of K,/K under the assumption that the local field K satisfies

condition (5.24]).
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