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Abstract

This paper examines different characterizations of the Relative Majority Rule, Absolute Majority Rule, and
variations of those two, chronologically. Basically, Relative Majority Rule, as the name suggests, concerns with
the relative number of supporters of the different alternatives. Whereas Absolute Majority Rule requires an
alternative to be chosen more than half of the supporters to win. Relative Majority may cause an alternative with
very poor support to win (i.e. one alternative has only one supporter and the other alternative has no supporters
with 1000 voters will end up with the decision of this single voter at a two-alternative world.); on the other hand,
it may for most of the time be difficult to have one of the alternatives to win via Absolute Majority Rule.
Therefore, need for some moderate rules arises. My Majority helps us here as the number of supporters of the
winner needs to exceed number of supporters of the other alternative by k voters. We may also need a more strict
rule (If an alternative will win then for some cases, we may require it to have much more wider support). Then it
is better to use Absolute q-Majority Rule, where we can chose q among the numbers, which is more than the
number of half of the society. In the first section, necessary definitions and axioms are illustrated, and in the next
section, Majority Rule characterizations and related theorems are given with their detailed proofs.

(Ozet

Bu ¢alisma, Goreceli Cogunluk Kurali, Mutlak Cogunluk Kurali ve bunlarm farkl varyasyonlarini
kronolojik olarak incelemektedir. Temel olarak Goreceli Cogunluk Kurali, adindan da anlislacag: gibi, farkli
alternatiflerin destekgilerinin goreceli sayilari ile belirlenir. Diger taraftan Mutlak Cogunluk Kurali, bir
alternatifin segilebilmesi i¢in oylarm mutlak ¢ogunlugunu almasini gerektirir. Goreceli Cogunluk Kurali, ¢ok az
destege sahip olan alternatifin kazanmasina neden olabilirken (2 alternatifli bir diinyada, 1000 kisilik bir grupta
bir kisinin destekledigi alternatif, digerinin hi¢ destekg¢isi olmamasi durumunda oylamay1 kazanacaktir.) Mutlak
Cogunluk Kurali kullanilarak herhangi bir alternatifin oylamay1 kazanmasi ¢ogu zaman zordur. Bu sebeplerden
daha giiclii ve daha belirleyici orta seviyedeki se¢im kurallarina ihtiya¢ dogmustur. Bu noktada bir alternatifin
kazanmas i¢in digerinden k sayida fazla destek¢i gerektiren My, Cogunluk Kurali devreye girer. Bazi durumlarda
¢ok daha kat1 bir kurala gereksinim de duyabiliriz. Bu durumlarda, bir alternatifin kazanmasi i¢in toplumun yar1
niifusundan bilyiik sayilar arasindan segilen q sayisindan fazla detekgiye gereksinim duyan Mutlak q-Cogunluk
Kurali’n1 kullanabiliriz. i1k boliimde gerekli tanim ve aksiyomlar, ikinci boliimde ise karakterizasyon ve ilgli
diger teoremler ayrntili ispatlartyla birlikte sunulmustur.)
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Introduction

Majority Rule is a very important Social Choice Rule as it adresses the prefer-
ences of each individual to aggregate decision of the whole society with the sence of
Majority. May (1952) characterized majority rule via anonimity, neurality and posi-
tive responsiveness. After May’s work Asan-Sanver (2002), Woeginger (2003), Miroiu
(2004), Woeginger (2005), Llamazares (2006), Asan-Sanver (2006), Sanver (2006) de-
fined characterizations for various types of majority rules. Characterizations made later
than May’s characterization, which was critisized for using the too much strong con-
dition positively respensiveness, drop positively responsiveness and also anonimity in
some cases and use instead conditions like pareto optimality and weakly path inde-
pendence (Asan-Sanver), reducibility to subsocieties (Woeginger), additive possitive
responsiveness and subset decomposibility (Miroiu), cancellativeness (Llamazares),

maskin monotonicity (Asan-Sanver).

This paper collects major characterizations of different types of majority rules
at a two alternatives world, where all the individuals have complete and transitive

preferences over these two alternatives: x and y.

Basic Notations

Let N = {ji,.....Jn }be a society and assume that each individual j € N has

complete and transitive preference relations on a set of alternatives A = {x, y}.



We say R; = 1 when the individual i prefers the alternative x to y; R; = —1
when the individual ¢ prefers the alternative y to x; and R; = 0 when the individual ¢

is indifferent between the alternatives = and y.
Let H be a subsociety of N such that H = {ky, ......kp}.
SWF (Social Welfare Function): F': {—1,0,1}" — {—1,0,1}.
AR
Ur={Re{-1,0,1}":ny (R)=n—1, n_(R)=0}

U ={Re{-1,0,1}":n (R)=0, n_(R)=n-—1}

U = Ut U U™ here U does not mean the union in the common sense, but it

means simply "or".

The operation: R & R’ = (Ry, ...... R, Ry, ... R,in) € {—1,0, 1}””‘/ , for

givenany R € {—1,0,1}" and R’ € {—1,0,1}" .
p=ny(R):=#{i€ N|R =1},
m=n_(R) =#{ie N| R, =—-1}
z:=ng(R) =#{i e N|R; =0}

(Note that p+m+z=n)

Axioms and Independence



PR (Positively Responsiveness): For any profiles R, R’ € {—1,0,1}" with R, >
R; (resp. <) Vi € N and R, > R; (resp. <) for some j € .5, we have that F' (R) > 0

(resp. <) = F (R') =1 (resp. —1).

APR (Additive Positive Responsiveness): Forany R € {—1,0,1}" with F' (R) >
Oand R; = 1,7 ¢ N(resp. F'(R) < 0and R; = —1) we have F(R & R;) = 1 (resp.

F(R® R;) = —1).

M (Maskin Monotonicity): For any profiles R, R’ € {—1,0,1}" such that R; >

0= R, >0(<resp.) Vi € N,we have F(R) > 0= F(R') > 0.(< resp.).
NE (Neutrality): For any R € {—1,0,1}", we’ve F'(—R) = —F (R)

A (Anonimity): For any R € {—1,0,1}", and any permutation function 7 :

N — N,we've FI(Ry,....Ry) = F(Rz s oo R

PO (Pareto Optimal): For any R € {—1,0,1}", with R; > 0 (resp. R; < 0),
Vi € N and R; = 1 (resp. R; = —1) for some j € N, we’ve F(R) = 1 (resp.

F(R) = —1)
WPO (Weakly Pareto Optimal): If R; = 1 holds for all i € N, then F'(R) = 1.

PI (Path Independence): Let N = {1,...n}, N ={n+1,..n+n'} . ASWFF
is said to be Pl iff forany R € {—1,0,1}" and R’ € {—1,0,1}", we've F(R® R') =

F(F(R)® F(R)).



WPI (Weak Path Independence): F is said to be WPLiff for any R € {—1,0,1}"
andany R’ € {—1,0,1}" with |F(R) — F(R')| # 2, we’'ve F(R® R') = F(F(R) &

F(R)

RS (Reducibility to Subsocieties): For any profile R € {—1,0,1}" with n >
2, we've F(R) = F(F(R™),...F(R™)). Where R~ € {—1,0,1}"" denote the

profile that results from removing the ith voter from profile R.

subset of H.

C (Cancelative): A SWF F is is cancelative if for all pair of profiles R, R’ €
{-1,0,1}" such that R; = 1, R; = —l and R, = R; =0 forsomei,j € N,and

R; = RVl € N\{i, j}, we have F(R') = F(R).

p-Pareto: Given p € {0,1,........ n — 1}, F is p-Pareto if:
a)Forany R € {—1,0,1}",
) Ifny(R) >pandn_(R) =0, then F/(R) = 1.
i) If n_(R) > pand n, (R) = 0, then F(R) = —1.
b)Ifp € {1,....... n—1},3 R € {—1,0,1}" such that it satisifes one of
the following conditions:
)ni(R)=p,n_(R)=0and F(R) < 1.

ii)n_(R) =p,ny(R)=0and F(R) > —1.



g-Stable: Given ¢ € {0,1,........ n— 1}, a SWF F is g-Stable if it satisfies the
following conditions:
))VR,R' € {—1,0,1}" suchthat # {i € N | R; # R.} <,
F(R)=1= F(R) > 0; F(R)=—-1= F(R) <0
i) 3R, R' € {—1,0,1}" suchthat # {i € N | R; # R} = q + 1 satisfying

F(R) =1and F(R') = —1.
NSA (Null Society Assumption): If H = &, then F'(H) = 0.

M), Majority: Givenk € {0, 1, ........ n — 1}, the M Majority is the SWF defined

by
1, Zszz >k,
i=1
Mp(R) = ¢ _4 ifiRz‘ < _p (OrbyN Mi(R) = 1 < ny(R) >
i=1
0, otherwise.
n_(R) + k.

MR (Relative Majority Rule): The M R is defined at each R € {—1,0,1}" as

(MR(R) = 1 <= n,(R) > n,(R))and (MR(R) = —1 <= n_(R) > n.(R)).

UNA (Unanimous Majority Rule): A SWF that assigns UNA(R) = 1 (-1 resp.)

only if all voters i € N have R; = 1 (-1 resp.) and UN A(R) = 0 in all other cases.

Absolute g-majority: Let n* be the lowest integer exceeding n/2. Picking some
q € {n*, ... ,n + 1}, absolute gq-majority rule is defined as an aggregation rule F
such that VR € {—1,0,1}" we have F(R) = 1 <= n,(R) > g and F(R) =

—1<=n_(R) >q.



AMR (Absolute Majority Rule): Let n* be the lowest integer exceeding n/2.
The AMR is defined at each R € {—1,0,1}" as (AMR(R) = 1 <= n_(R) > n*)

and (AMR(R) = -1 <= n_(R) > n").

Below theorem shows that PR and APR are not the same and neither implies the

other.

Theorem 1 (Woeginger, 2005) There exists a SWF F) that satisfies A and PR, but

not APR. There exists a SWF F5 that satisfies A and APR, but not PR.

Proof

(A and PR, but not APR) F} is defined as F;(1) = F1(0) = 1 and F3(—1) =0
forn =1, and F; = 1 for n > 2 voters. F} is A as for n > 2, we always have F; = 1,
no matter what permutation we take. F} is also PR as Fi(R) < 0 is only the case when
Fi(—1) = 0 where the voter is being the most negative. As there is no other profile
satisfying F(R) < 0, we cannot establish any further negative profile, either. On the
other hand F} is not APR since Fi(—1) = 0 and if we add voter —1 to the society

Fi(—1,—1) should be equal to —1 whereas here we have F;(—1,—1) = 1.

(A and APR, but not PR) Fj, is defined as F5(1) = F5(—1) = 1 and F5(0) =0
for n = 1 and for n > 2, F5 is defined as:
Fy(R)=0,ifn, (R)=n_(R)=0

Fy(R)=1,ifn_(R)=0andn.(R) >0



Fy(R)=—1,ifny(R)=0andn_(R) >0
Fy(R)=1,ifn, (R) >0andn_(R) >0
F5 does not satisfy PR since F5(0) = 0 implies F»(—1) = —1 by PR, but here
we have Fy(—1) = 1. Fy is clearly A. To see that F} satisfies APR:
First let F5(R) < 0 then either:
ni(R) =n_(R) =0, and if we add —1 to the society, we have n, (R) =0
and n_(R) > 0, which gives us F3(R) = —1. Or
ni(R)=0and n_(R) > 0, and if we add —1 to the society, we again have
ny(R) = 0and n_(R) > 0, which gives us F5(R) = —1.
Second let F3(R) > 0 then either:
ni(R) = n_(R) = 0, and if we add 1 to the society, we have n_(R) = 0
and n(R) > 0, which gives us F5(R) = 1. Or
n_(R) = 0and ny(R) > 0, and if we add 1 to the society, we again have
n_(R) =0and n, (R) > 0, which gives us F5(R) = 1. Or
ny(R) > 0 and n_(R) > 0, and if we add 1 to the society, we have

n_(R) > 0and n, (R) > 0, which gives us F3(R) = 1. |

Theorem 2 (Woeginger, 2003) There exists a SWF F:{—1,0,1}" — {-1,0,1}

that is not the majority rule and that satisfies the axioms:

a) N, A, RS, but not PO: F(R) = 0is N, A, RS, but not PO. Since F(1,.....,1) #



1,if Rj = 1forsome j € Nand R; >0, Vi € N,

b) N, A, PO, butnotRS: F'(R —1,1if R; =1forsome j € Nand R; <0, Vi € N,
0, otherwise.
Since F((1,1,—1) =0 # F(0,0,1) = F(F(1,-1), F(1 —1),F(1,1)) Fis not RS.
0,ifR;, =0, Vi € N,
¢) A, PO, RS, butnot N: F'(R 1, if R; —1forsomej€NandR >0Vie N,
—1, otherwise.
Since —F(1,—-1) = —(—=1) =1# —1 = F(—1,1), it is not N. |

Results

1) Impossibilities

Theorem 3 (Asan-Sanver, 2006) There exists no SWF, which satisfies M and PO.

Proof.

Suppose for a contradiction, F' is an aggregation rule which satisfies M and PO.
Take some R € {—1,0,1}" and WLOG consider the case F(R) € {0,1}. Define
another profile R € {—1,0,1}" be such that R, = 0 <= R; € {0,1} and R, =
—1<= R, =-1,Yie N. F(R')= —1by PO and F(R') € {0,1} by M gives us a

contradiction. |

2) Characterizations

First, see below some MR implications:



MI1) A SWF F : {~1,0,1}" — {—1,0,1} is MR = It is NE: If F(R) = 0
then n(R) = n_(R) and F'(—R) = 0 as well. If F(R) = 1 then n(R) > n_(R)
meaning when we multiply R by —1, we get n_(R) > ny(R) = F(—R) = —1 =

—F(R). The case of F'(R) = —1 is symmetrical to /'(R) = —1. Hence F'is NE.

M2) A SWF F : {~1,0,1}" — {—~1,0,1} is MR = It is PO: Take any R €
{—1,0,1}" such that R; > 0 (respectively R; < 0) Vi € N and R; = 1 (respectively
R; = —1)forsome j € N thenn (R) >0andn_(R) =0= n,(R) >n_(R) =
F(R) = 1 (respectively n (R) = 0 and n_(R) > 0 = n_(R) > ny(R) =

F(R) = —1).Hence F'is PO.

M3) A SWF F : {~1,0,1}" — {—~1,0,1} is MR = It is WPI: Take any

k, k" > 0 and consider two disjoint societies K = {1,....,k} and K’ = {k+1,....,n}
(where k£ + k' = n) and take any R € {—1,0, 1}k, and any R’ € {-1,0, 1}k, with
|F(R) — F(R')| # 2 then

a)Ifny (R) = n_(R) (ie. F(R) = 0)andn, (R) = n_(R') (ie. F(R)) =
0)=n (ReR)=n_(ReR)=F(R®R")=0.

Ifn,(R®R)=n_(R® R)andas |[F(R)— F(R')| # 2 we must have
ny(R) = n_(R) (ie. F(R) = 0)and n.(R') = n_(R') (ie. F(R) = 0)=
F(F(R)® F(R)) = 0.

b) If ny(R) > n_(R) (i.e. F(R) = 1) then either we have n, (R') >
n_(R)orny(R)=n_(R)(ie. F(R)>0=n,(R®R)>n_(R®R) =

F(R®&R)=1.
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Ifn, (ROR') > n_(R®R')andas |F(R) — F(R')| # 2 we must have both
ny(R) > n_(R) and ny (R') > n_(R'); furthermore, one of the inequalities should
be strict, say WLOG n(R') > n_(R') = F(F(R) & F(R')) = 1.The reverse case
can similarly be shown.

Hence F' is WPI.

M4) A SWF F : {—-1,0,1}" — {—1,0,1} is MR = It is A: F is A as the
only concern of MR is the relative number of supporters of the two alternatives, it does

not matter who supports whom.

MS) A SWF F : {~1,0,1}" — {-1,0,1} is MR = It is PR: Take any
profiles R, R' € {—1,0,1}" with R; > R; Vi € N and R} > R; for some j € N,
and let F'(R) > 0 then ny (R) > n_(R) but as R} > R; for some j € N we have

ny(R") > n_(R') which consequently implies /' (R') = 1. Hence F' is PR.

M6) A SWF F : {—1,0,1}" — {—1,0,1} is MR = It is RS: Take any
Re{-1,0,1}":

F(R) = 0 <= ny(R) = n_(R). As F is MR, and so A, let R, = 1,
Riy1 = —1 Vi < k for some odd interger k. (Note that & < n) Then we have
F(F(R™Y),........ F(R™)=F(-1,1,-1,1,..... — 1,1,0,....,0) = 0 = F(R).

F(R) = 1 such that n, (R) = n_(R) + 1. Then F(R™") > 0Vi € N and
F(R77) = 1forsomej € N.By A we can set the order such that F'(1, ..., 1,0, ....,0) =

1 = F(R).
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The case F'(R) = —1 can similarly be shown as F'(R) = 1.

Hence F'is RS.

M7) A SWF F : {-1,0,1}" — {—1,0,1} is MR = It is WPO: Take any
R € {-1,0,1}" such that R; = 1Vi € N then n,(R) = n meaning definitely

ny(R) >n_(R) = F(R) = 1. Hence F is WPO.

M8) A SWF F : {-1,0,1}" — {—1,0,1} is MR = It is C: MR is obviously
C as we are interested in n, (R) and n_(R) only relatively; therefore, cancelling out

one x supporter and one y supporter does not change the result.

Proposition 4 (May, 1952) A social welfare function (SWF) F : {-1,0,1}" —

{—1,0, 1} satisfies A, NE, PR <= It is the MR.

Proof.
( <= ): Take any SWF F' which is MR, then it is A by M4, NE by M1 and PR

by M5.

(=): Take a SWF F' which is A, NE and PR. Consider:
p =m : Then F(R) = 0. For a contradiction assume that F'(R) = 1 then by NE

F(=R) = —1but F(—R) = F(R) by A.
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p =m+1:Then F(R) = 1 by PR and above case. We can iterate this case
further and by the same reasoning we will get F/(R) = 1 for p = m + k where
O0<k<n-—m.

Hence p > m implies F'(R) = 1.

m = p+1:Then F(R) = —1 by PR and above case. We can iterate this case
further and by the same reasoning we will get F'(R) = —1 for m = p + k where
0<k<n-—np.

Hence m > p implies F'(R) = —1. Which completes the proof that F' is the MR.

After May was criticised by using a too strong condition, PR, in his characteri-
zation some other characterizations including more than two alternatives were estab-
lished also by May. However, we will next look at the below theorem formed by Asan

and Sanver, which replaces PR with PO and WPI, still concerning two alternatives.

Theorem 5 (Asan-Sanver, 2002) 4 SWF F : {—1,0,1}" — {—1,0, 1} satisfies 4,

NE, PO and WPI <= F is the MR.

Proof.
(<=): Take a SWF F which is MR. Then F is A by M4, NE by M1, PO by M2

and WPI by M3.

(=): Take any SWF F' which is A, N, PO and WPI. Take any n > 0 for
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To show F'is MR, we need to show VR € {—1,0,1}", we have:

Dni(R)=n_(R)= F(R)=0
For a contradiction, assume WLOG F(R) = 1 but F(—R) = 1 by A, and

F(—R) = —1 by N, which gives a contradiction.

)n (R)>n_(R)=— F(R) =1

Take any R € {—1,0,1}" with n, (R) > n_(R) and let k := n, (R) — n_(R).
Now take some K C {i € N : R; = 1} such that | K |= k. Consider K and N — K
with R € {—1,0,1}* and R” € {—1,0,1}" " defined as Ri’ = Ri Vi € K, Ri" = Ri
Vie N-K

Hence n (R') = k = F(R') = 1 by PO, and n (R") = n_(R") =
F(R") = 0 by NE and A of F. Thus |F(R')— F(R")] # 2,and F(R & R") =
F(F(R)® F(R")) by WPL As we constructed R, R’ soas R ®R" = R = F(R) =

F(1,0) which is equal to 1 as F' is PO.
3)ny(R) <n_(R)= F(R) =-1

This part of proof is similar to (2) |

Theorem 6 (Woeginger, 2003) Let F' : {—1,0,1}" — {—1,0,1} be a SWF that
satisfies NE, RS, and the anchor condition F(0,1) = 1. Then F satisfies WPO <= F

satisfies PO.

Proof.
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(=): Let F'be N, RS, F(0,1) = 1 and WPO, we need to show F' is PO as
well. For proof by induction, first let n = 1 then (1) = 1 and F'(—1) = —1 by WPO.
Forn = 2, F(1,1) = 1 and F(—1,—1) = —1 by again WPO. We assumed at the
begining, F'(0,1) = 1 by N F(0,—1) = —1 and by RS F(0,—1) = F(—1,0) = —1

and F'(0,1) = F(1,0) = 1. Then F is PO for n < 2.

(<= ): Now take any R € {—1,0,1}" withn > 3 suchthat R; > 0,Vi € N
and R; =1, forsome j € N. Thenm =0,p > land z = n — p.

First consider p = 1 then 2 = n—1 > 2. n— 1 of the subsocieties have one voter
prefering 1 and other voters prefering 0. And in the remaining one society everybody
votes for 0. Then by induction and RS, we get F'(R) = F(R’) (i.e. every subsociety
provides PO), where R’ has (p/, 2/, m') = (n — 1,1,0). then F'(R') = 1.

Second, consider p > 2. Then every subsociety has at least one voter prefering
1.whereas the remaining voters either prefer 1 or 0. As we assumed for the induction
hypothesis, every subsociety has 1 as aggregate decision. As F'is RS, F'(R) = F(R")
for R” such that (p”, 2", m") = (n,0,0) and F(R") = 1 by WPO.

Hence F'(R) = 1. The reverse case is symmetrical. [

Theorem 7 (Woeginger, 2003) A SWF F : {—1,0,1}" — {—1,0, 1} satisfies NE,

PO and RS <> it is the MR.

Proof.
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(<=): Take a SWF F| which is MR. NE, PO and RS were proved at M1, M2

and M6.

(=): By induction:

n=1= F(1) =1= MR(1) and F(—-1) = —1 = MR(—1) by PO and
F(0) =0= MR(0) by N.

Hence for R € {—1,0,1}", we have F'(R) = M R(R)

n > 2 = Assume YR € {—1,0,1}""", F(R') = MR(R'). Consider R €
{=1,0,1}" and let p := ny(R), m := n_(R), z := no(R) (Note that p+m+z=n).
There are three cases to look at:

Ifp=m= F(R™") = MR(R™) = —R, (As we exclude the n*" person.)
Vn € S by induction hypothesis. F'(R) = F(F(R™),........ ,F(R™)) = F(—R) by
RS and F(—R) = —F(R) by N. Hence F(R) = —F(R), meaning ['(R) = 0 =
MR(R).

If p > m+1 holds, then eliminating any single individual will lead p > m for all
individuals, and p > m for some individuals.By induction, F'(R') = MR(R')VR' €
{-1,0, 1}”_1 . (i.e. it may look like F'(1,...,1,0,....,0)). And by PO F(R) = 1 =
MR(R).

If p < m — 1 holds then F'(R) = M R(R) and the proof is symmetric to the

previous one. |
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Theorem 8 (Woeginger, 2003-4) Let F': {—1,0,1}" — {—1,0,1} be a SWF that

satisfies NE, WPO, and RS:

a) If F(0,1) = 1, then F is the MR.

b) If F(0,1) = 0, then F is the UNA.

Proof.

a) If F(0,1) = 1, then W PO = PO Hence, the previous two theorems together
shows the result.

b) Then F'(0,—1) = 0and F(0,0) = F(—1,1) = 0by NE, and F'(1,1) = 1 and
F(—1,-1) = —1 by WPO. Therefore, F'(R) = UNA(R) forn < 2.

To prove by induction, assume we have F(R) = UN A(R) for n — 1 voters and
n > 3. Consider R € {—1,0,1}" :

If p = n, then WPO yields F(R) = UNA(R) = 1.

If p = n — 1, then also by RS F/(R) = F(R') where R has (p/, 2/, m') =
(1,n—1,0). applying RS and induction again one more time, we have F'(R') = F'(R")
where R” has (p”,2",m") = (0,n,0). As F'is NE, F(R") = 0, hence F(R) =
UNA(R) = 0.

If 2 < p < n — 2, then RS and induction together imply F(R) = F(R')
where R has (p/, 2',m’) = (0,n,0). Hence F'(R) = UNA(R) = 0.

The cases where m > 2 can be proved symmetrically.

Finally, if p < 1and m < 1, then z > n — 2 > 1. Then the function F'

gives 0 for all subsocieties of R. Then F'(R) = UNA(R) = 0 by RS and N. |
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Lemma 9 (Miroiu, 2004) [f'a SWF F satisfies NSA, AR, and NE, then F(R;) = R,;.

Proof.

F(2) = 0 by NSA

Now let R; = 1 (resp. R; = —1) then F(@ U R;) = F(R;) = 1 by AR.

For R; = 0, F(R;) = 0 by NE. (ie. Assume for a contradiction WLOG F(R;) =

= 1=F(R)=F(-R)=—F(R)=-14) ™

Lemma 10 (Miroiu, 2004) If a SWF F satisfies NSA, AR, and NE, then it satisfies

PO.

Proof.
For subsociety H let R; > 0V2 and R; = 1 for some: € H. By induction,
n = 1= F(H) = 1 by above Lemma.

n > 2= Assume [' is PO for n — 1 voters and |[H| =n — 1 and j ¢ H, where

R; > 0. Then |H U {j}| = n. (Note that if R; = 0, Vi then F'(R) = 0 by N.)

If R; = 1 then since F'(H) > 0, we get F'(H U {j}) = 1 by AR.

If R; = 0 then as we supposed in the definiton, there was some j' € H such
that Ry = 1. Now let H' = (H U {j}) — {j'} = F(H') > 0 as now we have n — 1
people again.

F(HU{j}) = F(HU{j}) - {/Hu{/}) =LbyAR. ®
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Theorem 11 (Miroiu, 2004) [f NSA holds, then a SWF F satisfies AR, NE, and SD

<> it is the MR.

Proof.

(«<=): NE was proved at M1. To show F'is AR is easy. Let H be such that
F(H) > 0,andlet j ¢ H and R; = 1. Thenas F(H) > 0ny(H) > n_(H), if we
add the person j with R; = 1 we get ny(H) > n_(H). Then F(H U {j}) = 1 by
MR.(The reverse case is similar to show.) Hence F'is AR.

(MR = SD) : Suppose that F'is MR and |H| = kand k = p+ 2z + m. We
need to show F'(H) = F(F(H,),....... F(H,)) with H; (1 < j <r = 2F — 1) the
subsets of H. Define P;(H ) be the set of all sets H* such that | H*| = s. Obviously, is
s = 0, then F'(H*) = 0. Consider the cases:

p > m : Then for each s 3 no majority of sets H* such that |[H*| = s and
F(H*) = —1. (If 3 no such H* at all, then F'(H*) > 0 for all H*, and since p > 0 3
at least one H* such that F'(H*) = 1, then as NSA, AR, and NE, implies PO by above
lemma, we will get F/(H) = 1.) Even is there exists some H* such that F/(H*) = —1
they are not majority of the whole subsets; therefore, MR will give the result F'(H) =
1. Hence F(H) = F(F(Hy), ....... F(H,)).

The other two cases where p = m and p < m are similar to show.

(=): To prove the reverse implication, we will again use induction:
n=1:byLemma9, F(R;) = R; = MR(R;),

n > 2 : Supppose F' is MR for all n’ < n. Consider the cases:
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p > m : Then there exists at least one individual j such that R; = 1. For the
society H — {j}, we have p > m and by the induction hypothesis F'(H — {j}) > 0.
By AR, F((H —{j}) U{j}) = F(H) = 1= MR(H).

p < m : is similar to the above case.

p=m:Ifp=m=0,then F(H) = F(0,...,0) = 0= MR(H). Now let
p = m > 0, we have two subcases to consider:

z = 0 : Take any subsociety H; (|Hy| = k1) such that p; of the voters
have R; = 1 and m, of the voters have ; = —1 and k; = p; + m;, and there is one
and only one subsociety Hy (|Hz| = ki) such that m, of the voters have R; = 1 and p;
of the voters have R; = —1 and ky = p; + my. By N, F(H;) = —F(H,). Butas H;
was arbitrary, this is true for all subsocieties, they by N F/(F(Hy), ....... F(H,)) = 0.
Therefore, F(H) = 0 = M R(H) by SD.

z > 1 : Then there is at least one j such that R; = O and |H — {j}| =
n — 1 meaning by induction hypothesis F(H — {j}) = 0= F((H — {j}) U{j}) =

0=F(H)=MR(H). ®

Theorem 12 (Woeginger, 2005) A4 SWF F satisfies NE, A, and APR <> it is the

MR.

Proof.
(<=): We already proved that if F' is MR then it also satsfies NE, A at M1 and

M4. Proof of APR is similar to AR.
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(=):By induction, Take any SWF F’ satisfiying NE, A, and APR:

n =1=— F(0) = 0 = M R(0) by NE. Suppose for a contradictionF'(1) = o <
0, then by NE F'(—1) = —« > 0. The society {—1, 1} on the one hand by adding the
new voter —1 to the society {1} which brings the result F'(1,—1) = —1 by APR. On
the other hand, if we add voter 1 to the society {—1} , we get F'(1,—1) = 1 by again
APR, which leads to a contradiction. Hence F'(1) = 1 = MR(1) and furthermore,
F(-1)=—1= MR(—1) by N.

n > 2= Assume F'(R') = M R(R’) for all R’ with n — 1 voters. Now consider

a profile R with n voters:

p=m:Then F(R) =0= MR(R) by A and NE.

p > m + 1 : Then by the induction hypothesis we have p’ > m' and
F(R') > 0. Hence, F(R) =1 = MR(R) by APR.

p < m — 1 : This case is similar to prove the second case. Here we have
F(R)=—-1= MR(R).

Hence ' is MR. ]

The above theorem is very similar to May’s majority characterization since Woeg-
inger only replaces PR by APR, but he later shows that PR and APR are independent

of each other, which was shown in the "Independence" Part.

Remark1 (Woeginger, 2005) As SD = A Woeginger replaced SD with A

in Miroiu’s characterization.
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Theorem 13 (Woeginger, 2005) There exists a SWF Fj that is not MR and that sat-

isfies NE, A, PO, and SD.

Proof.

F3 is defined as:

F3(R)=0,ifny(R)=n_(R)=0(1)

F3(R) = 1,ifn_(R) = 0 and n(R) > 0 (II)

Fy(R) = —1,ifn(R) = 0 and n_(R) > 0 (1)

F3(R) = 0,ifny (R) > 0and n_(R) > 0 (IV)

Fszisnot MR as F3(1,1,—1) =0 # 1 = MR(1,1,—1). Fj; clearly satisfies A,
NE, and PO. To show that F3 satisfies SD, consider n > 2 and let Ry, ........ Ry, with
k = 2" — 1 be an enumeration of all proper multi-subsets of R. Consider the cases:

Ifn,(R) = n_(R) = 0, then all multi-subsets R; of R consists of indiffer-
ent voters only; therefore, the result will be indifference as well. Hence, F5(F3(R;), ....., F3(Ry)) =
0 = F3(R).

If n_(R) = 0 and n4 (R) > 0, then all multi-subsets consists of indifferent
or positive voters only, meaning F3(R;) > 0 Vi € k. And F5(R;) = 1 for some
multi-subsets R;. Therefore, F5(F5(Ry), ....., F3(Ri)) = 1 = F5(R).

If ny (R) = 0and n_(R) > 0, then the proof is similar to the previous case.

If n_(R) > 0 and ny(R) > 0, then there exist one negative say "i" and

nn

one positive say "j" voters, satisfying F5(R;) = —1 and F5(R;) = 1. Therefore,
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F3(F3(Ry),....., F3(Rg)) = 0 = F3(R). Therefore F' is SD, and the proof is com-
pleted. |

Remark?2 (Llamazares, 2006) If F' is NE, then:

(1) F(E°) = 0 since F(E°) = F(—E°) = —F(E°) = 0 by NE.
(2) F is characterized by the set F'~1({1}), since
FA{-1}) ={Re{-10,1}": =R e FT'({1})},

FAI{0}) = {=1.0,1}"\(F ({1}) U F ({-1})).

Proposition 14 (Llamazares, 2006) If I is a C SWF, then F(R,) = F(R) VR €

{=1,0,1}"\U and all permutation o on N.

Proof.

Forany R € {R € {-1,0,1}"\U : n.(R) =n_(R) + m}, withm > 0,m #
n — 1 (since if we had the equality, our collection of profiles would be U™), it is
enough to prove that F'(R) = F(E™) since R amd m are arbitrary. (the reverse case,
ny(R) < n_(R) is similar to prove.) Since n;(R,) = ny(R) and n_(R,) = n_(R)
for all permutation o on N, we will have F'(R,) = F(E™) = F(R).

Let’s pick another profile R* € {—1,0,1}"\U satisfying n, (R*) = m and
n_(R*) = 0 such that F'(R) = F(R*) as F' is C. Therefore, WLOG it is possible to

assume n (R*) =mandn_(R*) =0:



Q) If1 <m<n—2and R # E™ thendj € {1,....,m}andl € {m+1,....,n}
such that R; = 0and R, = 1.Asn (R) <n—2,3r € N,r # jsuchthat R, =0
Now we consider the profiles R’ and R” such that:

m-{ it m={ it

R;, otherwise. v

Since F is C we have FI(R) = F(R') = F(R"). If R” # E™, then we can

repeat the previous process until we find such a profile. Hence F'(R) = F(E™) even

ifRAE™ N

Corollary 15 (Llamazares, 2006) [f F'is a C SWE then F' is completely determined

by its values in the set U U{E’ : j € NU{0}} U{—E7:j € N}.

Corollary 16 (Llamazares, 2006) Let F' be a C SWF:

(1) If Fis A, then F is completely determined by its values in the set { £’ : j € N U {0} }U

{—E’:je N} ByA, UT is included in the first set here, and U~ is included in the
second set.)
(2) If F' is NE, then F' is completely determined by its values in the set U+ U
{E7:j € NU{0}} (We can reach the result just by taking the minus of these sets.)
(3) If F'is A and NE, then F' is completely determined by its values in the set
{E7:j € NU{0}} (Reasoning is simple when we combine (1) and (2))

(4) If F'is p-Pareto, then F' is completely determined by its values in the set
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(@) {E°},ifp =0 ({(0,....,0)}).
O {E’:j€{0,1,....,p}}U{—F’ : j e NU{1,...p}}tifpe {1,...,n — 2}
(ie. {EO B, ..., E? Y forpe {1,...n — 2}).

@ UU{F :j€{0,1,...n—2}}U{-FE:je{l,...,n—2}}ifp =

Theorem 17 (Llamazares, 2006) A SWF F is a M), majority if and only if it is A,

NE, M, weak Pareto and C.

Proof.

(=) : Let’s first check that any M), majority satisfies the properties. It satisfies
A, as social consequence of M majority only depends on the numbers n, (R) and
n_(R) but not on which profile belond to which individual. If we multiply each profile
by minus one then we get the opposite of the winner when it was 1 or —1, and 0 when
it was already 0, hence M), majority is N. Take any R, R’ € {—1,0,1}" such that
R > R = ny(R') > ny(R) = F(R') > F(R) proving My majority is M.
M), majority is weak Pareto as the collective profile £™ has n(E™) = n > k since
k€ {0,1,....n — 1}. M majority is obviously C as we are interested in n (R) and

n_(R) only relatively.

(«<=) : Reciprocally, suppose that F' is anonymous, neutral, monotonic, weak

Pareto and cancellative. By Corollary 16(3) F'is determined by the set {E7 : j € N U {0}}.
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Since F' is weak Pareto, F'(E") = 1, and by Remark 2(1) we also have F(E°) = 0.
Moreover, F(E") > F(E’7) Vi > j because F is monotonic. Therefore, 3 k €
{1,...,n — 1} such that F(E*!) = 1 and F(E*) = 0; meaning, F is the M} ma-

jority. |

Remark3 (Llamazares, 2006)

1, if R = E™,
(1) The SWF F defined by F(R) = _2’ lfifR: 6_5 ’ 5 is NE, M, weak P,
1, 9

0, otherwise.
and C, but not A. (Not A, as the first person is the dictator when R € U.)

1, ifRe Ut U{E"},
(2) The SWF F definedby F'(R) = -1, if R=—-FE", is A, M, weak
0, otherwise.
P, and C, but not NE. (Not N, as F'(—R) # —F(R))
1,ifR e U~ U{E"},
(3) The SWF F defined by F(R) = { —1,if R€ U*U—{E"}, b is NE,
0, otherwise.
A, weak P, and C, but not M. (Take R’ € U" and R € U~ then R’ > R, but F(R') #

F(R) hence F'is not M.)

(4) The null SWE, ie.i F(R) =0VR € {—1,0,1}",is A, NE, M and C, but not
weak P (as F'(E") # 1 and F'(—E"™) # —1). By above theorem, the null SWF is the
only one that satisfies these conditions.

1, ifnt(R) > 2,

(5) The AMR, AMR(R) = —1,ifn"(R) > 7%, » is NE, M, weak P, and
0, otherwise.
A but not C. (let for the profile R, n™(R) = n* where R, = 1 and R, = —1 then

AMR(R) = 1, furthermore let another profile R'such that R, = 0 and R} = 0 and
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R, = R, Vi € N —{k,l} then AM R(R) = 0, which according to C should have been

equal to 1 again. Hence AM R is not C.)

Theorem 18 (Llamazares, 2006) A SWF F' is the MR if and only if it is C, strong

Pareto and F(E°) = 0.

Proof.

(=) : MR implies C by M8. F is strong Pareto and F(E°) = 0 is obvious.

(<=) : Now take any F’ such that it is cancellative, strong Pareto and F'(E°) =
0. By Corollary 16(4a) any C and Strong Pareto SWF is determined by its value in the

profile E°. Hence, F is MR if F/(E?) = 0. |

Remark4 (Llamazares, 2006)

1, if n*(R) > 0and n (R) = 0,
(1) The SWF F defined by F(R) = ¢ —1, ifn (R) >0andn*(R) =0,
Ry, otherwise.
is PO and F'(E°) = 0, but not C.

(2) The SWF F defined by F(R) = —My(R) VR € {-1,0,1}" is C and

F(E®) = 0, but not PO.

L ifn™(R) = n™(R),

n
(3) The SWF F defined by F(R) = { 1, ifn-(R) > n*(R)

} is PO and

C, but F(E°) 0.
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Corollary 19 (Llamazares, 2006) A SWF F'is MR if and only ifiit is C, strong Pareto

and NE. (i.e.F(E°) = 0 is replaced by NE of previous theorem.)

Proof.
As we have NE implies F/(E?) = 0, it is enough to consider the proof of the

previous theorem. |

Proposition 20 (Llamazares, 2006) Given k € {0,1,...,n — 1}, the My, majority is

k-stable.

Proof.

We are going to prove that the M) majority satisfies the conditions of being
g-Stable. Let R, R' € {—1,0,1}" such that #{i € N : R; # R]} < k. Since
nt(R") >n*t(R) — kand n~ (R") < n (R) + k, we have:

n (R) <n (R)+k<n™(R) <n"(R)+k,ie My(R')>0.

The case My (R) = —1 comes from the NE of M.

On the other hand, in order to prove the second condition of Definition of g-

Stable F it is sufficient to consider E*t! and -E*+1. [ |

Theorem 21 (Llamazares, 2006) Given k € {1,...n — 2}, a SWF F is the M

majority if and only if it is NE, M, C and k-Pareto.

Proof.
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(=) : M}, majority satisfies NE and C as MR satisfies all by M1 and M8. For
any profiles R, R’ € {—1,0,1}" such that R; > 0 = R, > 0 (< resp.) Vi € N,
assume we have F'(R) > 0 (< resp.).then as F'is My, majority n~ (R) # n™(R)+k so
asn~ (R') # nT(R') + k we have F/(R’) > 0. Hence I’ is M. M;, majority is k-Pareto

by above proposition.

(«<=) : Reciprocally, suppose that F' is NE, M, C and k-Pareto. By Proposition
14, F(R,) = F(R)V R € {-1,0,1}" \ U and all permutation o on N. Moreover,
F(R) =1V R € U because F' is k-Pareto. Therefore, F' is A and by Theorem 17 we
have that F is a M; majority for some j € {1,...,n —2}. Finally, F' is the M}, majority

because it is k-Pareto. [ |

Remark5 (Llamazares, 2006) Let k € {1,...,n — 2} :

1, ifn™(R) > n (R) + k,
(1) The SWF F' defined by F(R) = -1, ifn=(R) > n*(R), isM, C
0, otherwise.
and k-Pareto, but not NE.

(2) The SWF F' defined by

1, ifn™(R) >n~(R)+ korn™(R)+k >n"(R) >n"(R),
F(R)=<X —1,ifn (R)>n"(R)+korn (R)+k >n"(R)>n (R),
0, otherwise.
i1s NE, C and k-Pareto, but not M.

1, ifn™(R) > n~(R) + k,
(3) The SWF F defined by F(R) = ¢ —1, ifn (R) >n™(R)+k, ; is M,
R;, otherwise.
NE and k-Pareto, but not C.
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(4) The SWF given in Remark 3(1) is NE, M and C, but not k-Pareto.

Theorem 22 (Llamazares, 2006) A SWF F is the unanimous majority if and only if

itis A, NE, M and (n-1)-Pareto.

Proof.

(=) : Unanimous majority satisfies NE and C as MR satisfies all by M1 and
M8. For any profiles R, R' € {—1,0,1}" such that R, > 0 = R. > 0 (< resp.) Vi €
N, assume we have F'(R) > 0 (< resp.).then as F' is unanimous majority n~ (R) »#
nt(R)+ (n—1)soasn (R) #» nT(R') + (n — 1) we have F(R") > 0. Hence F'is

M. Unanimous majority is obviously (n-1)-Pareto, i.e. replace k by (n-1).

(«<=) : Reciprocally, suppose that F' is A, NE, M and (n-1)-Pareto. By the
last property, F'(E™) = 1, F(—E") = —1 and 3R* € U™ such that F(R*) < 1
or R* € U~ with F(R*) > —1. Assume that R* € U" (the case R* € U~ can
symmetrically be shown). Since F is N, by of Remark 2(1), F(E°) = 0, and by M of
F, F(R*) = 0. Because F'is A, F(R) = 0 VR* € U™ ,and by the N, F'(R) is also zero
VR € U~. Now, given R € {—1,0,1}"\{E™, —E"} , 3R € U~ and R” € U* such

that R’ < R < R”. Consequently, by M of F, F'(R) = 0. |

Proposition 23 (Llamazares, 2006) Let I be a no constant SWF such that F~1({1})
be not empty. Then there exist R, R' € {—1,0,1}" such that #{i € N : R, # R} =

1, F(R)=1and F(R') < 1.
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Proof.

Since F1({1}) # 0, there exists R" € {—1,0,1}" such that F(R") = 1.
Moreover, since F is not constant, there exists R° € {—1,0,1}" such that F'(R°) < 1.
For j € {1,...,n — 1} we consider the profile R’ defined by

R={fine )
Since F(R%) < 1 and F(R") = 1, there exists j € {1,...,n — 1} such that

F(R/) < 1and F(R/*') = 1. Furthermore, #{i ¢ N: R/ # RI*'} =1. N

Proposition 24 (Llamazares, 2006) Let ¢ € {0,1,...n — 1}, F' be a NE, M and

g-stable SWF and R € {—1,0,1}". Then:

(HIfF(R) =1, thenn™(R) > q.

Q) IfF(R)=—1,thenn (R) > q.

Proof.
(1) Suppose for a contradiction n™(R) < ¢ and consider another profile R’ €
{-=1,0,1}" defined by
o -1, ifR; =1,
’ R; otherwise.
Since F(R) =1, —-R > R',#{i € N : R; # R.} < qand F is NE, M and
g-Stable we have:

—1=F(—R) > F(R') > 0, gives us a contradiction.

(2) Since F' is NE, then F(—R) = 1, and by the previous case, n~ (R) =

nt(—R) > q. |
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Remark6 (Llamazares, 2006)

(1) The SWF F' defined by

L, ifn™(R) > n"(R) + (n — 2),
F(R) = -1, ifR=—-FE", is M and (n-1)-Stable, but not
0, otherwise.
NE.

(2) The SWF F defined by F(R) = —M,,_1(R) forall R € {—1,0,1}" is NE

and (n -1)-Stable, but not M.

(3) My 1s NE and M, but not (n-1)-Stable.

Theorem 25 (Llamazares, 2006) A SWF F'is the unanimous majority iff it is NE, M

and (n-1)-Stable.

Proof.

(=) : Unanimous majority satisfies NE and C as MR satisfies all by M1 and
M8. For any profiles R, R' € {—1,0,1}" such that R, > 0 = R, > 0 (< resp.) Vi €
N, assume we have F'(R) > 0 (< resp.).then as F' is unanimous majority n~ (R) #
nt(R)+ (n—1)soasn (R) #» nt(R') + (n — 1) we have F(R") > 0. Hence F'is

M. Unanimous majority is obviously (n-1)-Stable.

(«<=) :Reciprocally, suppose that I is NE, M and (n-1)-stable. By the last prop-

erty, there exist R, R’ € {—1,0,1}" such that F(R) = 1 and F'(R') = —1. By Propo-
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sition 23, R = E",R' = —E"and F(R) = 0 forall R € {—1,0,1}"\ {E", —E"},

i.e., F' is the unanimous majority. |

If Fis an A and M SWF, then for all pair of profiles R, R’ € {—1,0,1}" with
the same number of non-indifferent voters, i.e.,
nt(R)+n (R) =n"(R') 4+ n (R), we have: n*(R) < nT(R') = F(R) <

F(R).

Remark7 (Llamazares, 2006)

Letk € {0,1,....,n — 2}
(1) The SWF F where there exists an oligarchy constituted by the first £ + 1

individuals, i.e.,
LifR,=1Vi<k+1,

F(R)=<¢ —1,ifR;=—-1Vi<k+1, » isNE, M and k-Stable, but not A.
0, otherwise.
. n _ L,ife <k +1,

If we consider R € {—1,0,1}" defined by R; = { 1. otherwise. } then
F(R) = 1and M(R) < 1.

(2) The SWF F' defined by

1, ifn™(R) > n (R)
F(R) = -1, ifn=(R) > n+ is A, M and k-Stable, but not
0, 0therw1se

NE. In this case we have F(E*) = 1 and My(E*) = 0.

(3) The SWF defined by F(R) = —M(R) VR € {-1,0,1}" is A, NE and

k-Stable, but not M. Here we have F'(—E") = 1 and My(—E"™) = —1.
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4 Ifk € {0,1,....n — 2}, My is A, NE and M, but not k-Stable. In this case,

Mo(EY) = 1 and My, (E') = 0k € {0,1,...,n — 2}.

Theorem 26 (Asan-Sanver, 2006) A SWF F satisfies A, NE, and M <> F'is a g-

majority rule for some q € {n*, ........ ,n+ 1}

Proof.

(<=): Take any F',which is g-majority rule, we will show F’ satisfies A, NE, and

When our rule is g-majority, for a candidate to be the winner the number of
supporters has to exceed the number ¢, so it has nothing to do who supports and who
the candidate is; q-majority rule is easily A and NE. It is left to show F'is M. Take any
R,R € {-1,0,1}" such that R, > 0 = R > 0, i € N and assume F(R) > 0, then
we need to show that F'(R’) > 0. For a contradiction assume that F'(R') = —1. Then
F(R') = —1 means n_(R') > g, which contradicts n, (R') > n,(R) > g, the reverse

case is similar.

(=): Take any F' satisfying A, NE, and M, to show £’ is a g-majority rule:

(HVR € {-1,0,1}". If F(R) = 1 thenn (R) > g forsome g € {n*,.....,n+ 1}.
Similarly, if F/(R) = —1thenn_(R) > ¢ for some ¢ € {n*,.....,.n+ 1}.

To show (1), take any R € {—1,0,1}" such that F(R) = 1 and suppose for
a contradiction n, (R) < n*. Now set a preference profile R’ € {—1,0,1}" such

that R} = 1 < R, = land R, = 0 < R; € {-1,0}. By M F(R) = 1
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as well. Now take a set of voters K with cardinality n,(R) such that i ¢ K —
R; € {—1,0}, which is possible as we assumed n (R) < n*. Consider another profile
R" € {-1,0,1}" suchthat Ry =1 <= R, =1land R/ = -1 <= i € K, Vi € N.
By A and N F(R") = 0 (ie. ni(R") = n_(R")), which combined with F'(R) = 1,
contradicts M, as when R” < 0 = R < 0 we should have F/(R") <0 = F(R) <0
(but not F'(R) = 1 as here is the case). The case of F'(R) = —1 is similar.

()VR, R € {~1,0,1}". If F(R) = 1 and n.(R') > n.(R) then F(R') = 1.
If F(R) = —landn_(R') =n_(R) then F(R') = —1.

To show (2), take any R, R € {—1,0,1}" such that F(R) = 1 and n, (R') >
ny(R). Suppose for a contradiction, F'(R') € {—1,0}. Now pick another profile
Q € {-1,0,1}"such that Q; = 1 < R, = land Q; = 0 < R; € {-1,0},
Vie NNByMF(Q) = laswhen R > 0 = @ > 0 we have FI(R) > 0 =
F(Q) > 0. Similarly, pick @ € {—1,0,1}" such that @} = 1 <= R, = 1 and
Q; =0« R, € {-1,0},Vi € N. Again by M F(Q') € {—1,0}. Next pick
Q" € {—1,0,1}" such that n, (Q") = n,(Q') thus by A F(Q") € {—1,0}, which
together with F'(Q)) = 1 contradicts with M, as when Q" < 0 = @ < 0 we should
have F(Q") <0 = F(Q) < 0 (but not F'()) = 1 as here is the case).

(1) and (2) together shows that dg1,q2 € {n*,.....,n + 1} such that VR €
{=1,0,1}" we have (F(R) = 1 < n.(R) > q)(F(R) = -1 <= n_(R) > ).
By A and N of F' ¢; and ¢» must be equal and therefore, F' is an absolute q-majority

rule. |
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Side Results

Proposition 27 (Sanver, 2006) The M R is not Maskin Monotonic.

Proof.

Take some R € {—1,0,1}" such that Ry = 1Ry = —land R; = 0, Vi €
N\{1,2}. Then since p = m, we have M R(R) = 0. Now take another profile
R € {-1,0,1}" such that R} = 0, and R} = R;, Vi € N\ {1} . Here since n_(R) >
ny(R), we have M R(R') = —1. While we have R; > 0 = R] > 0VYi € N, we do
not have M R(R) > 0 = M R(R') > 0 (but we have M R(R) > 0 and M R(R') <0

instead), which proves that M R is not M. |

Theorem 28 (Sanver, 2006) The AM R (absolute majority rule) is the minimal monotonic

extension of the M R.

Proof.

For this it is useful to interpret the outcomes 1, —1,0 as {a}, {b} {a, b} respec-
tively.

First, to show that AMR is M, take any R, R’ € {—1,0,1}" such that R; >
0 = R, > 0,7 € N and assume AMR(R) > 0, then we need to show that
AMR(R') > 0. For a contradiction assume that AM R(R') = —1 and let n* be the
lowest integer exceeding n/2. Then AMR(R') = —1 means n_(R') > n*, which

contradicts n (R') > n,(R) > n*, the reverse case is similar.
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Second, to show M R(R) C AM R(R), cosider cases:

If MR(R) = {a} then n. (R) > n_(R) leading either AM R(R) = {a} or
AMR(R) = {a,b} . Hence MR(R) C AMR(R).

If MR(R) = {b} then n_(R) > n,(R) leading either AMR(R) = {b} or
AMR(R) = {a,b} . Hence MR(R) C AMR(R).

If MR(R) = {a,b} then n (R) = n_(R) leading AM R(R) = {a,b} as none
of ny (R) or n_(R).can exceed n*. Hence M R(R) C AMR(R).

Last, it is left to show its minimality. Suppose for a contradiction 4 a M SWF
F : {-1,0,1}" — {-1,0,1} such that MR(R) C F(R) C AMR(R),VR €
{-1,0,1}" and F(R~) # AMR(R"~) for some R~ € {—1,0,1}". Therefore for
AMR(R™) to have a proper subset, it should be equal to{a, b}, otherwise it could
have no proper subset and WLOG assume F'(R~) = {a}, so we set it as a proper
subset of AM R(R™). By definition, of {a, b}, n.(R™) < n*and n_(R~) < n*. Also
as MR(R) C F(R) VR € {—1,0,1}", we also have M R(R™~) = {a}, which means
ny(R~) > n_(R™). Now let another preference profile R~ € {—1,0,1}" be such
that Vi € N if Ry = 0, then R}’ = —1;Vj € N if Ry € {—~1,1}, then R}’ = R}.
For this new profile, as all 0’s became —1, we now have either n, (R~') = n_(R"'), or
n_(R™") > ny(R™); therefore, definitely b € M R(R™'), and so b € F(R™’) as well.
However, b ¢ F'(R™), which contradicts with F' being M as when R~ < 0 —= R~ <
0, we should have F'(R™') < 0 (which is the case as either we have F'(R™) = {a,b}

or F(R™) = {b}) = F(R~) < 0 (which is not the case as F'(R~) = {a}). |
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Concluding Remarks

Within the thesis, we have characterized all from simple majority rule to unan-
imous majority rule, which are the two extreme examples of M majority rules, and
further more we have characterized absolute majority rule, which requires lowest num-
ber of supporters, for an alternative to win , among absolute q-majority rules. As the
next step, it could be interesting to consider more than two alternatives, for which Yi

(2005) has done certain work.
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