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Abstract

The rules for Yang-Baxter (YB) deformation for a generic Green-Schwarz string sigma
model has been obtained recently. We show that the deformation can be described
through the action of a coordinate dependent O(d, d) matrix on the target space fields
both in the NS-NS and the RR sectors, generalizing previous results. This enables us to
show that the YB deformed fields can be regarded as duality twisted fields in the context
of Gauged Double Field Theory (GDFT). We compute the fluxes associated with the
twist and show that the conditions on the R-matrix determining the YB deformation
give rise to conditions for the fluxes on the GDFT side. More precisely, we show that YB
deformation is a process which takes a solution of DFT with geometric flux associated
with the isometry group G and deforms it to another solution of DFT with vanishing
R-flux and non-vanishing Q-flux given by the structure constants of the dual Lie algebra
determined by the R-matrix. We also show that the non-unimodularity of the R-matrix
forces the generalized dilaton field to pick up a linear dependence on the winding type
coordinates of DFT, implying that the corresponding target space fields satisfy the field
equations of DF'T in the generalized supergravity frame. This provides a new perspective
on the relation between the non-unimodularity of the R-matrix, the trace of the Q-flux
and the generalized supergravity equations.
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1 Introduction

Constructing integrable deformations of string backgrounds relevant for AdS/CFT correspon-
dence is an active line of research. An important milestone in this direction was the work of
Klimcik [I], where he introduced a particular type of deformation for Principal Chiral Models
(PCM) with simple compact Lie group as the target manifold. The resulting deformed sigma
model was dubbed Yang-Baxter sigma model, as the deformation is based on solutions of mod-
ified classical Yang-Baxter equation (mCYBE). The integrability of the YB sigma model was
proved later in [2]. The applicability of YB deformations was extended to symmetric coset
spaces in [3], which in turn was applied to AdSs x S° in [4]. The NS-NS sector of the cor-
responding deformed supergravity background was found in [5]. Similar deformations for the
NS-NS sector of AdS,, x S™ supercosets was studied in [6]. The RR sectors of these deformed
backgrounds was worked out in [7], and was successfully established for the n =2 and n = 3
cases. The most interesting n = 5 case could not be understood fully in that work and the
full Lagrangian for the deformed AdSs x S° was found later in [8]. We should note that such
deformations of the supergravity backgrounds are usually called n-deformations.

It is also possible to consider similar deformations based on the classical Yang-Baxter equa-
tion (CYBE), as opposed to mCYBE. Following the literature, we call the resulting models
homogeneous Yang-Baxter models. Such deformations of the AdSs x S° string was first studied
in [9]. These deformations are particularly interesting, as they provide a natural generalization
of the Lunin-Maldacena (LM) deformations [10], obtained by T-duality-shift-T-duality (TsT)
transformations [II]. Indeed, when the R-matrix (which is an endomorphism on the Lie algebra
of the symmetry group) that solves the CYBE is Abelian, the corresponding deformation is the
LM deformation, as was first suggested in [12] and then proved in [I3]. The relation between
TsT transformations and homogeneous YB deformations was also studied in the papers [14]-
[19]. For future reference, we note here that the LM deformations can be generated by the
action of a constant O(d,d) matrix on the initial background with commuting isometries, as
was first observed in [38]. We will henceforth call this matrix the TsT matrix.

Given the relation between homogeneous YB deformation based on an Abelian R-matrix and
the TsT transformation, it is natural to wonder whether a similar relation to T-duality holds
for more general R-matrices. Indeed, it was conjectured in [20] that the homogeneous Yang-
Baxter model could be obtained by applying Non-Abelian T-duality (NATD) to the original
background, with respect to an isometry group determined by the R-matrix. This conjecture
was proved by Borsato and Wulff in [21], [22] for the case of Principal Chiral Models (PCM.
Recently, Borsato and Wulff extended their work to homogeneous YB deformations of more
general sigma models than PCMs. In their paper [24], they derived the rules for NATD for
a generic Green-Schwarz (GS) string with isometry group G, where NATD is applied with
respect to a subgroup of G. Then, by using the connection between NATD and homogeneous
YB models that they had established in [21], [22], they proposed the form of homogeneous YB
deformation for a generic GS sigma model and showed that this gave a natural generalization
of the YB deformation of PCMs and supercosets.

See also [23], where they arrive at the same result by utilizing the O(d, d) structure of NATD.



Recently in [25], the first author showed that the NATD transformation rules obtained
in [24] for a generic GS string with isometry group G can be described through the action of a
coordinate dependent O(d,d) matrix. The dependence of the NATD matrix on the coordinates
is determined by the structure constants of the Lie algebra associated with the isometry group.
Viewing NATD this way made it possible to consider it as a transformation in Double Field
Theory (DFT), a formalism which provides an O(d, d) covariant formulation for effective string
actions [26]- [30]. This made it possible to prove that the NATD fields (including those in the RR
sector) solve supergravity equations when the isometry group is unimodular, whereas in the non-
unimodular case they form a solution for generalized supergravity equations (GSE) [31], [32].
NATD (and the related Poisson-Lie T-duality) has been studied in the context of DFT also in
the papers [23], [33], [34], [35], [36] and [37].

Given the relation between NATD and homogeneous YB deformations discussed briefly
above, the results of [25] implies that it should be possible to describe homogeneous YB de-
formation also as an O(d,d) transformation. The purpose of this paper is to show that this is
indeed the case, for the YB deformation of any Green-Schwarz sigma model. More precisely,
we will examine the homogeneous YB deformation proposed in [24] for a generic GS sigma
model and show that the deformation in the target space, including the RR fields is generated
by a particular non-constant O(d,d) transformation, called the g-transformation. We call the
matrix associated with this transformation the Yang-Baxter (YB) matrix. The R-matrix that
determines the YB matrix is constructed by picking up a fixed, constant R-matrix satisfying
the CYBE and extending it by the adjoint action to the whole group manifold associated with
the isometries of the background. The YB matrix we find in this paper is related to the NATD
matrix we studied in [25] by a constant O(d,d) transformation. That the two matrices are
related is of course not surprising at all, given the fact that [24] constructed the YB deformed
models by utilizing the connection with NATD. We will discuss this relationship in section
21l Then, in section we will explore the relationship between the YB matrix and the TsT
matrix. We will show that, in the special case when the R matrix is Abelian, the YB matrix
becomes constant and reduces to the TsT matrix. This directly follows from the fact that the
adjoint action is trivial on an Abelian Lie algebra, as we will discuss in subsection

Viewing YB deformation as an O(d,d) transformation in the target space is quite useful.
First of all, it makes the calculations considerably simpler. Moreover, the transformation rules
for the fields in the RR sector almost come for free. Computing the RR fields of the (homo-
geneous) YB models by the supercoset construction as in [8], [39] is usually cumbersome. An
alternative way is to start with the deformed NS-NS fields and determine the deformed RR
fields by directly solving the Type IIB supergravity equations as in [7]@ Viewing YB deforma-
tion as a (-transformation gives a more direct and easy to apply formula to determine the RR
fields in the deformed background, since the O(d, d) transformation of the NS-NS fields dictates
the transformation for the RR fields. As we discuss in section Bl the deformation in the RR
sector is completely determined by the Spin(d,d) matrix Syp projecting to the YB matrix Typ
as p(Syp) = Ty, where p is the usual double covering homomorphism between Pin(d,d) and
O(d,d). We will discuss this in detail in section [l Another advantage of viewing YB defor-

2In the papers [40], [41], the open-closed string map associated with the YB deformation is extended to the
RR sector by utilizing the Page forms.



mation as an O(d,d) transformation is that it gives a natural embedding of the homogeneous
YB model in DFT. As we will discuss in section [4.2] this provides a direct correspondence
between the properties of the R-matrix and the deformations of supergravity. We will see that
the deformations in the gravity picture, when embedded in DFT, will be encoded in entities
called fluxes, which deforms DFT to Gauged Double Field Theory (GDFT), [42], [43], [44], [45].
Then, the conditions to be satisfied by the R-matrix manifest themselves as conditions on these
fluxes. More precisely, we will see that the R-matrix satisfies the CYBE if and only if the
R-flux vanishes on the DFT side. On the other hand, the structure constants of the dual Lie
algebra determined by the R-matrix appears as components of the so called Q-flux on the DFT
side, and the R-matrix is unimodular if and only if the Q-flux is traceless. When the R-matrix
is non-unimodular, it is known that the YB deformed target space fields constitute a solution
to the equations of generalized supergravity [24]. In section [£3] we look at how Q-flux with
non-vanishing trace deforms DFT. We see that the resulting GDFT is consistent only when
the generalized dilaton field picks up a linear dependence on the winding type coordinates in
a particular way, which does not violate the section condition of DFT. It is known that the
field equations of DFT reduce to generalized supergravity equation for this particular solution
of the section constraint, [46], [47], [48]. Therefore, our approach provides a new perspective
on the connection between the non-unimodularity of the R-matrix, the trace of the Q-flux and
generalized supergravity equations.

The O(d, d) structure of YB deformations has already been studied by several groups. Let
us review briefly what has been achieved in those works and discuss what has been added in
our paper. The first paper, where it was proposed that the homogeneous YB deformation could
be obtained by the action of a 8- transformation is [49]. This proposal is based on observation
and is supported by working out the example of the AdSs x S° background. Later in [50],
a proof of the proposal of [49] was given for deformations of the AdSs x S background, by
rewriting the YB deformed action in the form of Green-Schwarz action (up to quadratic order
in fermions) and showing that the target space can be obtained by applying S-transformation
on the AdSs x S° background. It should be noted that their formulas worked only when the
B-field of the undeformed background vanished. Indeed, they also considered S-transformations
of the AdSs x S3 x T* with non-vanishing H-flux and showed that the resulting background
solved equations of motion of (generalized) supergravity. However, a proof for the equivalence
with YB deformation could not be given for this case, due to complications arising from the
presence of the H-flux. Our work extends the work of [50] in two ways. Firstly and most
importantly, the equivalence of YB deformations and g transformations is not shown merely on
a case by case basis and works for the generic case (of which AdSs x S% is an example). This is
because, the YB deformation rules presented in [24] (and which we rewrite here as an O(d, d)
transformation) is generic and works for any GS sigma model. Secondly, in our case, we do
not need to take the B-field to vanish in the initial background. It is also important to note
that our approach in this paper is different from the approach of [49], [50] in that, here we use
the framework of GDFT and interpret the S-transformation associated with the YB matrix as
a solution generating transformation, which takes one solution of DFT with geometric flux to
another one with dual Q-flux, as we will explain in detail in section 4.2l In contrast, the Q-flux
of the YB deformed model cannot be captured in the papers [49], [50]. Later in [51], it is shown



that the deformed backgrounds found in [49], [50] belong to a certain class of non-geometric
backgrounds, called T-folds [52], and the Q-flux of the YB deformed backgrounds is understood
as arising from a non-trivial monodromy in the so called S-field around closed cycles. Our
findings in this paper, which we obtain by computing directly the Q-flux associated with the
YB matrix in the framework of GDFT agree with the results of [51] and extends it in the sense
that it reveals the role of Q-flux as the dual structure constants to geometric flux. Again, it is
worth noting that the monodromy of the -field is computed in [51] for the Minkowski and the
AdSs x S° background and for vanishing B-field, whereas our results in this paper applies to
any GS sigma model with isometries. The Q-flux of deformed backgrounds and its role as the
dual structure constants to geometric flux is also studied in [23], but in the context of Poisson
Lie duality of sigma models. However, for the YB deformation, this feature of the deformed
models cannot be captured in [23], either.

We should also note that the approach adopted in the papers [40], [41], [53], [54], which
regards YB deformation as an open-closed string map [55] also contributes to the understanding
of the O(d,d) structure of YB deformations. Indeed, as we will discuss in subsection 2.1]
the open-closed string map can be regarded as a special case of p-transformation. In this
picture, the YB deformation is encoded in the non-commutativity parameter © of the open-
closed string mapH. In the papers [58]- [60], the open-closed string map was promoted to
a solution generating symmetry in generalized supergravity and it was shown that the field
equations enforce the CYBE for the antisymmetric bivector ©. Following this line of work which
regards YB deformation as an open-closed string map, the relation between deformations of
supergravity backgrounds and solutions of the CYBE was further explored in [61] in the context
of B supergravity.

The plan of the paper is as follows. In section 2] we find the coordinate dependent O(d, d)
matrix Typ, which we call the YB matrix, that encodes the YB deformation obtained in [24]
of a generic GS sigma model. Also in the same section, we discuss how this matrix reduces
to the O(d,d) matrix associated with Lunin-Maldacena deformations, when the R-matrix is
Abelian. In section[3l we describe the deformation in the RR sector, by identifying the Spin(d, d)
matrix that projects to Typ under the double covering homomorphism between O(d,d) and
Pin(d,d). The purpose of section [ is to describe the O(d, d) transformation that generates the
YB deformation as a solution generating transformation in DFT. After giving a quick review of
DFT, we describe in section the YB deformed fields as twisted fields in GDFT. In section
A2 we compute the fluxes associated with the twist matrix Tyg and study the relation between
the conditions on the R-matrix and those on fluxes. As a preparation for this computation,
we discuss some properties of the R-matrix and the dressed R-matrix in £2.I1 Then in section
[4.3] we discuss how the non-unimodularity of the R-matrix forces the generalized dilaton field
to have a linear dependence on winding type coordinates so that the YB deformed fields form
a solution of DFT in the generalized supergravity frame. We conclude with discussions and
outlook in section Bl The paper is complemented with three appendices.

3We would like to note that the papers (6,67 also study the relation between YB deformations and non-
commutative deformations within the context of AdS/CFT duality.



2  Yang-Baxter Deformation as an O(d, d) transformation

As we discussed in section [I] above, it was shown in [50] that the YB deformation of the string
sigma model with target space AdSs x S° is produced by the action of a coordinate dependent
O(d, d) transformation (a particular type of S-transformation, see (2.20])) on the fields in the
target space. Here, we extend their results and show that the correspondence holds for the
homogeneous YB deformation of any GS string sigma model, of which AdSs x S° is a specific
example. This correspondence could not be checked in full generality previously, mainly due
to complications in formulating the homogeneous YB deformations of type II superstring on
backgrounds with non-vanishing H-flux. This was achieved in [24], where they also checked
the equivalence to the S-transformation of [50] for the background AdSs x S® x T* with non-
vanishing H-flux. Here, we show the equivalence of the YB deformation rules found in [24] with
the p-transformation rules for any GS string sigma model, without having to refer to specifics
of the initial supergravity background.

In order to determine the the O(d, d) matrix that produces the YB deformation rules found
in [24], analyzing the deformation in the NS-NS sector is sufficient. Once we find it from this
analysis, the transformation of the RR fields is determined immediately. In Abelian T-duality,
RR fields are packaged in a differential form, which can be a regarded as a spinor field that
transforms under Spin(d,d). If the fields in the NS-NS sector transform under 7" € O(d,d),
then the spinor field that encodes the RR fields transform under Sp € Spin(d,d), which is
the element that projects onto T under the double covering homomorphism p between O(d, d)
and Spin(d,d), that is, p(S) = T [62]. Similarly, once we figure out the O(d,d) matrix that
produces the YB deformation, the transformation of the RR fields is automatically determined
by the corresponding Spin(d, d) matrix, as in Abelian T-duality. We will discuss this in section

Bl

2.1 The YB matrix

The rules for NATD for a generic Green-Schwarz string sigma model with isometry group G has
recently been obtained in [24]. In [38], we identified the matrix whose action on the target space
produces the NATD background presented in [24]. We call this matrix the NATD matrix. It is
an O(10,10) matrix and is obtained by embedding (as in (A.3) in Appendix [A]) the following

O(d,d) matrix T in O(10, 10):
0 1
T = . 2.1
NATD < 1o, ) (2.1)

Here, 075 is given as 075 = VKCUK, where CIJK,I, J, K =1,---,d =dimG are the structure
constants of the Lie algebra of the isometry group G of the initial background, and vy are the
coordinates of the NATD background. It was shown in [38] that this matrix gives the correct
transformation rule for the fields both in the NS-NS and the RR sector.

In the same paper [24], the YB deformation for a generic GS sigma model was proposed by
exploiting the relation between NATD and YB deformations [20], [21], [23]. The deformed model
they construct is generated by solutions of classical Yang-Baxter equation and it generalizes
the construction for PCM and supercosets. The formulas they find for the deformed metric



and the B-field are given in equations (4.12)-(4.13) in their paper. As noted in the paper, these
transformation rules can be combined in one compact rule, which we present below(l:

G'+B' = (G + B)[l + nR,(G + B)|*. (2.2)

Here 7 is the deformation parameter, and R, is the dressed R-operator, related to the R-matrix
R as
Ry = Ady—1 RAdy, (2.3)

that is,
Ry(X)=g 'R(gXg '), g€G, Xe€g, (2.4)

where g is the Lie algebra of the isometry group G. The relation between the NATD and YB
parameters is given in [24] as

vrCr /S =n7'Ry) — n_l(Rg_l)IJ- (2.5)

Here, the transformation (2.2 acts on the metric G(z) and the B-field B(z) defined in (C1),
that is, it acts on Gy and Byy with Lie algebra indices. Note that lIZ-G I Jle = (;; and similarly
for By, where I, are the functions on G that determine the left-invariant one-forms o! = 1£,d¢".
For more details on the index conventions, see Appendix ().

As discussed in [24], the transformation (2.2]) can be seen as a generalization of the open-
closed string map of [53], [40], [41]. The best way to see this is to realize that

(Adg1)] = K7, (2.6)
where we have defined
K{ =kM’,. (2.7)
Here, 1! ., are as above and k ;! are the components of the right invariant vectors fields k;:
kr = k{0, (2.8)
that satisfies
k1, ky) = —Cp f ki (2.9)
These are Killing vector fields for the left invariant metric Gop in (C4). The relation (2.6)
arises from the well-known relation

ryo = (Adg—1)o (2.10)

where the left hand side corresponds to the pull-back of the Maurer-Cartan form o = o!T; =
lIidHiT 7 under the right translation r4, generated by k. Then the dressed R-operator in ([2.3)
can be written as

(Ry)', = KR KT, (2.11)

“Note that due to the convention in [24] there is a difference in the sign in front of the B field term.



where K I = (Ad,)}. Raising the indices of the left hand side with the Cartan-Killing metric

KM we obtain

(R)™M = (Ry)' st = K RY R M

= KJRI(RY R
= KIRIEKM, (2.12)

In the last line above we used K = K1, which follows from Adg- = Adg_l. Also, in the second
line we used the fact that the Cartan-Killing metric is Ad-invariant, that is, Ad, is orthogonal
with respect to k, which implies that

I REM (1M LK (2.13)

Equivalently
RERIM R — RE. (2.14)
Since the matrix lIu is invertible, we can use its inverse I/, to convert all algebra indices I to

curved indices p. Then, acting on the curved background G, By, in (C.2) the YB transfor-
mation rule is again as in (2.2)) with

(Ry)"™ = Rk 'k} . (2.15)

This is indeed a generalization of the open-closed string map in the papers [58], [59] as it reduces
to it for vanishing B—ﬁeldﬁ. Indeed for vanishing B-field the transformation rule (2.2]) reduces

to
G'+B =Gl +nR, G ' =[G + R, ", (2.16)

which is the same as equation (1.1) of [59] with O y¢ = nRgy, where © n¢ is the noncommuta-
tivity parameter. Note that the bi-Killing anzats they introduce in equation (1.2) of [59] is
the same as what is given in (2.I5]).

In order to recast the transformation rule ([2.2]) as an O(d,d) transformation, we use the
terminology discussed in [25] and write E = G + B, which is known as the background matrix
[63]. It is known that the action of O(d,d) on the background matrix is by fractional linear

transformations:
E—FE =T.E = (aF +b)(cE +d)™, (2.17)

where

T = < Z Z ) € 0(d, d). (2.18)

Then, ([2.2) can be written as

E' = E[yR, E+1]!

= Typ . E, (2.19)
5Tt also agrees with the transformation rules given in [61] for non-vanishing B-field.
®Note that the noncommutativity parameter Onc is identified as Onc = —21'R, in the papers [58], [59].
Therefore the deformation parameter 7 in our paper and 1’ in these papers are related as n = —2n'.



where

Typ ( é (1) ) . (2.20)

o7 =n(Rr,). (2.21)

Here, for simplicity, we have deﬁnedEI

This matrix acts only on the isometry directions indexed by I, J. The O(10,10) matrix which
acts on the full metric and the B-field is obtained by embedding the O(d,d) matrix (2.20) in
0(10,10) as in (A.3). When this is done, one gets exactly the deformation rules presented in
equations (4.12)-(4.13) in [24] . For simplicity, we will call both matrices (both the O(d, d) and
the O(10,10) one) the YB matrix, denoted by Typ.

It is well known that the transformation of the background matrix £ — E’ = T.E under
T € O(D, D) is equivalent to the transformation

H —H = THTT, (2.22)
where
G - BG™'B BG™!
M= ( o-lp g ) : (2.23)

In the context of Double Field Theory (DFT), H is called the generalized metric. Taking
T = Ty, one immediately sees that the transformation ([2.22]) and hence the transformation
[2I9) (which is equivalent to (2.2])) is the same as the S-transformation of [49], [50].

The YB matrix ([2.20)) also produces the correct transformation rule for the dilaton field.
Under O(d, d) the dilaton field ¢ transforms as

' detG
—2¢" _ 2¢
e =e 4 EPverk (2.24)

where the deformed metric G’ is read off from the symmetric part of the deformed background

matrix E’, that is
E/ —|—E/T

G 5 (2.25)
It is a well known fact that the transformation (2I9]) implies for G’ the following [63]:
, 1 1
= . 2.2
C=tErar € wErd) (2:26)
Then,
detG
ﬁ = (det(cE + d))?. (2.27)
When T is as in (2.20) this gives
detG \ '/

" Note that this means © is in fact equivalent to O ¢ of [58], [59], see equation ([@I6]) and the discussion below
it. However, we call it © rather than ©yc as the focus of this paper is not on the relation to noncommutative
deformations.



Plugging this in (224)) gives
e 2 = e 2?det(nRy(G + B) + 1), (2.29)

which is equivalent to
1
¢ =¢— 3 Indet(nRy(G + B) + 1). (2.30)

This is the same result that has been obtained in [24].

2.2 YB deformation as a generalization of the Lunin-Maldacena deformation

Before we move on to the transformation for the RR fields, let us explain how the YB matrix
reduces to the matrix that generates the TsT transformation, when the R-matrix is Abelian.
This matrix, which we will call the TsT matrix, was found in [38] and it generates the O(10,10)
transformation associated with single and multi-parameter Lunin-Maldacena deformations of
[10], [I1]. Tt is obtained by embedding the following O(d, d) matrix in O(10,10) as in (A.3):

10
Tin = ( - > (2.31)

'’ is antisymmetric with I,J = 1,---,d, where d is the dimension of the Abelian

Here
isometry group U (1)d. For single parameter deformations, the components of I'' either vanish
or '/ = —T'"/I = X for non-vanishing components. For multi-parameter deformations, I'!’
can be equated to different deformation parameters. In this way, one can introduce a total of
d(d — 1)/2 independent deformation parameters [64].

Now, assume that the R-matrix R is Abelian. This means that the Lie subalgebra on which
R acts as a non-degenerate operator is Abelian@. From the NATD perspective, the subgroup
G of G with respect to which the NATD has been performed is Abelian. Restricting to this
commutative subgroup and subalgebra, one immediately sees that R, = R in (23]). This is
because for a commutative group (assuming that it is also connected), the adjoint representation
is the trivial representation, that is, the adjoint operator Ad 4 acts as the identity operator on the
Abelian Lie algebra of G, for all A € G. As a result, one sees that for the deformation parameter
(or the non-commutativity parameter in the language of [53], [41]) we have ©7/ = nR!/ =
constant . This can also be seen from (2.3]). Since the NATD group G is Abelian, the left hand
side of (2.5 will vanish, giving Ry = R. As a result, for Abelian R-matrices, the antisymmetric
deformation parameter ©” does indeed have constant components and the matrix (2.20) indeed
reduces to the TsT matrix (2.31]).

81t is known that skew-symmetric solutions for CYBE on a finite dimensional Lie algebra g are in one-
to-one correspondence with quasi-Frobenius subalgebras of g. On such a subalgebra the R-matrix acts as a
non-degenerate operator. If this subalgebra is Abelian, the R-matrix is called Abelian; if this subalgebra is
unimodular, the R-matrix is called unimodular. The rank of the R-matrix is equal to the dimension of the
quasi-Frobenius subalgebra. A quasi-Frobenius algebra (also called symplectic) is a Lie algebra which admits a
non-degenerate 2-cocycle. See [65] and the references therein and also the Proposition 22.6 and Proposition 3.1.6
in the book [66].

10



3 Transformation of the RR fields

Realizing the deformation of the metric and the B-field as an O(d, d) transformation@ dictates
the transformation for the RR fields immediately. In Abelian T-duality, RR fields are packaged
in a differential form, which can be a regarded as a spinor field that transforms under Spin(d, d).
If the fields in the NS-NS sector transform under T' € O(d,d), then the spinor field that
encodes the RR fields transform under Sp € Spin(d,d), which is the element that projects
onto 7' under the double covering homomorphism p between O(d,d) and Pin(d,d), that is,
p(S) =T [62]. This extends to the case of NATD, that is, the transformation of the RR fields
is automatically determined by the Spin(d, d) matrix corresponding to the NATD matrix, which
had been determined in [25]. So, it is natural to propose that the RR fields in the YB deformed
background should be produced by the action of the Spin(d,d) matrix Syp projecting to the
YB matrix Typ: p(Sys) = Typ. Our results should agree with the results found in [50], where
the transformation of the RR fields is determined by utilizing the methods in [67]. Here, we
adopt the formalism of [62], and the two approaches are known to produce the same results for
the case of Abelian T-duality.

Since Typ generates a S-transformation, finding the Spin(10,10) element Syp that projects
onto it is rather easy. It is given as

S}

1
Syp: ar—e a:(l—H'@—i-—z%—F---)a, (3.1)

2

where « is a generic spinor field (regarded as a differential form through the Clifford map as
in (B4) and B3) below) and iea = $0!7iy, (iy,a), with i being the usual contraction with
i¢IwJ =94 IJ . An important feature of Syp we should note here is that it is an element of
Spin™(10,10), which is the subgroup of Spin(10,10) connected to the identity component.
This is in contrast with the fact that SyaTp is an element of Spin~(10, 10).

If F is the spinor field that encodes the RR fluxes of the initial background (assuming that
it respects the isometry G), the transformed RR fluxes are read off from the spinor field F”:

F' = ¢ P Syp.ePF, (3.2)

where B is the B-field of the initial background and B’ is read off from the anti-symmetric part

of E' in (219):
E — EIT
B (3.3)

For more details, we refer the reader to [38], [45] and [68].
An important difference from the Abelian case is the following. Let us write the differential

form I as

_ 1 e
F=Y¢P=%" <F(p) +F el 4 S e et P A 0d> . (3.4)
p p

9To be precise, the transformation is an 0(10,10) transformation. However, it is obtained by embedding
an O(d,d) matrix in O(10,10) as in ([A.3]), where d is the dimension of the isometry group. Hence the only
non-trivial action is on the isometry directions. For this reason, we usually refer to this action as an O(d,d)
transformation, rather than as an O(10,10) transformation.
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where we have decomposed a p—form RR flux G?) according to how many legs it does have
along the directions of the isometry group G. Since G acts by isometries, the fluxes FP~) ¢ =
0,1,---,d will have no dependence on the isometry coordinates . We map this differential
form to a Clifford algebra element in the usual way:

F = Zg(p) — Z <F(:n) +F1(p_1)7/’l n %F}§_2)¢1-¢J oo Pl wd) . (35)
p

p

The difference we have here is that it is o/ and not da* that we identify with the Clifford algebra
element ¢!, for I = 1,--- ,d. On the other hand, for = d+ 1,--- , 10, dz® is replaced with
¥?, as usual. Here, ¥®, a = (I, a) are the Clifford algebra elements 1® = 1/v/2I'®, where I'®
are the Gamma matrices. For more details, see [25]. For index conventions, see Appendix (C]).

4 Embedding the homogeneous YB model in DFT

In the previous section, we saw that the fields in the target space of the YB deformed GS sigma
model can be obtained by applying a coordinate dependent O(d, d) matrix on the initial target
space fields. In this section we describe this O(d,d) transformation as a solution generating
transformation in Double Field Theory (DFT). For this purpose, we start with a quick review
of DFT.

4.1 A brief review of DFT

DFT is a field theory defined on a doubled space, which implements the O(d,d) T-duality
symmetry of string theory as a manifest symmetry. In addition to the standard space-time
coordinates, the doubled space also includes dual coordinates, which are associated with the
winding excitations of closed strings on backgrounds with non-trivial cycles. The space-time
and dual coordinates XM = (@, x#) transform as a vector under the T-duality group O(d, d).

In DFT, the semi-Riemannian metric and the B-field are encoded in the generalized metric
‘H, which is an element in SO~ (d,d). In order to write down the Lagrangian for the RR sector,
one needs the spinor field S € Spin~(d,d) that projects onto H under the double covering
homomorphism between Spin(d,d) and SO(d,d), that is p(S) = H. To describe the p-form
fields in the RR sector, one starts with the democratic formulation of Type II supergravity. In
this formulation, the p-form fields are packaged in a polyform as in (3.4]), which is then mapped
to a spinor field x as in ([33]). In DFT, this spinor field is allowed to have dependence both on
the space-time coordinates and the winding type dual coordinates. Another dynamical field in
DFT is the generalized dilaton field d, which is a generalized scalar field. A generalized scalar
field and more generally generalized tensor fields are defined according to how they transform
under generalized diffeomorphisms of DFT. Infinitesimal transformations under generalized
diffeomorphisms are generated by the generalized Lie derivative, which defines the D-bracket
that generalizes the Lie bracket. Anti-symmetrization of the D-bracket gives the C-bracket.
The gauge algebra of infinitesimal transformations under generalized diffeomorphisms closes
under the C-bracket. For more details see [45], [68].
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In its current formulation, DFT is a consistent field theory only when a certain constraint,
called the strong constraint is satisfied. When the strong constraint is satisfied generalized
tensor fields become sections of the direct sum of the tangent and the cotangent bundl@,
generalized diffeomorphisms reduce to the semi-direct product of space-time diffeomorphisms
and B-field gauge transformations, and the C-bracket becomes the Courant bracket. This is
the framework of generalized geometry program of Nigel Hitchin [69], [70]. A trivial solution
of the strong constraint occurs when all the fields and gauge parameters in the theory are
independent of the winding type coordinates. Such fields are said to belong to the supergravity
frame and it can be shown that the DFT action reduces to the standard supergravity action in
the supergravity frame. Another well known solution of the strong constraint is provided when
all the fields except for the dilaton field depend on all but one of the space-time coordinates
and have no dependence on the winding type coordinates, whereas the dilaton field does also
have a linear dependence on the winding type coordinate dual to the remaining space-time
coordinate. In such a frame, DFT equations are known to reduce to generalized supergravity
equations of [31], [32]. Henceforth, we will call this frame the generalized supergravity frame.

4.2 YB matrix as a twist matrix in GDFT

From the way they are constructed the target space fields of the YB deformed GS sigma model
form a solution of supergravity equations, if the corresponding R-matrix is unimodular and
of GSE if not unimodular [24]. Then, according to the discussion above, one can construct
DFT fields corresponding to these target space fields which solve the field equations for DFT
either in the supergravity frame or in the generalized supergravity frame, depending on the
unimodularity of the R-matrix. On the other hand, the initial target space fields before the
deformation also form a solution for the field equations of DFT in the supergravity frame,
as they belong to the target space of a GS string sigma model. We showed in 2.1] that the
homogeneous YB model is obtained through the action of the O(d,d) matrix Typ. Hence, the
YB deformation of the GS sigma model is indeed a solution generating O(d, d) transformation
for the DFT fields corresponding to the target space fields. A natural question to ask at this
point is as to how the condition of unimodularity and the classical Yang-Baxter equation arises
on the DF'T side. For addressing this question, we find it useful to utilize the methods developed
n [25], where we considered DFT fields whose dependence on the doubled DFT coordinates
are separated as ¢(z,Y) = U(Y).¢(x). Here, the O(d,d) matrix U(Y) is called the twist
matrix, ¢(x,Y’) denotes a generic DFT field, (z,Y) are DFT coordinates and the action of
U(Y) € O(d,d) is determined by how ¢ transforms under the O(d, d) duality group of DFT (or
more generally under Spin(d, d) if ¢ is a spinor field in DFT). Using terminology from Scherk-
Schwarz compactifications, we call the fields ¢(z,Y") twisted fields, whereas the fields ¢(z) are
called untwisted fields. We showed in [25] that the twisted fields satisfy the field equations

10Here, the tangent bundle is the union of all ‘physical tangent spaces’ determined at each point of the doubled
manifold by the strong constraint as a maximally isotropic subspace of the doubled tangent space. Although
the structure of a doubled manifold and its tangent space is not very well understood, this choice of a physical
tangent space can at least be done in a local chart.

" Generalized supergravity equations (GSE) is a deformation of supergravity equations determined by a Killing
vector field. In an adopted coordinate system this Killing vector field generates translations along the space-time
coordinate on which the DFT fields have no dependence.
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of DFT, if and only if the untwisted fields satisfy the field equations of Gauged Double Field
Theory (GDFT), provided that U(Y') satisfies a certain set of conditions This discussion is
relevant for analyzing the homogeneous YB model, as the fields here are also twisted fields with
the twist matrix being Ty, as was shown in section 2.l This perspective will allow us to read
off the CYBE and the condition of unimodularity in terms of fluxes on the GDFT side.

From the rules (2.22)) and (B.2]) we presented in the section 2.I] and section Bl we know that
the fields in the target space of the homogeneous YB model are of the following for:

WA (z,v) = (Tye)c()HP (2)(Ty) p(v), (4.1)
K'(z,v) = Sys(v)K(z)(Sys) (v), (4.2)
Fliz,v) = e BV Sup0)elf@ (), (4.3)
d(z,v) = d(x), (4.4)

where the fields on the right hand side without prime are the DFT fields constructed out of the
target space fields before the deformation. The coordinates v = {v!},I =1,--- ,d are regarded
as coordinates on the group manifold G' by using the relation (23] derived in [24]. The fields
before and after the deformation have no dependence on the winding type coordinates, that is,
they belong to the supergravity frame. Also, the fields both before and after the deformation
have flat indices 4 = (o, ®) with a = (I, a). For details on the index conventions, see Appendix
(@). In @3), p(Syp) = Ty and B'(x,v) is read off from the antisymmetric part of H'(x,v)
in @I). The spinor field £ in [@2) is defined as K = C~!S and its transformation rule
is determined by that of H since p(S) = H. For more details, see [45]. Note that the fields
HAB(z), K(x),d(z), F () satisfy the field equations of GDFT with geometric fluxes f; & = O}

associated with the isometry, as discussed in Appendix ().

Hence, the DFT fields constructed from the fields in the target space of the homogeneous
YB model are indeed twisted fields, where the twist matrix is the YB matrix Typ in (2.20). The
twist matrix Typ does satisfy the constraints (B.8| [B.9]) presented in Appendix (BI). Firstly,
it is obtained by embedding an O(d,d) matrix in O(10,10) and the untwisted fields do not
depend on the corresponding d coordinates. This ensures that (B.9) is satisfied. Also, Typ does
not depend on the winding type coordinates, which then implies that (B.8)) is also satisfied.
Another condition that needs to be imposed on the twist matrices for a consistent reduction
is that the associated fluxes defined in (B.H) should be constant. In subsection ([£2.2]) we will
compute these fluxes and show that they are indeed constant. Moreover, we will show that the
CYBE and the unimodularity condition for the R-matrix become conditions on the fluxes. As
a preparation for this computation, we give below a brief review of R-matrices and the related
algebraic structures.

12GDFT is a deformation of DFT, obtained from a Scherk-Schwarz reduction and the deformation is determined
entirely by the so called fluxes associated with the twist matrix U(Y). For more details, see Appendix [Bl

13For now, we assume that the R-matrix is unimodular. As will be discused in section B3] if the R-matrix is not
unimodular, the generalized dilaton field is forced to have a linear dependence on the winding type coordinates.
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4.2.1 Properties of the R-matrix and the dressed R-matrix

Let G be a semisimple Lie group with Lie algebra g. Let R be an endomorphism on g with
R! ; being the components of the corresponding matrix with respect to a fixed basis 17 of g:

RX = (RX)!'T; = R, X7 T7. (4.5)

Let R = k! LRJL, where k is the non-degenerate Cartan-Killing form on g. We assume that
R is skew-symmetric with respect to & so that R = —R’I. The CYBE for the operator R is
the following:

[RX,RY] — R([RX,Y]+ [X,RY]) =0, VXY eg. (4.6)

With respect to the fixed basis 17 this is equivalent to the following equation
RMRMIC\f + RERMEC [ + RMRMI Oy, =0, (4.7)

where C; JK are the structure constants of the Lie algebra g with respect to the basis 77 and all
indices are raised and lowered by the Killing form . The equation (4.6]) is a sufficient condition
for the bracket [,]r to satisfy the Jacobi identity (see, for example, the book [71]), where

[X,Y]r = [RX,Y] + [X, RY]. (4.8)

Then, this yields a new Lie algebra gr with the same underlying vector space as that of g and
the new bracket [,]r. The structure constants C T JK of gr with respect to the basis 17 can be

computed to be
éIJL = CKJLR[.{T - CKILR[S = _éJIL' (4.9)

Lowering the index L and using the fact that Crjx are totally anti-symmetric in all of its

indices we obtain
Crir = —CkrjRY 4+ CxriRY,. (4.10)

Now we raise the indices I and J to obtain

CNJJL — CKLJRIK - CKLIRJK. (411)
Note that
G T = [T, 1], (4.12)
where
T = kT (4.13)

are elements of the dual Lie algebra gj,, where we have identified gr and its dual gy by the
bilinear from k in the usual way.

The dressed matrix is defined as in (2.3]), which we rewrite here for convenience:
Ry = Ady—1 RAd,,. (4.14)

An important property that we will use in computing the fluxes is that the dressed R-matrix
is also an R-matrix that satisfies the CYBE (whenever R does) and as such it defines a Lie
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bracket [,|g,, which is in fact equivalent to [,] . Then the equations (1) and ([9) are still
true, when one replaces R with R,. These facts can be shown easily by using the fact that Ad,
is an automorphism of the Lie bracket.

We showed in (2.12]) that the following holds for the dressed R-operator
R}’ = K| R" K, (4.15)

where K § is as in ([27). The coordinate dependence of the dressed R-matrix comes from the
functions K § So, in computation of the fluxes, we will encounter terms of the form d; K §,
where 0r, =1 Liai where llil LZ = 5£. In order to calculate this, first note that the functions K §
are just

K{ =i, 07, (4.16)

where k; are the right-invariant vector fields in (2.8) and o are the left-invariant one-forms.
Now, using the fact

1
Ly,0! = dig, 07 +iy,do’ = di,0” + z'kj(ic*;’{LaK Aol) =0, (4.17)
we immediately obtain

oKt = —Cp KT, (4.18)

4.2.2 Fluxes associated with the YB matrix and the CYBE

We are now ready to compute the fluxes associated with the twist matrix ([2.20]). We have

.} T
(Typ)s = ( ng TO;Z > ; (4.19)

with 7,° = 6.0, T4 =%, T,” =T% =T,* = T = 0. For more details on the index structure,
see Appendix [Cl The embedded d x d matrix, which we have also called the YB matrix has
components TIJ = 5IJ, TIJ = 5IJ, Ty =0and TV = 017 = nRé‘]. Then, the formula in
(B.9) for the fluxes becomes

fasc =3Qapc),  Qasc = —TH0sTB(T™ M Smep. (4.20)
We expand this as
Qupc = —THOpTB(T ") %nep
= —T%0T'5(T"") oD
= —TLoT (T ) mep. (4.21)

In the second line we used the fact that the twist matrix Tyg has no dependence on the winding
type coordinates and in the third line we used the fact that the twist matrix depends only on the

14This, of course, is natural as R, is constructed by taking an R-matrix R at the identity element of the group
manifold G and by extending it to the whole manifold by the adjoint action, which is an automorphism of the
Lie bracket.

15 The reason why we have derivatives dr rather that 9; becomes clear in the computation (£21]).
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coordinates along the isometry directions. (Recall that the doubled coordinate A decompose

as 4 = (4, @), where a = (I,a) with the indices I labelling the isometry directions.)

Using the properties of the O(d, d) matrices in general (see Appendix[Al), and the structure
of the YB matrix in particular, we find that the only non-vanishing fluxes are

RIJK _ 3Q[IJK} — 3@L[18L@JK]7 (4.22)

and
QO = 0K £ QI 4 0K T — 0K — 5,07, (423)

Note that the second equality in ([23]) above holds because the components Q7% and QF 7
are zero due to the structure of the YB matrix (2:20). Now, using equations (AI8]) and 2.12])
we find
1JK LI K LI pRK
QK = PRV RI Cpf* — R RIF CR{ (4.24)

which gives
RIJK — QIJK + QJKI + QKIJ — T,QRg[IR‘gR|JCR£q (425)

We can also compute the Q-flux by using (£I8) and [2.12):

J
Q% = QK = nCpf REP — nCpf RIP = 770131[ REIP. (4.26)

Now recall that R’/ are the components of an R-matrix that satisfies the CYBE (&) and
the relation (£I1]). As a result, the dressed R-matrix R, (23] also satisfies (A7) and (@II)).
Using these in (£.25]) and (.26]) respectively we obtain

RIVE =, (4.27)

Q" = nC’f. (4.28)

Therefore, we conclude that YB deformation is a process which takes a solution of DFT
with geometric flux associated with the isometry group G and deforms it to another solution
of DFT with vanishing R-flux and non-vanishing Q-flux. The non-vanishing Q-flux is given by
the structure constants of the dual Lie algebra gj, of gr determined by the R-matrix R. This
is in agreement with the results of [51], which finds that the YB deformation of the Minkowski
space and the background AdS5 x S° induces Q-flux on the resulting backgrounds, arising from
a non-trivial monodromy in the so called g-field around closed cycles. What we find here by
using the framework of GDFT agrees with their result and extends it for YB deformation of
any GS sigma model. Also, using the framework of GDFT reveals the role of the Q-flux as
the structure constants of a Lie algebra dual to the isometry algebra. The Q-flux of deformed
backgrounds and its role as the dual structure constants to geometric flux is also studied in [23],
but in the context of Poisson Lie duality of sigma models. However, for the YB deformation,
this feature of the deformed models cannot be captured in [23].

Before we move on to the discussion of the non-unimodularity condition for the R-matrix
in the next subsection, we would like to make a comment. In obtaining the equation (427,
we used the fact that if the CYBE (4.7)) is satisfied by the R-matrix (and hence by the dressed
R-matrix), then the R-flux computed in ([4.25]) vanishes. In fact, the converse statement is also
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true: if we demand the R-flux to Vanish@, then the CYBE must be satisfied by the R-matrix
that determines the YB deformation. Indeed, using the fact that the structure constants C; JK
are antisymmetric in their lower indices we see that the equation R!/K = 0 for the R-flux is

equivalent to the CYBE (7)) for the dressed R-matrix.

4.3 The Dilaton Field and the Generalized Supergravity Equations

In this section, we analyze the case when the R-matrix that determines the YB deformation is
non-unimodular. As we discussed in the introduction, unimodularity of the R-matrix is required
for the homogeneous YB model to be a solution of supergravity equations. On the other hand,
when it is non-unimodular, the model is known to be a solution of GSE [65].

The condition for unimodularity presented in [65] i:
RIJCIJK =0. (429)

Since the Lie algebra g we start with is unimodular so that C; JI = 0 in any basis, a careful
examination of (4II)) shows that the condition (£29]) is satisfied if and only if the structure
constants C! JK are traceless. This then implies that the R-matrix is unimodular if and only if
the Q-flux generated by the YB matrix is traceless, see (£.28]). This is in agreement with the
results of [51], which also finds that the non-unimodularity of the R-matrix is measured by the
trace of the Q-flux.

Now, assume that condition ([@.29]) is not met, that is, the R-matrix is not unimodular. As
a result, the Q-flux is trace-full. Looking at (B.7)), one immediately sees that the trace of the
Q-flux is just the fluxes f! defined there. Indeed,

fI — QA{4 — QaIa + Qafoc — QJIJ — QJIJy (430)

since all other components of € are zero due to the structure of the YB matrix. Note that this
means, by using ([£28)) that
fr=nct,. (4.31)

As a result, when the R-matrix is not unimodular, the fluxes f! are non-vanishing and this
contributes to !, whose definition is given in (B.5). However, it is well-known that the GDFT
action with non-vanishing 74 is not consistent. This follows from the requirement of gauge
invariance of the GDFT action. In the case of the NS-NS sector, this analysis was made in [44].
For the RR sector, it was shown in [45] that the RR sector of the GDFT action is gauge
invariant, only when the fluxes ' vanish, see equation (4.66) there. In order to satisfy this
condition, the f! part in (B:3) should be compensated by a non-trivial dilaton anzats. A similar
situation was considered in [25] and [73]. Rewriting (B.5)) in components, we see that we need
to have

n' = —ff =20 H" oy =0, (4.32)
o= —f1—2U0""H" om0 =0. (4.33)

6Note that this is in fact a reasonable thing to demand, as the non-vanishing R-flux is usually a sign of

non-geometry, even locally.
"This also means that the quasi-Fobenius subalgebra of g determined by R is unimodular, see [65].
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When the twist matrix is equal to the YB matrix U~! = Tyg, we have (U _1)1 J = ne!’, and
U=H, =6, (U, =67, (U1)1;=0. Plugging this in [#32) we get

—20719;0 — 20,1070 = f! = constant, (4.34)

—267 ;0,0 = 0. (4.35)

Combining (£35) and (£.34) we obtain
dr0 =0, 9'c =—f1/2 = constant.

In other words, o is linear in the winding type coordinates and does not depend on the standard
coordinates. Then, the generalized dilaton field is of the form:

d(z,v) =d(z) — = 1. (4.36)

Due to the linear dependence of the generalized dilaton field on the winding type coordi-
nated:d we are now in the generalized supergravity frame discussed at the end of section M It
was shown in [46] and [48] that the field equations of DFT in this frame reduce to GSE, where
the components I of the Killing vector field I that defines the deformation in GSE is identified
with d”/, where

d(z,0) =d(z) +d’vy, and I7=4d’, (4.37)

see equation (3.51) of [48]. When we compare (£30]) with (£37), we see that the components of
the Killing vector field I are given by —f!/2 in our formalism. Note that this is in agreement
with the results of [34] (see equation (3.63) in that paper), but disagrees with a factor of 2 with
the result I* = ZJJ of [72] obtained for NATD. The source of this discrepancy was discussed and
resolved in [35], as will discuss shortly.

Let us also discuss the consistency of our results with those of [4I] and [53]. Looking at
([#£23)), one sees that the trace of the Q-flux is equivalent to the divergence of ©:

A =0 (015, (4.38)

where O/ = n(R,)!¥ is given in (ZI2). Recall we discussed in section 2.1] that ©7X is in fact
equivalent to the noncommutativity parameter © y¢ of the papers [58], [59] (see footnote (7).
In the papers [41], [53] the divergence of ©y¢ is identified with the Killing vector field I that
defines the GSE, see equation (3) in [53]. In our approach based on the framework of GDFT,
(@38) equates the divergence of ©K to the trace of the Q-flux, which arises as a measure of
the non-unimodularity of the R-matrix. On the other hand, as we discussed above, the trace
of the Q-flux is equivalent to f!, which are the type of fluxes that force the YB deformed fields
to lie in the generalized supergravity frame in which the field equations of DFT reduce to GSE

with I = —% fI. To summarize, we have the following relations in our framework:
1 1 1 1
17— _§f1 = -3 AE = _53K(@1K) = 5aK(@KI). (4.39)

¥Note that, due to the appearance of the term e~“*) in the anzats (B3)), the spinor field F' = e PPy also has
a dependence on the winding type coordinates. The other DFT fields H and S have no dependence on winding
type coordinates. For more details on a similar situation, see [73].
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Comparing ([£39) with I/ = VxOKL presented as equation (3) of [53], we see that there is
a mismatch with a factor of 2. This discrepancy is in fact caused by the factor 2 mismatch
mentioned at the end of the previous paragraph between the results for the components of the
Killing vector field I found in [34] (and here) and in [72]. A resolution for this discrepancy is
introduced in [35], which involves a field redefinition for the vector field I, as described in
equation (6.67) of [35]. They redefine the vector field I so that I/ = d’ — I/ = 1nC? + a’
, where d’ is as in . Then, d’ =1’ — %né’” =17+ %fj, where we have used (4.31]).
Comparing it with equation (436]) above, we see that this gives —% fl=ad’=1"+ % f7 which
gives I/ = —f7 as in equation (6.71) of [35]. Plugging this in ([#39), we obtain

A

which is exactly the same as equation (3) of [53].

Recall that the fields in the homogeneous YB model are known to form a solution of GSE,
when the R-matrix is not unimodular. The discussion above shows that for this case, the
deformed fields are forced to lie in the frame in which these equations can be embedded in field
equations of DFT. Hence, viewing YB deformation as a solution generating transformation in
DFT provides a nice framework in which the unimodular and non-unimodular cases can be
considered simultaneously.

5 Conclusion

In this paper, we studied the homogeneous YB deformation proposed in [24] for a generic GS
sigma model. We showed that the deformation in the target space fields, including the RR fields
is generated by a non-constant O(d, d) transformation, generalizing previous results obtained
by [49] and [50]. The associated matrix, which we call the YB matrix, is determined by an
R-matrix satisfying the CYBE. The coordinate dependence comes from extending this fixed
R-matrix to a dressed R-matrix on the whole group manifold (of the isometry group) by the
adjoint action. Since the adjoint action is an automorphism of the Lie bracket, the resulting
dressed R-matrix also satisfies the CYBE, whenever the initial R-matrix does. Relating this
to the open-closed string map approach of [53], [40], [41], we see that their bi-Killing anzats
for the noncommutativity parameter arises naturally from this construction with the adjoint
action.

The YB matrix is related by a constant O(d,d) transformation to the matrix found in [25]
that generates NATD backgrounds, solidifying the relation between NATD and YB deforma-
tions. It also provides a nice framework to see how the homogeneous YB deformation general-
izes the Lunin-Maldacena deformation, generated by TsT transformations. Note that the TsT

19We thank the anonymous referee for informing us on the discussion in [35] on how to resolve the discrepancy
between the results of [34] and of [72].

20We have rewritten equation (6.67) of [35] in our conventions. We expand the Killing vector field I with
respect to left invariant vector fields so that I = I78; = I71°;8;. What we call I*; here is called v2* in [35].
Also, we need the deformation parameter n in our transformation, whereas it is not needed in [35], where they
work in the setting of Poisson Lie T-duality.

21Recall that 9x = I* x0i, which is indeed a covariant derivative on a group manifold.
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transformation was generalized in [64] to a solution generating transformation for 11 dimen-
sional supergravity. Using the formalism there and the results we obtain here, we expect it to
be possible to also generalize the YB deformation to a solution generating transformation in
11 dimensions. We would like to note that generalized YB deformations in 11 dimensions has
been studied very recently [74] within the framework of Exceptional Field Theory, a formalism
which provides a U-duality covariant formulation for 11 dimensional supergravity.

Besides making calculations easier, our approach gives a natural embedding of the homoge-
neous YB model in DFT. This enabled us to show that the YB deformed fields can be regarded
as duality twisted fields in the context of GDFT. We computed the fluxes associated with the
YB matrix and showed that the conditions on the R-matrix determining the YB deformation
manifested themselves as conditions on the fluxes on the GDFT side. More precisely, we showed
that YB deformation is a process which takes a solution of DFT with geometric flux associated
with the isometry group G and deforms it to another solution of DF'T with vanishing R-flux and
non-vanishing Q-flux given by the structure constants of the dual Lie algebra determined by
the R-matrix. We also showed that for YB deformations based on a non-unimodular R-matrix,
the deformed fields are forced to lie in a frame in which the generalized supergravity equations
can be embedded in DFT. Hence, viewing YB deformation as a solution generating transfor-
mation in DFT provides a nice framework in which the unimodular and non-unimodular cases
can be considered simultaneously. Our approach based on GDFT also enabled us to discuss
the relation between the non-unimodularity of the R-matrix, the trace of the Q-flux and the
generalized supergravity equations. We hope that the approach we pursue here contributes
towards a better understanding of the exciting relation between the CYBE and (generalized)
supergravity.

Acknowledgments

We would like to thank E. O Colgain, N. S. Deger and M. M. Sheikh-Jabbari for comments
and discussions. This work has been partially supported by the Turkish Council of Research
and Technology (TUBiTAK) through the ARDEB 1001 project with grant number 114F321.
We also acknowledge the financial support of Scientific Research Coordination Unit of Istanbul
Technical University (ITU BAP) under the project TGA-2018-41742.

A O(D,D) and Its Action on Curved Backgrounds

Let T be a matrix in O(d,d, R). Then
TnT'=n and T'nT =n, (A.1)

where 7 is the O(d, d) invariant metric with
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where I is the d x d identity matrix. Writing the equations above in indices for the YB matrix
and its inverse we get:

(Tys)e n°P (Tyw)%, = P, (Ty3)% nep (Typ) s = naB-

In indices n has the following form:
T]AB _ Tap 77(16 _ 0 50{6
naﬁ naﬁ 5016 0 :

T:<Z Z)eO(d,d).

adle+cla=0, b'd+db=0, ald+cb=1.

) , (A.2)
where @,b, é,d are D x D matrices defined below:

d:<a0>7i):<b 0>7é:<00>7d:<d 0>. A3
0 I 0 0 00 0 I

The action of the O(D, D) matrix 7" on the background matrix E is defined as below [63]:

If we write T as

then, (A.I]) implies

T can be embedded in O(D, D, R) as follows [63]:

joN
., O

o>

E'(¢,B")=T. E(g,B) = (aE 4+ b)(¢E 4+ d)™". (A4)

The transformed metric and the transformed B-field are read off from E’ as

E/ E/t E/ o E/t

g 2 2

B GDFT and the Fluxes

GDFT is obtained from a Scherk-Schwarz reduction of DFT with the following duality twisted
reduction anzats: [45]:

HINXY) = (UTHNMEHP X OB, (B.1)
S(X,Y) = (STHT(YV)S(X)S7HY), (B.2)
FX,Y) = e oW BEY)g(v)eBX) p(X), (B.3)
AX,Y) = d(X)+a(Y). (B.4)

Here, X denote collectively the coordinates of the reduced theory. The Y coordinates are the

internal coordinates, which will be integrated out eventually. One can further decompose these
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coordinates into dual and standard coordinates as Y = (9,y) and X = (Z,x). The twist matrix
U(Y) is an element of O(D, D) and p(S) = U~!, where p is the double covering homomorphism:
p: Pin(D,D) — O(D,D). B(X,Y) in (B.3) is read off from the antisymmetric part of H(X,Y)
in (BI).

The reduced theory is determined by the so called fluxes fapc, m4, which are defined as

below:
fase =3Qapc), na=0u(U Y —2(U ") 0n0, (B.5)
Qape = —(UH)M0m (U U nep. (B.6)
Note that 2 4pc are antisymmetric in the last two indices: Qapc = —Qacp. We also make the
following definition
fa=-0m(UHY =%, (B.7)

For a consistent reduction, constraints that should be obeyed by the twist matrices are as
follows [42]- [44]:
oF (U Mapg(X) = o0, (B.8)
(UH%0mg(X) = dag(X), (B.9)
where g is any of the DFT fields (H,S, x). In addition to the above, the weak and the strong
constraint has to be imposed on the external space so that

0404V (X) =0, 94V (X)W (X) =0, (B.10)

for any fields or gauge parameters V, W that has dependence on the coordinates of the external
space only. Also, all fluxes must be constant for the consistency of the reduced theory, which

ensures that the Y dependence is completely integrated out in the reduced theory.

C Index Structure for the Twist Matrices

Our index conventions are as follows:
M, N,---: Doubled coordinates; M = (> ™)s
A, B,---: Doubled coordinates; 4 = (4, ),
w=(i,m), pw=1,---,10; i=1,---,d, d=dimG,
a=(I,a), a=1,---,10; I=1,---,d.

According to the embedding rules in (A.3)), a twist matrix 7" € O(D, D, R), which only twists
the d isometry directions is of the following form:

T T,
T = r o The ) (C.1)
THe TH,

with 7,8 = 6,2, Tm =6, T, =Tm =T, =T¢, = 0.
There are two types of twist matrices relevant for this paper: L and Typ. Let us discuss

the index structure of these matrices.
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The twist matrix L arises when the Lie group G acts on the background by isometries. In

this case we can write

ds* = Gudrtds” = Guppda™dz" + 2Gpmida™d0" + Gy;d0"do? (C.2)

= Gundz™dz™ + 2G,1de™ o’ + Gryolo”’ (C.3)

= Gagaaaﬁ, (C4)

where 0%,i = 1,--- ,d are coordinates for G and 0% = §%,dz™ and ¢!, = 1,--- ,dimG are the

left invariant 1-forms on G; 0! = lIZ-dHi. Similarly,
1 u y
B = §Bw,dx A dx (C.5)
1 m n m 1 1 1 J
= §andaz ANdx" 4+ Bpydx™ ANo® + §B]JO' No”. (CG)

Since the group G acts on the background by isometries, all the # dependence of the fields are
encoded in If,. We define the matrices G(z,0),G(x), B(z,0) and B(x) from

ds? = dxTG(z,0)dx = 0T G(z)o, B =dx'B(z,0) Ndx =o' B(z) Ao, (C.7)

where A denote the obvious wedge product of matrices and dx and ¢ denote the 10-vectors with
components (dz!,---,dz') and (o',--- 0% dx®1 ... dz'?), respectively. Then the back-
ground matrix £ = G + B has the following form:

E(x,0) = 1T(0)E(x)l(9), (C.8)

where [ is the GL(10) matrix obtained by embedding in the GL(d) matrix /4 with components
(Ig)!, = I!,. The embedding is as described above so that (I4)%,, = (% = 0 and (I4)%, = §%,.
This is equivalent to the following O(10,10) action :

E(z,0) = L(0).E(z), (C.9)

where L is the following O(10,10) matrix:

L= ( l(? lf)l > (C.10)

One can show that (C.9)) is equivalent to [75]:
H(z,0) = L(OYH(z)LT(6). (C.11)

Since the twist matrix L operates between curved and flat indices, the index structure of it is

as follows:
HMN (2,0) = L(0)MHAP (2) LY;(6), (C.12)

where we have identified

(C.13)

e 1
7—[<—>’HMN<—><G BGTB G >

-G~'B G!
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From (CI0) we read off L,2 =6,%, L™ =6, Ll =Lm=L=L =0and L,! = (Ly),! =
LI, L', = (Lg)t, = l';, where lilllj = (5ij.
One can show that (see [38]) (C.11]) implies the following for the other DFT fields:
K(z,0) = SpL(0)K(z)S; (), (C.14)
F(z,0) = SpL(0)F(z)=eP@08(0)e P@ (), (C.15)
where p(Sr) = L.

From the formulas (B.5) with (U~!)* = L, one finds the the only non-vanishing flux is

the geometric flux
fro = =005 + 1000075 = Oy & (C.16)

This follows from the fact that ¢! = llidﬂi are left-invariant one-forms and as such they satisfy
1
do! = §CIJK0J/\UK. (C.17)

Now, let us discuss the index structure of the twist matrix Typ (2.20). First, recall that
el = lﬁ@‘“’l;{ where ©* = nkﬁRJLk:Z. Then we can write

Tyg = L'Tvedr, (C.18)

1 0 (1=HT o 1 0 T o
(@”1>:< 0 l)(@“”1><01—1>' (C.19)

Hence, the index structure is as follows

(TyB) B = (L) (Tyme) "L L. (C.20)
Then,
To” Top
(Typ)™; = < N " ) (C.21)
T8 T

with 7,° = §,°, T4 =64, T,/ =T% = T, = T% = 0. The embedded d x d matrix, which we
have also called the YB matrix has components T g = of 7 TIJ =4 IJ , Try=0and T = 01/,
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